MATH 137 Calculus 1, Solutions to Assignment 9

: Let T be the triangle with vertices at a = (—=1,0), b = (1,0) and ¢ = (0, 2).

(a) A point p lies inside T along the y-axis. Find the smallest possible value for the sum |p—a|+|p—b|+|p—¢|
(where |p — a| denotes the distance between p and a).

Solution: Let p = (0,y) where 0 < y < 2. We need to minimize the sum

Sy)y=lp—a|l+p-bl+p—c=vVIi+2+V1+2+2-y)=2V1+1y2+2—y.
We differentiate to get

S'(y) = —22

S
V1+y?

Since y > 0 we have

S'(y) =0 <= 2y=/1+y? <= 42 =14+y% — 3’ =1 — y=Js-
Note that S(0) =4, S(-=) :2\/g+2—%:2+\/§, and S(2) = 21/5. Thus the minimum sum is

S(L) =2+ V3.

(b) A smaller triangle S, with its lower vertex at (0,0) and its upper edge parallel to the z-axis, is inscribed
in T. Determine the minimum possible perimeter of S.

Solution: Let p = (z,y) be upper-right vertex of S. We have 0 < x <1 (when z =0 or 1, S is a degenerate
triangle with area zero). The point p lies on the right edge of T', which is the line through (1,0) and (0, 2),
and so we have y = 2 — 2x. The perimeter of S is given by

P=2z+2v/2?+y?=2(z+ /522 — 8z +4).

P'(z) =2 <1+5x_4> .
Vbr? —8x +4

Differentiate to get

We have
P'(r) =0 <= /522 -8z +4 =4 —5r = 5% — 8z + 4 = 16 — 40z + 252>
— 2007 —322+12=0 < 52° —8r+3=0 < (5bz—3)(z—1)=0 < z=1or 2.

Since P(0) =4, P (%) = 1—56, and P(1) = 4, the minimum perimeter is P(%) = %



2: Let a = (1,5) and b = (2,2) and let ¢ = (z,0) with > § be a point along the z-axis.

(a) Find the maximum possible angle at ¢ in the triangle abc.

Solution: Let a be the angle between line ac and the z-axis, and let 8 be the angle between bc and the

x-axis. Note that a = tan™! % and 3 = tan~! ﬁ, and the angle at ¢ in the triangle abc is

5
9:a—5ztan_lﬁ—tan_1x_2.

Differentiate to get

-5 -2
Play= P Oy

1+(xi51)2 1+(x_42)2 22 —2x+26 2?2 —4x+8

We have
0'(z) =0 <= 5(2* —4x +8) = 2(z* — 22+ 26) <= 32% — 160 —12=0
_ 16£v/256+144 _ 8410 _ 2
= = 3 =% <<~ x=06or —3%.

Since x > %, 0'(z) =0 <= 1z = 6. By the nature of the problem, it is clear that x = 6 will maximize the

value of 6, and we have
6(6) =tan™'1 —tan~t 4 =% z.

We remark that this can also be written as §(6) = tan™' 1.

(b) Find the maximum possible length for the shadow along the y-axis cast by the line segment ab when a
light is placed at point c.

Solution: To avoid confusion, we shall write ¢ = (¢,0) (instead of ¢ = (x,O)). The line ac has equation

y = %(Jc —t), and it has y-intercept y = u = 2., The line bc has equation y = ;72(1: —t), and it has

t—1° 2
y-intercepy y = v = ti—tl Thus the length of the shadow along the y-axis is
t 2t
L(t):u—v:i——.
t—1 t—2
Differentiate to get
5t—1)—>5t 2(t—2)—2t -5 4
iy~ M D 5t 2At-2) 2t . |
(t—1)2 (t—2)? (t—1)2  (t-2)?

We have
L'(t)=0 < 5t —-22=4(t—1)? < 5(t> —4t +4) =4(t* =2t +1) <= t* —12t+16=0
+ —
= t= 1251000 — 64+ 25,

Since z > &, L(t) = 0 <= t = 6+ 2v/5. By the nature of the problem, it is fairly clear that ¢ = 6 + 2v/5
will maximize the value of L, and we have

L(6 + 2\/5) _ 5(6+2V5)  2(64+2v5) _ 5(642V5)(5-2vV5) _ 2(6+2V/5)(4—2V5)

5425 4425 25—20 16—20
= (6+2V5)(5 — 2v5) + 3+ vV5)(4 — 2v/5) = (10 — 2v5) + (2 — 2V/5)
=12 - 45.
In case it is not clear that we maximized L, we note that lim L(t) = %—% =0and lim L(t) =5-2=3,
tﬁ% t—o00

and we have L(6 + 2v/5) > 3 because 12 — 4y/5 > 3 += 9> 4y/5 «= 81 > 80.



3: (a) Find the maximum possible capacity of a conical cup which is made from a circular piece of paper, of
radius 3, with a slit along a radius.

Solution: Let r be the radius of the rim of the cup and let h be the height (or depth) of the cup. Then we
have r2 + h? = 32 = 9. The volume of the cup is

V=1m?h=31mr*V/9—r2.

Differentiate to get
2

We have
V(r)=0 < r(r?—6)=0 < r=0o0r £6.

From the nature of the problem, it is clear that r = /6 must maximize the volume, and we have

V(V6) =+ 16v3 =21V3.

(b) Find the volume of the largest cone which can be inscribed in a sphere of radius % m.

Solution: Let z, r» and # be as shown and let R = % Then the volume of the cone is
V = 3mr*(R+z) = 3m(Rsinf)?(R + Rcosf) = ”TRS sin? (1 + cos 6) = 7TTRS(l —c0s20)(1 + cos )
where 0 < 8 < 7. We introduce the variable u = cos# and we have
Viu) =™ (1 —u?)(u+1) = " (—ud —u? +u+1)
where —1 < u < 1. Differentiate to get
V/(u) = ™ (—3u? — 2u+ 1) = — ™ (3u — 1)(u+ 1)

so that V'(u) = 0 when uw = —% or 1. Since V'(u) > 0 for —1 < u < —% and V'(u) > 0 for -1 <u < 1, we

see that the maximum volume is

3 3
V-H = (k- b b =5 B4




4: (a) Let f(z) = 2® — 32 + 1 and let 1 = 0. Apply Newton’s method to find the approximations z» and x3
to one of the roots of f. Sketch the graph of f and indicate which root is being approximated.

Solution: We have f(r) = 2® —3z + 1 and f’(z) = 322 — 3 and z; = 0, and so

o f(xl)_ 1 1
R TP B R
f(z2) 1 2%_14'1 1 2% 1 1 25
S R R R A

From the graph of y = f(z) and its tangent line at = 0, it is clear that it is the middle root which is being

approximated. (We remark that the exact value of this root is 2sin(10°)).

AV

(b) Let f(x) = 23 —4x. Find z; > 0 such that when Newton’s method is applied, we obtain z,, = (—1)"1a;.
Draw a sketch which explains the situation.
Solution: We have
f(zn) T — Az, 3x,° — 4z, — x5 + 4x, 22,3
= xn — = = s
3z,2 —4 32,2 -4 3z,2 —4

Int+1 = Tn — f/(ﬂf )
n

2 3
In — —3z,% + 4z, = 2z,°

= —r,=-—"
" 3x,2—4

2

7

and so
— xn(5xn2—4):0 +— z,=0o0rz, ==+

Tp41l = —Tn

Thus we take z; = % Here is a picture showing the graph y = f(x) together with the tangent lines at
The sequence x1, T2, x3, - - - follows the circuit indicated by the red parallelogram.

;

— 2
x—i\/g.




5: Use MAPLE to apply Newton’s Method on a suitable function to find the approximate distance (accurate
to about 10 decimal places) from the point (1,2) to the curve y = Inz.

Solution: For z > 0, let f(x) be the square of the distance from (1,2) to the point (z,lnz), that is
fx)=(x—1)2+(Inz —2)2.

To find the point on the graph y = Inz which is nearest to (1,2), we need to minimize f(x). Differentiate
to get
2(lnx —2 2(x? —z+Inz — 2
Fl2) =20 —1) + 2 ) _ 2 )

xT xT

We see that f'(x) = 0 when z is a root of

2

gx)=z*—z+Inz—2.

By the nature of the problem, we expect that there is only one root and that this root minimizes f(x) (and
indeed, if you want you can verify that ¢’(z) > 0 for all © > 0, so g(z) is increasing). We apply Newton’s
Method, starting with #1 = 1, to approximate the root of g(z). We have ¢’(z) = 2z — 1 + £, so we use the
recursion

9(xn) Tn? —Zp+Inz, —2

=T, —
g (zn) g 2r, — 1+ -

Tn+l = Tp —

We instruct MAPLE to perform the calculations using the following commands.

x[1]:=1.0;

for n from 1 to 10 do;

x[n+1] :=x[n]-(x[n] "2-x[n]+1n(x[n])-2)/(2*x[n]-1+1/x[n]);
end do;

We see that the values of x,, stabilize at n = 6 with z¢ = 1.791173500. Thus the distance from (1,2) to the
curve y = Inz is approximately equal to /f(xs), which we can find with the following MAPLE command.

sqrt ((x[6]-1) "2+(1n(x[6])-2)"2);
We find that the distance is approximately
f(zs) = 1.623024994 .



