MATH 135 Algebra, Solutions to Assignment 11

: Express each of the following complex numbers in cartesian form.
(a) (241)(3+24) — (5+31)
Solution: We have (2+1i)(3+2i) — (5+3i) = (6 +4i +3i —2) — (5+3i) = (4 + 7i) — (5 + 3i) = —1 + 4.
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Solution: We have
(14+20)% 1+6i+122+8° 146i—12—-8 —11-2i
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: Solve each of the following equations for z € C. Express your answers in cartesian form.
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(a)z+i +1
Solution: We have
1
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(b) 22 =2z

Solution: Write z = x + iy with z,y € R. Then we have

2222{:>(:E+iy)2:x—iy:)(xQ—y2)+i(2xy)=x—iy<:>(mg—y2:xand2xy:—y).

To get 2xy = —y we need y = 0 or 2x = —%. When y = 0, the equation z? — 3% = z gives 22 = x so
z =0or 1. When 2z = —1so 2 = —1, the equation 2? — y? = x gives + — ¢y? = —1 so y? = 2, that is
yz:l:@. Thus z =z 41wy =0, 1, f%Jr@i or ,%,@i.

(c) 22=4+3i

Solution: Write z = x + ¢y with z,y € R. Then we have
22 =4+43i = (z+iy)? =4+3i < (27 —y*) +i(22y) = 4+ 3i &> (2 —y* =4 and 22y = 3).

From 2xy = 3 we get y = % Put this into the equation z? — 4% = 4 to get

9
xz—@ =4=42"-9=160" = 42"~ 162° -9 =0 = (22°—9)(22°+1) =0 = (22 = Jor 2% = —3).
SincexERwemusthavex2:%sox:i%. Whenx:%wehavey:%:%~72:%7 and when

x:—%wehavey:%:—%. Thusz:ﬁ:(%—&—%i).



3: Solve the following pairs of equations for z,w € C.
(a) z4+iw=2
1242w =3

Solution: From the first equation we have z = 2 — jw. Put this into the second equation to get

i2—iw)+2w=3=2itw+2w=3=3w=3-2i=w=1-3i.
Then z =2 —iw =2 —14— 2 = 5 —i. Thus the solution is (z,w) = (5 —4,1— 21).
(b) iz+ (14+i)w=—-3+1
(24 1)z+ (3= 20)w = 4i
Solution: Multiply the first equation by —i to get z + (—i+ 1)w = 3i + 1 so we have z = (1 +37) — (1 — )w.
Put this into the second equation to get
(244)((1+3i) — (1 —i)w) + B—2i)w=4i = (=14 7)) — (3 — i)w+ (3 — 2i)w = 4i
= —w=1-3=w=3+1.
Then z=(143i)— (1 —d)w=(143i)— (1 —4)(3+17) = (1 +3i) — (4 — 2i) = —3 4 5i. Thus the solution is
(z,w) = (—345i,3+1).

4: Draw a picture of each of the following subsets of the plane.
(a) {zGC‘1< |z — 1| < V5}

Solution: We have 1 < |z — 1| < /5 when the distance between z and 1 is greater than 1, so z lies outside
the unit circle centered at 1, and is less than or equal to 5, so z lies inside or on the circle of radius v/5
centered at 1.

(b) {z € C|lz—2i| =]z — 4|}

Solution: We have |z — 2i| = |z — 4] when z is equidistant from the points 2i and 4, that is when z lies on
the perpendicular bisector of the line segment from 2i to 4.

(c) {z€Cl|lz| +]z— 4| =8}

Solution: We have |z| 4+ |z — 4| = 8 when the sum of the distance from 0 to z with the distance from z to 4
is equal to 8. This happens when z is on the ellipse, with focii at 0 and 4, which passes through the points
—2, £3i, 4 £+ 3i, and 6.

Alternatively, writing z = = + iy with z,y € R we can see that this set is the above ellipse as follows.

2]+ ]2 —4| =8 = Va2 + 2 +/(x — 42 + 2 =8 <= a2 — 8z + 16 + 42 =8 — /22 + 2
= 22— 8r+ 16+ y® = 64 — 161/22 + 42 + 2% + y? <= 161/22 + y2 = 8z + 48
= 2/22 42 =2+ 6 = 4(2® + %) = 2 + 122 + 36 < 32 — 12z + 4> = 36
(=22 ¥

= 3z —2)? +4y? = 48 =

(a) (b) (c)




5: For real numbers z and y, we define e*t%¥ = e*cosy + ie*siny. For a complex number z, we define
622 + 6722 . eZZ _ e*’LZ
cosz = ———— and sing=———7—
2 2

(a) Show that for all z,w € C we have e*" = e%e™.
Solution: Write z = x + iy and w = u + v with z,y,u,v € R. Then

efe’ = (ew cosy + i e” sin y) (e“ cosv + 1 e sin v)
T

u

(eme“ cosycosv — e’e" sinysin v) +1 (e e cosysinv + e*e" siny cos v)

— eac-i—u(

cosy cosv — sinysin v) +1 ex+“(siny cosv + cosy sin v)
=" (cos(y +v) + isin(y + v))

z+u)+i(y+v) z4+w

= ¢ =e

(b) Show that for all z,w € C we have sin(z + w) = sin z cosw + cos z sin w.

Solution: We have

eiz _ e—iz eiw + e—iw eiz + e—iz eiw _ e—iw

sin z cos w + cos zsinw = - . . -

24 2 2 24
eizeiw + eizefiw _ efizeiw _ efizefiw + eizeiw _ eizefiw + efizeiw _ efizefiw

41
etz etw _ 9p—izo—iw ei(erw) _ efi(erw) ) ( N )
= . = - =sin(z +w).
49 27

Note that we used the formula from part (a) on the last line above.
(c) Solve e* = 1 +4/3 for z € C.
Solution: First we claim that for ;s > 0 and 0, ¢ € R we have
ret? = se'? «— (r =s and 0 = ¢ + 27 k for some k € Z)

Indeed, if re’? = se’?® then we must have r = ’re“’| = |sei¢‘ = s, and when r = s we have

re'? = s¢'? = % = ' <= cosfH +isinf = cosp + isin

= (cos@zcosqb and sin9:sin¢) <= 0=¢+ 2k for some k € Z.

It follows that for z,y € R we have

T = rel? = eTely = re? «— (ac =Inr and y = 6 4+ 27 k for some k € Z.)

In particular, writing z = x + iy with z,y € R, we have
e =1+iV3 <= " =23 = (r =In2 and y = T + 27k for some k € Z).
Thus the solution is z =1n2 +1 (% + 27 k) where k € Z.
(d) Solve sinz =i for z € C.
Solution: Write z = x + ¢y. Then we have
. , e —e® iz —iz i2z i iz 2
smz:z<:>f:2<:>e —e ¥ =-2e"""+2 —1:0<:>(e +1) =2
i
S e 4 l=4V2=* = -1+ V2= W = 1+ /2 = eV = _14+2.
We have e % = /2 — 1 = (/2 — 1)e’? += —y = In(v/2 — 1) and = = 27k for some k € Z and we have
eVt = (V24 1) = (V2+ 1)e'™ <= —y = In(v/2+ 1) and x = 7 + 21k for some k € Z. Thus the
solution is z = 2k — i In(v/2 — 1) or z = (7 + 27 k) — i In(v/2 + 1) for some k € Z.



