MATH 135 Algebra, Solutions to Assignment 12

1: Express each of the following complex numbers in cartesian form.
(a) 4 eom/3
Solution: We have 4ei57r/3 =4 (cos %’r + 4 sin 5{) =4 (% — —32) =2—-2V3i
(b) (1+iv3)

Solution: We have

. 10 .
(1+iv3)10 = (26”/3> = 9107 107/3 _ 910 (cos 197 + i sin 197)

— 1024 (=4 — i) = ~512 - 512V/3..

(c) 5% where 6 = tan~!2

Solution: We have 5¢'? = 5 (cos + isinf) =5 (L + %z) =v5+2V5i.

NG
2: Express each of the following complex numbers in the polar form re*?.
(a) =24 21
Solution: We have —2 + 2i = 24/2¢t37/4,
(1-1i)°
(b) :
(1+iV3)
, 2 .
17‘2 2 —in/4 2 —im/2 (4 .
Solution: We have ( _Z) = (\fe. ) == =e (5+5) _ et om/6,
(1—|—Z\/§) 2 eim/3 2eim/2
(c) =3—1

Solution: We have —3 —i = v/10€'?, where § = 7 + tan™! %



3: Solve each of the following for z € C. Express your answers in the polar form re®?.

(a) 22 +8i=0
Solution: Write z = 7¢'? with r > 0 and 6 € [0,27). Then

B 8= () e (rew)B:—8i<:>r3ei39:86i3”/2
<:>r3:8and36’:37”+27rkforsomekez
<:>r:2and9=g+%”kwherek:0,lor2.

Thus the solutions are z = 2¢' ™2, 2 =2¢7/6 and z = 2" 117/6,
(b)z= "

z+2+1
Solution: We have

Z—i —(144d) £ /A +i)2 —4i

z:m<:>22—|—(2+i)z=z—i<:>z2—|—(1—|-i)z—|—i:()<:>z= 5
{EH::7(1+i)i\/m:f(l+i)i\/i2i:7(1+i)i(17i)
2 2 2
<<~ z=—-lor —i.

In polar coordinates, the solutions are z = '™ and z = €37/2,
(c) 2* =8z
Solution: Write z =7 ¢*? where r > 0 and 0 € [0, 27). Then
A =87 =t =gre " — (r=0or 73 et50 =8) < (r=0or (r=2and 50 =2k, k€Z)).

Thus the solutions are z = 0, z = 2, z = 2e27/5 = 2¢147/5 5 = 2¢167/5 and 2 = 2¢87/5,



4: For each of the following polynomials f(z), first solve f(z) = 0 for z € C, and then factor f(z) over the real
numbers. (You may find it useful to read section 9.2 in the text book).

(a) f(z) =25+ 723 -8
Solution: For z € C we have
f(2)=0= 2472 -8=0= (2 +8)(:* - 1) =0+<=2*=1or 2> = -8=8¢'T
— =1, /3, ei4”/3, 26”/3, 2¢'T | or 2¢°7/3
=1, (—%+§z‘) , (—%—@i) C (LB, =2, (1-V3i) .
It follows that f(z) factors over the reals as f(z) = (z — 1)(z + 2)(z® + z + 1)(2? — 22 + 4).
(b) f(x) =25 +1
Solution: For z € C we have
fR)=0= 2 4+1=0= 2 =-1=¢"
in/6  Gim/2  i5n/6 LiTn/6  idw/2

1117/6

—z=¢€ or e

— = (§+%i) q, (—§+%i) , (—@—%i) . i, (@—%i) .

It follows that f(z) factors over the reals as f(z) = (22 + 1)(2? — 3z + 1)(2® + 3z + 1).

(c) f(z) = a* + 423 + 62% + 42 + 5

Solution: For z € C we have

f(2)=0<= 2" 442 + 622 +40+5=0<= 2+ 1) +4=0<= (2 + 1) = —4 =4¢'"

s 2 1= V2T R 3T op (/26 T/
= z+1=01+14), (-1+1), (-1 —14) or (1 —14)
= z=1i, (-2+14), (—2—1)or —1.

It follows that f(z) factors over the reals as f(z) = (2?2 + 1)(2? + 4z + 5).



5: An equation of the form az® + ba? + cx +d = 0, where a,b,c,d € C with a # 0 can be solved as follows.
First, divide by a to obtain an equation of the form z3 + Bz? + Cz + D = 0. Next, make the substitution
r=2z— %. This will convert the equation to the form 2% + pz + ¢ = 0. Thirdly, make the substitution
z = w — . This will convert the equation to the form w?® +rw™3 4 ¢ = 0. Finally, multiply through by w?
to obtain w® + qw?® 4+ r = 0, which we can solve for w® using the Quadratic Formula. (You may find section

9.6 useful).
(a) Solve 3 — 3x +1 =0 for z € R.
Solution: Write = w 4+ w™!. The equation becomes
(w4+w ) =3(w+w ) +1=0
w4+ 3w+ 3w +w P - 3w—-3w +1=0
wH+w3+1=0
Multiply by w? to get w® + 1 4 w3 = 0, that is w® + w3 + 1 = 0. Solve for w? using the Quadratic Formula

to get w3 = 7_&5 1= — —% + @ i. When w? = —% + ?z = e“”/?’, we have w = e””/g, ei8m/9 or gi14m/9,
Notice that in all cases we have |w| = 1 so that w™! = w and hence z = w + w™! = w +w = 2Rew. Thus

we have x = 2 cos %” , 2cos %’T or x = 2cos 147”. Alternatively, in degrees we have
x = 2co0s(40°), 2cos(160°) , or 2cos(280°).
Note that we do not need to consider the case that w3 = —% — @Z since we have found all three real roots.

(b) Solve 23 + 322 — 32 — 7= 0 for z € R.
Solution: Write x = z — 1. Then the equation becomes
(z—=1P2+3(z-12*-3(z-1)—2=0
22 =32 +32—-143>-6:+3-3243-7=0
22 —62—2=0
Write z = w + 2w™!. Then the equation becomes
(w4 2w —6(w+2w ) —2=0
w? + 6w+ 12w + 8w — 6w — 12w —2=0
w?+ 8w —2=0

Multiply by w? to get w® — 2w? + 8 = 0. Use the Quadratic Formula to get w® = @ =14+/7i.
When w? = 1477 = 2¢/2€'?, where 0 = tan~! /7, we have w = /2e/3 | /2! (0+2m)/3  or \/2 ¢t (0+4m)/3

Notice that in all cases, w is of the form w = \/iei‘i’7 so we have z = w+2w™! = v/2e'?+v/2e % = 2¢/2Rew.
Thus z = 2v/2 cos (%) , 2v/2 cos (”%) , Oor 2v/2 cos ((”%). Finally, since x = z — 1 we have

r=2v2cos (§) — 1, 2v2cos (527) — 1, or 2v/2cos (2517) — 1,

where 0 = tan—1 /7.



