MATH 137 Calculus 1, Solutions to Assignment 8

: Evaluate each of the following limits.
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(a) lim —2%~
x—0 hl(l — 1‘2)

Solution: Since (cosx — 1) — 0 and In(1 — 2%) — 0 as z — 0, we can use 'Hopital’s Rule. We obtain
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cosx —1 . —sinx . 1—xz° sinz 1

250 In(1 — 22?) 250 —2z 250 2 x 2 2
1—z
since lim ST 1.
x—0 X
V1=
(b) lim Y2

z—1- cos iz’

Solution: Since lim 1 —2z =0 and lim cos™' = 0, we can apply I'Hopital’s Rule. We obtain
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(¢) lim (2z)").
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tan(mwx) _ etan(7w) In(2z)

Solution: Note that (2z) , and we have

sin(mzx) In(2x)

lim tan(7z)In(2z) = lim
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2: (a) Let f(z) = ———. Find all the local maximum and minimum values of f for z € R, and find the

x?+3
absolute maximum and minimum values of f for z € [0, 5].

Solution: We have
(> +3)— (@ +1)(2z) —a2*—-2z+3  (z+3)(xz—1)

! _ — — _
fle)= (2% 1 3)2 (2% +3)2 (2% 1 3)2
We indicate where f/(z) is positive, negative and zero in the following a table.
T -3 1
flle) -=— 0 + 0 —
From the above table together with the First Derivative Test, there is a local minimum at x = —3, where
we have f(—3) = —2, and a local maximum at « = 1 where f(1) = 1. To find the absolute maximum

and minimum values on [0, 5], we find the values of f at the endpoints and the critical numbers: f(0) = %,

f(l) =1 agnd f(5) = 2. Thus the absolute maximum value is f(1) = %, and the absolute minimum value
is f(5) = 13-
2z —-1) _. . .
(b) Let f(z) = ~———. Find all the local maximum and minimum values of f for z € R, and find the
eil)

absolute maximum and minimum values of f for z € [—1,2].

Solution: We can also write f(z) = (2z — 1)e=*", so we have

Fla)=2e" + (22— 1)(-22)e® = (—42® + 22+ 2)e ™ = 22z +1)(z — 1)e * .

* i3 never zero, f'(z) is positive, negative and zero as indicated in the following table.

1

flle) - 0 + 0 —

From the above table, together with the First Derivative Test, we see that f(x) has a local minimum value

at @ = —% where we have f(— 1) = 761% and a local maximum value at # = 1 where we have f(1) = 1.

To find the absolute maximum and minimum values on [—1, 2], we find the values of f at the endpoints and

the critical numbers: f(—1) = -2, f(—3) = —el%, f(1) =1 and f(2) = 2. The absolute maximum value
2

is f(1) = L and the absolute minimum value is f(—3) = ——%;. (We remark that a calculator is not needed
here, for example we know that f(—1) > f( — %) because f is decreasing for z < —%)

Since e~




1
3: (a) Let f(z) =2— 3 + —5. Sketch the graph y = f(x), showing all z-intercepts, all asymptotes, all local
T x

maxima and minima, and all points of inflection.

Solution: We have

f(x):27§+i3:2$3—3x2+1 _ (z—1)2z—z—1) :2(;5—1)2(23@4_1)

T T 3 x3 x3
3 3 322-3 3@-1)(z+1
PRI B B Tt B T (2
x x x x
6 12 —622+12 —6(z—V2)(z+V2
fray=-S 2o 12 6oVt Va)
x x x x
We indicate where each of these is positive, negative, zero and undefined (indicated by #) in the following
table.
x -V2 -1 -1 0 1 V2
f@) + + 4+ + + 0 - # 4+ 0 + + +
ffle) + + + 0 - — — # — 0 4+ + +
f"z)y + 0 - — — - - # 4+ + + 0 -

The table gives a lot of information about the graph. The graph lies above that x-axis when f(z) > 0 and

below the z-axis when f(z) < 0, the graph is increasing when f’(z) > 0 and decreasing when f’(z) < 0, and

the graph is concave up when f”(x) > 0 and concave down when f”(z) < 0. The table also indicates that
1

the z-intercepts are at x = —5 and x = 1, that there is a local maximum when x = —1 and a local minimum

when z = 1, and that there are points of inflection at = +1/2. To help sketch the graph, we make a table
of values and limits. The limits in the table indicate that f has a vertical asymptote along x = 0 (the y-axis)
and horizontal asymptotes, both to the left and to the right, along y = 2.

T Y
— —00 2 /5
3 1 52
-2 2+ﬁ_ﬁ_2+7
-1 4
1
-1 0
— 07 —00
-0 o
1 0
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(b) Let f(x) = ———.

maxima and minima, and all points of inflection.

Sketch the graph y = f(x), showing all z-intercepts, all asymptotes, all local

Solution: We have

_ Vat+1—-224/Vat +1 _ (x* 4+ 1) — (22%) -1 (x+1)(z— 1) (2% +1)

f'(@) (z2+ 1) (z* + 1)3/2 == (z* + 1)3/2 == (z* + 1)3/2
o @E DY @ - DI 4 DY) )+ 1) 6 — 1))
Flo== EESVE - @+ 17
227102 22%(2 + V/5)(z — V/5)(2? + V)
- (:r4+1)5/2 B (:c4+1)5/2

We make a table indicating where f(z), f'(z) and f”(x) are positive, negative and zero.

x -5 -1 0 1 5

y - - = - 0 + + + + +
y - - - 0 + + + 0 - - -
y - 0 4+ 4+ 4+ 0 - — — 0 +

As in part (a), the table indicates where the graph lies above the z-axis and where it lies below, and where
the graph is increasing and where it is decreasing, and where the graph is concave up and where it is concave
down, and it indicates that the graph has an z-intercept at x = 0, it has a local maximum at z = 1 and a
local minimum at = —1, and it has points of inflection when = = ++/5 and when = 0. To help sketch the
curve, we make a table of values and limits. The limits indicate that the graph has horizontal asymptotes,
both to the left and to the right, along y = 0 (the z-axis).

x Y significance
— —00 0 assyptote
-5 =5 / V6  inflection
-1 —1/V2 min
0 0 inflextion
1 1/ V2 max
V5 Vv5/v/6  inflection

— 00 0 assymptote




4: (a) Let f(z) = 2sinx +sinz for 0 < 2 < 27. Sketch the graph y = f(z) showing all 2-intercepts, all local
maxima and minima, and all points of inflection.

Solution: We have f(z) = 2sinz + sin®2 = sinz(sinx + 2), and we note that (sinz + 2) > 0 for all z, so
f(z) =0 when z = 0 and 7, and f(z) is positive when sin z is positive. Also, f'(z) = 2cosz+2sinzcosz =
2cosz(sinz + 1), and note that (sinz + 1) > 0 for all z, so f/(z) = 0 when z = Z and 2% and f/(z) is
positive when cosz is positive. Finally, f”(z) = —2sinz + 2(cos?>x — sin® z) = —2sinz + 2(1 — 2sin’ z) =
—2(2sin?z —sinz — 1) = 2(2sinx — 1)(sinz + 1), and note that (sinz + 1) > 0 for all z, so f”(z) = 0 when

r=F, %’r and 27, and f”(z) is positive when sinz < 1. We summarize:
5 3
T 0 5 3 = T = 2
fle) 0 + + + + + + + 0 — — — 0
filz) + + + + 0 — — — — — 0 + +
ffz) + 4+ 0 — — — 0 + + + 0 + +
The graph has z-intercepts at * = 0, z = m and z = 27, it has a local maximum at z = 5 and a local
minimum at x = 37’7, and the points of inflection are at x = & and 5%. We make a table of values and draw
the sketch:
x y  significance
0 0 intercept
% 5/4  inflection
5 3 maximum
5% 5/4  inflection
s 0 intercept 0
. 3
37” —1  minimum 3 T 5 2
2r 0 intercept




r—1)2
(b) Let f(x) = tan™! <Ex—|—32

local maxima and minima, and find the z-value of each point of inflection.

>. Sketch the graph of y = f(z) showing all intercepts, all asymptotes, all

Solution: We have

f'(z) = ! _2(1:—1)(1;+1)_(x_1): Az —N(e+1) 20— (+1)
1+($—1)4 z+1 (;L'—|—]_)2 ($+1)4+(.’E—1)4 4+ 622 + 1
r+1
f”(x)=2(Qx)(x4+6m2+1)_(”"2_1)(4333+1233) _ @ 6% @) — (207 + 42® — 6)
(x* 4+ 622 4+ 1)2 (% + 622 + 1)2
_ —4x (2t — 222 - 7) B —4x(a:— 1+\/§)(3;+ 1+\/§)(m2+(\/§_1))
(4622 +1)2 (z* + 622 + 1)2 .

At the last step, we factored z* — 222 — 7 as follows: using the Quadratic Formula, we have 2% — 222 —7 = 0
when » = 22428 — 1 4 /8 and so 2! — 222 — 7 = (22 — (1 +/8)) (22 — (1 — V/8)). Note that z? + 622 + 1

has no real roots, since we would need z? = —64v36—4 V236_4 =34 \/g, but —3 + v/8 < 0. We indicate where
f(@), f'(x) and f”(x) are positive, negative, zero and undefined in the following table.

T —V1++8 -1 0 1 14++8

flz) + + + # + + 4+ 0 + + +
fl(z) + + + # - — — 0 + + +
f(x)  + 0 - # - 0 + + + 0 —

The graph always lies above the z-axis except at = 1 where there is an z-intercept. The graph is increasing

on (—oo, —1) then decreasing on (—1, 1) then increasing again on (1,00). The graph has a local minimum at

(z—1)?
(z+1)?

— 5, so there is a hole in the graph at the point ( -1, %) Also note that as

x = 1. The behaviour of the graph near x = —1 is a bit subtle. Note that as © — —1 we have — 00

—1 (@=1)°
(z+1)?
x — —1 we have f'(x) — 0, so the slope of the graph near the hole approaches zero. If we were to fill the

hole in the graph by adding the point (— 1, g), then the new graph would have a local maximum at (— 1, g)

and so f(x) = tan

Furthermore, writing a = v/1 + v/8, we note that the graph is concave up in (—oco, —a), then concave down
in (—a,0) (except at the hole), then concave up in (0, a), then concave down in (a,00). We make a table of
values and limits and sketch the curve.

4 Y
— —00 7 assymptote .
—V1++/8 ugly inflection 2
— -1 3 hole
0 T inflection ”
1 0 minimum 4
1++8 ugly inflection
— 00 1 assymptote




5: (a) Prove that Inz > —3(z — 1)(z — 3) for all z > 1.

Solution: Let f(z) =Inz + (2 — 1)(z — 3) and note that

2 —2c+1  (xz—1)°
T oz

F@) =t h(@-B+a-1) =+ @-2) =

We must show that f(x) > 0 for all z > 1. When = = 1 we have f(z) = f(1) = 0. Suppose that z =a > 1.
Since f(z) is differentiable in (1,a) and continuous on [1,a], by the Mean Value Theorem, we can choose a

number ¢ € (1,a) such that f'(c) = M = @ Then we have f(a) = (a—1)f'(c) = (a—1) &=L 1) > 0.

(b) Prove that \f sz V% for all 7 > €2

Solution: Note that for z > 0 we have

\/5\/m>\/m\/E = ln<\/§m) >1n<\/mﬁ)

— Vz+1-3lnz>z 3ln(z+1)
Inz _ In(z+1)
=T Vet

1
Let f(x) = 22 for z > 0. Then

Jz

8=

Fla) = '\/E—lnx'ﬁ ~ 2—Inx
N x o 273/2

We see that f/(x) < 0 when Inz > 2, that is when # > €2, and so f(z) is decreasing for x > €. In particular,

when z > e? we have f(z) > f(z + 1), that is lnﬁ > 1%), as required.

(c) Let f(z) be differentiable for all z € R with f(0) = 3. Suppose f'(z) <1 for all z > 0. Prove that there
is a number a > 0 such that f(a) = 2a.

Solution: We claim that f(3) < 6. Since f is differentiable in (0,3) and continuous on [0, 3], by the Mean
Value Theorem we can choose a point ¢ € (0, 3) such that f/'(c) = f(3§:£(0) = f(3§_3. Since f'(c) < 1 we
have f(3) = 3f'(c) + 3 < 6, as claimed. If f(3) = 6 then we can take a = 3 to get f(a) = 2a. Suppose that
f(3) < 6. Let g(z) = f(x) — 2x. Then g(z) is continuous on [0, 3] and g(0) =3 > 0 and g(3) = f(3) —6 < 0,
and so by the Intermediate Value Theorem we can choose a number a € (0, 3) such that g(a) = 0. Then we
have 0 = g(a) = f(a) — 2a and so f(a) = 2a, as required.




