MATH 137 Calculus 1, Solutions to Assignment 11

1: Evaluate the following definite integrals.

4
(a)/ ¥ — 2% — 3z +1dx
-2
Solution: We have
4 4
/ 23— 2% —3x+1de = %x‘if%x?’f%szﬂc}d:(647%724+4)7(4+%—6—2):24.

/2
(b) / cosx — /3 sinz dz

Solution: We have

/2 w/2
/ cosz — V3 sinx dx = sinx—l—\/gcosx} /6:(1—1—0)—(%—1-\/3-?):—1.
/6 7T
4(x—1)(x—2)
(c)/ A Zdx
1 NG

Solution: We have

4 4 .2 4
/ E-De-2) , _ [ *3912@:/ 22 3512 4 257V dy
1 vz 1 vz 1

= [0 2092 a0t = (B - 1648) - (B-244) = B,



2: Evaluate the following definite integrals.

In3 z
e* dx
W [ e

Solution: Let © =1 + €% so du = €* dx. Then

In3 =z 4 4
/ € d:vA :/ d—u: [lnu} =In4—-1In2=1In2.
z=0 1+ €% u=2 U 2

3 22de
® [ Gri

Solution: Let w =2 + 1 so that x = v — 1 and dx = du. Then

/3 z? dx :/4 (u—l)Qdu:/4u2—2u+1:/4u1/2_2u1/2+u3/2du
e=0 (@ +1)32 [y w2 1 ud/? 1

4
- [§u3/2_4u1/2_2u—1/2}1:(gﬁ_g_l)_(g_zl_g):g.

/3 i3
(©) / STy
0 Ccos“ x

Solution: Let u = cosx so that du — sinx dx. Then

/3 sin® x ™/3 (1 — cos? ) sinx du V2 (1 —u?) du 1/2 1
5 dr = 5 = — = 1—— du
0 COS“ X =0 COS“ X u=1 u 1 u

= [u+r/2:(§+2)—(1+1):§.
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3: Evaluate the following definite integrals.
(a) 2 de
0 V2z24+1
Solution: Let u = 222 + 1 so du = 4x dx and 2% = %(u —1). Then

/2 23 dz/2 2% xdr /9 3(u—1)- }du 1
0 V222 +1 e=0 V222 + 1 Jums Vu s

9
Hgus—2a?] =tlas-6)-(3-2)] =1 -2-3.

() [ Yrd
1 JU—|—1

Solution: Let u = /= so u? = x and 2udu = dx. Then
3 V3 V3
d -2ud 2
\/Ex_/ w—/ 2—7du:[2u—2tan_1u}
r=1 ‘T+1 u=1 u2+1 1 U2+1

=(2v3-2T)—(2-27)=2y/3-2-T.

V3

1

/4
(c) / tan® z dx
0

Solution: Let u = tanx so du = sec? z dz and let v = cosx so dv = — sinx dz. Then

w/4 /4 /4 /4 d
/ tan® dx:/ (sec?z — 1) tanx dx:/ tanx-sechdx—/ ST
0 0 T

-0 z—=0 COST
1 1/V2 _d

=/ udu—/ v [
u=0 v=1 v

1 1/V2
UQ} + [lnv] :%—i—ln
=0

u v=1
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4: (a) Find the area of the region which is bounded by the curves y? = 2z and y =

Solution: First sketch the two curves. The parabola y? = 2z is shown in blue, and the hyperbola y = z 3
T —
is in green.

We see that the region in question lies below the hyperbola and above the bottom half of the parabola, which
is given by y = —v/2z, with 0 < < 2. Thus the area is

A:/OZ( ° )—(—\/ﬁ) dx=/2x_3+3+\/%dx=/:1+33+(2x)1/2dx

z—3 o T—3 T —

2
= [z +3mje 3|+ 3(20)2] = (2+0+%) - (313) = 4 —3m3.

(b) Find the area of the region bounded by y = sinz and y =1 — % sin 2z with 0 <z < 27.

Solution: First we sketch the two curves. The curve y = sinx is shown in blue and the curve y = 1— % sin 2z

is shown in green.

The region lies below the curve y = sinx and above the curve y =1 — % sin 2z with & <z < 7, so the area
is given by

w/2 w/2 i )2
A= sinx—(l—isin%:) dr = sinx—l—@sian—ldx: —cosx — Lcos2r —x
/6 V3 /6 3 6 n/6
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5: (a) Find /tan_1 x dz

Solution: We use trial and error. Let f(z) = ztan~!z. Then f'(z) = tan™'x + 1357+ Let g(z) = In(1 +2?%).
Then ¢'(x) = 1_2&2. Thus if we let Fi(z) = f(z) — 3 g(z) then we have F'(z) = f'(z) — 3 ¢'(z) =t
Thus

/tan_lx dr=F(z)+c=xztan "2 — L In(1 4+ 2?) + c.

(b) Find / V1-—22 dx
Solution: We use geometry. Let f(t) = v/1 — ¢2 and let
Flz) = /0 VAt ear
By the FTC we know that F'(z) = f(x) = v/1 —22. For 0 <z < 1, F(z) is equal to the area of the region

R which lies under the semicircle y = v/1 — 2 with 0 <t < z. Let 0, z and y be as shown below, note that
sinf = x and y = v/1 — x2, and divide the region R into two regions S and T as shown below.

-1 0 z 1

The area of region S is equal to % times the area of the entire circle of radius 1, that is |S| = 1 6. The area

of the region T is |T| = %xy Thus, for 0 < z < 1, we have
F(x):/ V12 dt =S|+ |T| =40+ 2oy = tsin o+ Jov1 —22.
0
For —1 < 2 < 1 we have

d /i, . 1( 1 —x > 1<1—|—(1—x2)—x2)
— (i (sin'z+avVi-2?)) =L | ——=+V1-22+2 —— | =1
dx(Q( )) 2\ /1 -2 1 _ 22 2 A — 22
1 — 2
=== Vi-e

/\/17302 dx = % (sin_lerx\/lfx?) +c.

and so



