MATH 135 Algebra, Solutions to Assignment 3

: (a) Let a; = 1 and a, 41 = 3a, + 2 for n > 1. Show that a,, =2-3""! — 1 for all n > 1.

Solution: We claim that a, = 2-3""1 —1 for all n > 1. When n = 1 we have a,, = a1 = 1 and
2.3771-1=2.3-1=2.1—1=1 so the claim is true when n = 1. Let £ > 1 and suppose the claim is
true when n = k, that is suppose that a; = 2-3*~! — 1. Then when n = k + 1 we have

ap=ap1 =3ar+2=3(2-3"1-1)+2=2.3"-3+2=2.3"-1=2.3"""1 -1
Thus the claim is true when n = k + 1. By Mathematical Induction, a,, = 2 - 31 _ 1 forallm > 1.
(b) Let a1 = 3 and a,+1 = 2a,, — 1 for n > 1. Find a closed form formula for a,.

Solution: Using the given recursion formula, we find that a; = 3, a3 = 5, a3 = 9, a4 = 17 and a5 = 33.
Notice that a,, = 2" + 1 for n = 1,2, 3,4,5. We claim that a,, = 2" + 1 for all n > 1. When n = 1 the claim
is true. Let k > 1 and suppose that the claim is true when n = k, that is suppose that a; = 2 + 1. Then
when n = k + 1 we have

Un=apy1 =2-ap,—1=202"+1)—1=2M1p2_1=0k1l 19741,

Thus the claim is true when n = k + 1. By Mathematical Induction, we have a,, = 2" 4+ 1 for all n > 1.

5a, —

4
(c) Let a3 =2 and a,y1 = for n > 1. Show that 1 < a, < a,y; <4 forall n > 1.

n
Solution: We claim that 1 < a,, < ap41 < 4 for all n > 1. We have a; = 2 and the recursion formula gives
S5a; —4 5-2-4
ap - 2
k > 1 and suppose the claim is true when n = k, that is suppose that 1 < ap < ag41 < 4. We have

ay = =3, and so we do have 1 < a; < as < 4 and so the claim is true when n = 1. Let

1 1 1 4 4
1<ak<ak+1<4:>12akz—ak+ 21:42—%2ak+ > 1= 4<——k§——ak+1§71
4 5a 4 Sapy1—4
:>155_E§5—a Sd= 1< 2= <= <d = 1 <appr S apgr <4

Thus the claim is true when n = k£ + 1. By Mathematical Inductlon, 1<a, <apy1 <4foralln>1.

: (a) Let ag = 0 and a; = 1 and for n > 2 let a,, = a5,—1 +6a,,_2. Show that a,, = é(3" — (—2)") for all n > 0.

Solution: We claim that a, = %(3” — (72)”) for all n > 0. When n = 0 we have a,, = ag = 0 and
(3" —(=2)") = 7(30 (—=2)%) =0, so the claim is true when n = 0. When n = 1 we have a, = a; = 1
and 1(3" = (=2)") = £(3 = (=2)) =1, so the claim is true when n = 1. Let k > 2 and suppose the claim is

true for alln < k. In partlcular we suppose the claim is true when n = k — 1 and when n = k£ — 2, that is
we Suppose aj_1 = %(3’“_1 — (—2)’“_1) and aj_9 = %(3’“_2 — (—Q)k_Q). Then when n = k we have

ap = ax = ag—1 + 6ag_2
_ %(Skfl _ (_Q)kfl) + g(3k72 _ (_2)k72)
— (% . 3k—1 4 % . 3k—2) _ (%(_2)]{5—1 + g( 2)k 2)
— (% ) 3k—2 + g . 3k—2) _ (_ %(_2)1@—2 + 6( 2)k 2)
% . 31@72 _ %(72)]{572 — % 3k _ %(72)1@
1

- a2 = 3 - (2).

Thus the claim is true when n = k. By Strong Mathematical Induction, the claim is true for all n >0 .



(b) Let ag = 1 and a; = 1 and for n > 2 let a,, = 2a,,—1 + a,,—2. Show that a, = %((1 +v2)" + (1 - \/5)")
for all n > 0.

Solution: We claim that a, = 3 ((1+v/2)" 4 (1—v2)") for all n > 0. When n = 0 we have a,, = ap = 1 and
L(A+V2)"+(1-=v2)") = L(1+v2)°+ (1-v2)°) = £ (1—1) =0, so the claim is true when n = 0. When
n=1wehavea, = a; = 1and 1 ((1+v2)"+(1-v2)") =  (1+V2)'+(1-v2)!) = L (1+V2+1-V2) =1,
so the claim is true when n = 1. Let £ > 2 and suppose the claim is true for all n < k. In particular, suppose
the claim is true when n =k — 1 and when = k — 2, that is suppose a1 = 1 ((1+ v2)F~1 + (1 — v2)*71)
and ap_» = 1 ((1+v2)F72 4+ (1 — v/2)*72). Then when n = k we have

k= 2ap—1+ ax—2

(V2P 4+ (1 =v2)R 1) + 3 (A +V2)F 2 + (1 - v2)7?)

+VR 4 L1+ V2R2 4 (1 - V2R 4 S (1 - V2)R 2

+V2) 1+ V224 (1 + V2R 2 4+ (1= V2)(1 = V2)F 2 4+ § (1 — v2)F 2

a:

(B+2v2)(1+v2)F 2+ 1(3-2v2)(1 - v2)k2
(1+V2P1+vV2)F 2+ 5(1 - V2 (1 - v2)F?
(T+V2)F + (1= V2)F)
(A+V2)"+(1-v2)"),

Thus the claim is true when n = k. By Strong Mathematical Induction, the claim is true for all n > 0.
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n(2n —1)(2n+1)

: (a) Show that i(% 2=

i=1

for all n > 1.

n(2n—1)(2n+1)

Solution: We claim that 2(22 —1)? = for all n > 1. When n = 1 we have 2(21 -1)? =

=1 =1
2n —1)(2 1 1-1-3
12 =1 and n(2n ?3( n+l) = =1, so the claim is true when n = 1. Let k > 1 and suppose the
k
k(2k—1)(2k+ 1
claim is true when n = k, that is suppose that 2(22 — 1)2 = ( ?))( + ) Then when n =k + 1 we
i=1
have

n k+1 k
Z(% —1)? = i(% —1)? = (Z(Qi - 1)2> + (2k +1)?

(2k ~D@k+1) k(2k — 1)
3

+(2k+1)2 = (2k+1) <3 + (2k + 1))

(k4 1) k(2k — 1) +3(2k:+ )) _ (2k+1)(2k23—k+6k+3)
(2k + 1) (2k2 +5k+3) 2k + )(k+1)(2k+3) _ (20— 1)(n)(2n + 1)
3 3 3 '

Thus the claim is true when n = k + 1. By Mathematical Induction, the claim is true for all n > 0.



n

(b) Find a closed form formula for Z(—l)i(% —1)% forn > 1.
i=1
Solution: We have

1

D (-1)i2i-1)?=-1"=-1

=1

2 .
D (-1)(2i-1)2=-1"+3"=-14+9=8=2-4

i=1

3 .
D(-1)(2i-1)2=-1"+3" -5 =-1+9-25=-17=1-2-9

=1

4 .
(1) (2i—1)=-1"+3> -5+ 77 =—-1+9-25+49=32=2-16
i=1

5 .
D U-1)(2i-1)2 =143 -5 +7° -9 =-14+9-254+49 -8l = —49=1-2-25
=1

6 .
D -1)2i—1)? =143 -5+ 77 -9 +11° = 1 +9—-25+49 - 81 + 121 =72 =2 36.
i=1

2n?  when n is even, ]
In other words, it appears that

It appears that for all n > 1, Z(—l)i(% —1)? = { ) ]
= 1 — 2n" when n is odd.

2m 2m—1
> (-1)/(2i — 1) = 2(2m)? for all m > 1 and that »  (—1)"(2i — 1) =1 —2(2m — 1) for all m > 1.
i=1 =1

2m

We claim first that Z(—l)i(% —1)? = 2(2m)? for all m > 1. We have seen that this claim is true when

i=1
m =1 (and when m = 2,3). Let k > 1 and suppose that the claim is true when m = k, that is suppose that
2%

Z(fl)i(Qi —1)% = 2(2k)%. Then when m = k + 1 we have
i=1
2m 2k+2

Do D2 -1)P = Y (-1 (20 - 1)

=1 =1

2k
= (Z(—l)i(% - 1)2> + (=1)2PH 4k 4+ 1) + (—1)%F 2 (4k + 3)?

=1
= 2(2k)* — (4k + 1) + (4k + 3)* = 8k* — (16k* + 8k + 1) + (16k> + 24k + 8)
=8k? + 16k + 8 = 8(k + 1)* = 2(2m)?.

Thus the claim is true when m = k4 1. By Mathematical Induction, the claim is true for all m > 1. Finally,
note that for all m > 1 we have 1 —2(2m —1)2 =1 —2(4m? —4m + 1) = —8m? + 8m — 1 and

i (—1)%(2i —1)? = <Z(—1)i(2i - 1)2> — (=1)*™(4m — 1)* = 2(2m)* — (4m — 1)?

=1 =1
=8m? — (16m? —8m +1) = —8m? +8m — 1 =1—2(2m — 1)%.



4: (a) Expand (2z + 5)*.

Solution: We have
(20 +5)" = () (22)* + (1) 20)°(5)! + (3) (20)2() + (3) (22)15)° + (
=1-162*+4-8-52°+6-4-2522+4-2-1252" +1-625
= 16z* + 16023 + 60022 + 1000z + 625 .

(b) Expand (z — i)g.

2x
Solution: We have

(e— =)= () @+ (D)@ (2) + () @° (—%)°
+(5) @ ()" + () @2 (-2)"+ (3) (
=1-2%-8.27. 542826 ——56x 3

— 5628

_ .8 4.6 35 _ T _
=a® — 4a® + T2t — 72? + 4w2 + 1690 16z6 + 256903'

(5) @) (—35)" + (

_l’_
(@)' (-3 ) +(3)
+70-24 161

32xo +28 - 2? 649:6 -8z 128x7+25618

(c) Find the term involving #® in the expansion of (— - —)

Solution: The i term in the expansion is

() (5)" 8 = () () 12— 1y ()

The term involving 2® occurs when 33 — 5i = 8, that is when i = 5. The 5 is

4
4

(=1)5 (L) 127 8 = _1L1098.7 2%6% o8 _ 177,958 = _ 946445,

5 5:4-3-2-1 66

- 1
a) Evaluate E (n) 5
i
=0

n
Solution: By the Binomial Theorem, we have Z (") =01+ %)n = (%)n .

i=0
= /2n) 1
b) Evaluat —
) Vauae;(zi)?

Solution: By the Binomial Theorem, we have

) (5)*

33—51

2n
Co) 4 (o)t () ot () e () o+ () o = (14 35)

and

2n
C = B+ () =) s+ () =+ G A= (1)

Adding these gives
2n
2(C)+ () S+ () o+ () ) = (14 )+ (1-

e D0 5= (1) (1-8) 7).



n . 1
(c) Evaluate E (n + Z) 5
i

i=0
Solution: We have

=0

We claim that Z (") & = 2" for all n > 0. When n = 0 (and also when n = 1, 2 and 3) we have

i=0
seen that the claim is true. Let k£ > 0 and suppose that the claim is true when n = k, that is suppose
k n k+1
(’ﬁ”) Qi =2% Let n =k + 1 and write S = Z (”:”) % = Z (’Hil”) % Then we have
i=0 i=0 i=0
S =

() + () e () (5 o (50 0 (250)
()= () 1 (C2) () () () 4
(R (121))

k
_ [ 1 2k+2 1 k+i) 1 2k+1 1
= (3= () )+ (S (1) £+ (32) =)

Subtract S from each side to get

k
_ E+i) 1 2k+1) 1 [(2k+2) 1
S=2 (") 3+ () wte — (3F) ot
i=0

N

Notice that

<2k+2) — _(2k42)l _ (2k42)2k+1)! _ 202k+D)! _ o (2k+1)
k+1 ) = GADIE+D)! — GFDEG+D! — KIG+D! k41

k
and so we have %S = Z (’t“) zi = 2% that is S = 2¥*1 = 2. Thus the claim holds when n = k + 1, and

i=0
so by Mathematical Induction, the claim holds for all n > 0.



