: Consider the surface z = f(z,y) =

ECE 206 Advanced Calculus 2, Solutions to the Midterm Test, Spring 2015

: Let C be the curve of intersection of the sphere 2 + 32 + 22 =4z with the cone z=+/x2 +42. Let L be the

tangent line to the curve C' at the point (1, —1,/2).

(a) Find a parametric equation for the line L.

Solution: For points (z,y, z) which lie on both surfaces we have z? = 22 +y? = 40 — 22 — 22 so 202 +2y° = 4z
which we can write as (x—1)24y? = 1. This circle can be given parametrically by (z,y) = (1—|—cos t,sin t) and
then we also need z = /22 +y2 = /(1 + cost)2 + (sint)2 = V14 2cost + cos?t +sin’t = v/2+ 2cost.
Thus the curve of intersection C' is given by

(z,y,2) = a(t) = (14 cost,sint, V2 + 2cost)

and we have )
—sint )

V24 2cost
We choose t = 37” to get the desired point (z,y,z) = a(%") = (1,—1,4/2). Since 0/(37”) = (1,0, %), the

tangent line L is given parametrically by

(z,y,2) = B(s) = a(%’r) —|—so/(37’r) =(1,-1,v/2)+s (1,0, %) = (1 +s,—1,vV2+

a(t) = ( —sint, cost,

5).

S

(b) Find the point of intersection of the line L with the zy-plane.
Solution: For the point (z,y,2) = (1 +s,—1,V2+ % s) to lie on the zy-plane, we need 0 = z = /2 + % s

and so we must choose s = —2. Thus the point of intersection is
(.’L‘,y,Z) = 6(72) = (713 7170)'
4

2+ at + a2y
(a) Find the gradient Vf(1,2).

Solution: We have

_(Of Of\ _ —4(423 + 2x) —4(2y)
Vf(z,y) = ((%’ay) = ((2+$4+$2+y2)2ﬂ (2+x4+x2+y2)2>

Vf(1,2) = (-4, -4) = (-3,-1).

and so

(b) Find the directional derivative D, f(1,2) when u = (— %, 2).

Solution: The directional derivative is
_ _ 3 1 4 3\ _ 6 3 _ 3
Duf(1,2) =Vf(1,2)ru=(-§,-3)* (-5:2) =36 — 35 = 30-

(c) An ant walks along the above surface above the circle (x — 2)? + y? = 5 moving counterclockwise (when
looking down from above). Find the value of tan 6, where 6 is the angle (from the horizontal) at which the
ant is ascending when it is at the point (17 2, %)

Solution: Since the tangent to the circle (z — 2)? + y? = 5 at the point (1,2) is perpendicular to the radius
vector (—1,2) (that is the vector from the centre (2,0) to the point (1,2)) we see that (when looking down
from above) the ant is moving in the direction of the vector v = (—2, —1) in the zy-plane. The directional
derivative of f at (1,2) with respect to v is

Dyf(1,2) =Vf(1,2)sv=(-3,-3)«(-2,-1)=3+1=1

and so the angle 6 at which the ant is ascending is given by



[6]  3: Find the total charge in the region D = { T,Y, 2 ‘\/ (22 +9y?) < z< Jd—a%—y } where the charge

density (charge per unit volume) is given by f(z,y,2) = 22
Solution: We use spherical coordinates (z,y,z) = (7’ sin ¢ cos 0, r sin ¢ sin 0, r cos rj)). Some students will see

immediately that the cone z = ,/%(mz + y?) is given in spherical coordinates by ¢ = 7. If you do not see
this immediately, then you can verify this algebraically as follows. We have

2?2 +y? = (rsin ¢ cos 0)% + (rsin ¢sinh)? = r?sin® ¢ (cos? 6 + sin? @) = r?sin? ¢

and so (since r > 0 and sin ¢ > 0)

z = %(:cQ—l—yQ) — TCOS¢=1/%T2Sin2QJ)=%TSiH¢ = tangp =13 <= $p=1

Thus the region D is described in spherical coordinates by 0 <r <2, 0 < ¢ < g and 0 < @ < 27. Thus the
total charge is

/3
Q= /// 22 dV = / / / (rsin ¢ cos0)? - r¥sin ¢ df do dr
r=0 J¢p= 6=
/3 /3
/ / / r*sin® ¢ cos? 9d9d¢dr—/ / mrisin® ¢ dodr
r=0J¢=0 Jo= $=0

/3 2 /3
/ / 1—cos @) sin ¢ d¢dr—/ 7r7"4[—cos¢+ cos ¢ dr
r=0J¢p= r=0 =0

2

:/7~:07W4((_%+2714)_(_1+%)) dT:/ R X

r=0
2 2 32 4
_/ 22 " dr—{247‘}_—24—3.
r=0 r=0

: Find the work done by the force F(z,y, z) = (2x2,1+ z,2% 4+ 3) acting on a small object which moves along

the curve given by (z,y, z) = a(t) (\/1 —t2,1+¢ \f) for 0 <t <1 in the following two ways.

(a) Calculate the work W directly from the formula W = / F.TdL.
c
Solution: We have F(a(t)) = (2\/1 -V, 1+, 2+t — t2) and o/ (t) = (\/%7 o1, 2%/2) and so

1
—t 1
F.-TdL = 2V1 — 2Vt 14+ Vt, 24+t —t> -(,1,) dt
/C /t:o( ) V1 —t2 2Vt

1
1
:/ —2tVt + 1+ VE+ — + 3Vt - SVt dt
t=0 \/i

1
:/ L+t 1/2 4 341/2 — 543/2 gt
0

1
- {t+2t1/2+t3/2—t5/2} —1+2+1-1=3.

(b) Find a scalar potential for F' then find the work by finding the change in potential.
Solution: By inspection, we choose g(z,y, 2) = 2%z + y + yz to get

Vo= (3.5 5) = (2on 1+ 2.0 +y) = Flop.2)

Then, by the Conservative Fields Theorem, we have

/F-TdL:/Vg-T dL = g(a(1)) — g(a(0)) = ¢(0,2,1) — g(1,1,0) =4 -1 =3.
C C



[5]

5: Find the flux of the vector field F(z,y, z) = (z + y?, vy + 22, 2y + yz) through the boundary surface of the

tetrahedron with vertices at (0, 1,0), (2,—-1,0), (2,3,0) and (0,1,2).
Solution: By visualizing the given tetrahedron D some students wills see immediately that
D:{(m7y,z)|0§x§2, 1—x§y§1+x70§z§2—w}.

If you cannot see this immediately, you can argue as follows. The tetrahedron D has base triangle with
vertices (0,1,0), (2,—1,0) and (2, 3,0). This base triangle is given by {(a:,y)’O <x<2,1—-z<y<l1 —|—a:}.
The top vertex of D is at (0,1, 2), directly above the base vertex (0, 1,0), and the top triangular face of D
is the triangle through (0, 1,2), (2,—1,0) and (2,3,0). The top face lies in the plane with direction vectors
(2,—1,0)— (0,1,2) = (2,—2,-2) = 2(1,—1,—1) and (2,3,0) — (0,1,2) = (2,2,—2) = 2(1,1,—1). This plane
has normal vector (1,—1,—1) x (1,1,—1) = (2,0,2) = 2(1,0,1) so it has an equation of the form = + z = ¢.
Putting in the point (z,y, 2) = (0,1, 2) shows that ¢ = 2, and so the top face of D lies in the plane z+ 2z = 2.
This shows that
D:{(x,y,z)|0§z§2, 1f:c§y§1+x,0§z§27x}.

Also note that V«F = 1+ x + y. By Stokes’ Theorem, the flux through the boundary surface S of the
tetrahedron D is

2 1+x 2—x
@://F-NdA:///v-FdV:/ / / 1+ +ydedyde
S D z=0Jy=1—xz J2=0

2 14+x 2 14+
:/ / (1+x+y)(2—x)dydac:/ / 2+z—2*)+(2—2)y dydx
=0 Jy=1—x =0 Jy=1—x
2 14+x
:/ [(2+x—m2)y+%(2—m)y2} ) dx
=0 Yy=l-x

2
:/ (@t (Le) - (- 2) + 32 a)(( 2 - (- ) d

2 2
8v—20% do = [42° — Jat| =16-8=8.
=0

/:_ (242 —2%)(22) + 3(2 — 2)(4z) da :/

=0 =0



