ECE 206 Advanced Calculus 2, Solutions to Assignment 9

: Sketch the image under f(z) = 10/z of the triangle with vertices 2 + 4, 4 + 2¢ and 1 + 3i.

Solution: The line from 2 + ¢ to 4 4 2¢ goes through the origin, so it is mapped by % to the line through the
origin and the point 2%” = % On the line from 4 + 2¢ to 1+ 3¢, the nearest point to the origin is the point

1 + 3¢, so this line is mapped by % to the circle with diameter 0, 1J:3i = 1;6“. On the line from 1 + 37 to

241, the nearest point to the origin is the point 2+ 4, so this line is mapped by % to the circle with diameter

0, z%ﬂ = Qgi. The map f(z) = 1—20 scales by an additional factor of 10, so it sends the first line to the line
through 0 and 4 — 24, it sends the second line to the circle with diameter 0, 1 — 37, and it sends the third

line to the circle with diameter 0, 4 — 2.

: (a) Evaluate tanh (In2+ 7 7F).

Solution: We have
In2+in/4 _ ,—In2—in/4 2€i7r/4 o lefi'n'/él 4 im/2 _ 1
S\ e e - B) o (&
tanh (In2+4%) = em2Fin/l e m2in/1 ~ 9ein/d y Le—in/i  4eipi/2 41
—1+4+4i  (—1+44i)(1—4i) 15+8i
T+4i  (1+4i)(1—4i) 17 °

(b) Solve tanh z = tanhi z.

Solution: We have

) e? — e~ % el — iz
tanh z = tanh iz < = — -
ez + 672 e’LZ + e*’LZ

— (ez _ e*Z) (eiz T e*iz) — (ez + 672) (eiz _ e*iz)
e(l+i)z + e(l—i)z _ e(—1+i)z _ e(—l—i)z — e(1+i)z _ e(l—i)z + e(—1+i)z _ e—(l—i)z

ki ki(l414
Z:17T Z_:7T Z(2+Z) = 5(—1+1)k for some k € Z.
—i

S
= 20702 — 9712 — 0 = 200702 =] 2(1 — i)z = 20k for some k € Z
—



3: (a) Show that cos™ z = —i log (z + V22 — 1), where both sides are multi-fuctions.
Solution: We have

e’L’U} + 67111)

COBW =2z = ————— =2 & e e =22 = (")? 4+ 1 =2z(e")
: - , 2 Vdz? —4
= (") - 22(e")+1=0 — emz%zz—kvﬁ—l

= iw=log(z+ V22 —1) < w=—ilog(z+V22-1).

(b) Solve cosz = 1 (3 +1).
Solution: Using the formula from part (a) we have
2 =cos™! (4(3+1)) = —ilog (43 +3) + /& (8+60) — 1) = ~i log (4(3+4) + V=8 + 63)

= —ilog ($(341) £ 1(1+3i)) = —i log(1 + 1), —i log (}5%) = —i log (V2 ™*) , —i log (% e*”/z)

——i(nV2+i(F+2mk),—i (I +i(=F —2mk)) = £ ((F+27k) —ilnV2) with k€ Z.

4: (a) Sketch the image under f(z) = 22 of the circle 2(t) = (2cost) et
Solution: The image is the curve
w(t) = f(2(t)) = ((2cos t)e”)z = (4cos® t)e'?" = (2 + 2cos 2t)e’ .

This is the polar curve r = 2 4+ 2 cos . We make a table of values and sketch the curve in the polar grid.

=2t r=2+2cost
0 4
/6 2++3 <
/3 3
/2 2
27/3 1
57 /6 23
T 0

(b) Sketch the image under f(z) = 23 of the line z(t) = t + .
Solution: The line z(t) = ¢ + 4 is mapped to the curve
wt) = f(z(t) =2()% = (t+i)? =t*+ 321+ 3t +i° = (£ = 3t) +i (3t — 1) = u(t) +iv(t).

We make a table of values and sketch the curve.

t u v
-2 -2 11
-3 0 8
—V2 V2.5
~1 2 2
~1/v3 B2 0
0 0 -1
1/vV3 -85 0
1 2 2
V2 V2 5
V3 0 8
2 2 11 ]




. . _ . _ 3 .
5: Sketch the image under f(z) = tanh z of the line 2(t) =t + < i.
Solution: We provide two solutions. For the first solution, we write

sinh(xz +iy) sinhxzcosy+i coshzsiny coshxzcosy — i sinhzsiny

tanh(x +iy) = =
nh(z +iy) cosh(z +iy) coshxcosy+isinhasiny coshxzcosy — ¢ sinhzsiny
(sinh z cosh & cos® y 4 sinh  cosh zsin? y) + i (cosh? z sin y cos y — sinh® z sin y cos y)
cosh? z cos? y + sinh? zsin’ y
(sinh@coshz) +i(sinycosy)  (3sinh2z)+i (5sin2y)  sinh2z +isin2y
B sinh? z + cos? y B %cosh?x — % + % + %cos2y ~ cosh2x + cos 2y
=u-+1iv,
inh 2 in 2
WithUZ& andv:L. Whenx:tandy:%”wehave
cosh 2x + cos 2y cosh 2z + cos 2y
~ sinh2¢ B %
T -
cosh 2t — 7 cosh 2t — 7

We make a table of values and sketch the curve.

2t U v
—00 -1 0
—Inv2 -1 2
—In2v2 -7/5 4/5
0 0 1442
Inv2 1 2
n2v2 7/5 4/5
00 1 0

The curve appears to be an arc of the circle u? + (v — 1)? = 2, and indeed we have

nh2t ) == ’ mhot )\ (2 not\
sin sin — cos
u2+(v—1)2: — | + V2 ——1) = 5 + :
cosh 2t — —= cosh 2t — — cosh 2t — — cosh 2t — —=

V2 V2 V2 V2
B sinh? 2t +2 — 2/2 cosh 2t + cosh? 2t B cosh?2t —1+2— 24/2 cosh 2t + cosh? 2t
= 2 = 2
1 1
(cosh 2t — ﬁ) (cosh 2t — ﬁ)

2 (cosh2 2t — /2 cosh 2t + %)

(cosh 2t — %) ’

For the second solution, we note that

tanh e —e 7  e?* -1 1 2
anh z = = =1-——
e? + e % 62Z+1 622+1

and so w = tanh z is the composite of the maps

1
21=22, z9=€', 23=20+1, z4=—, 25=-224, w=25+1.
z3
Te map z; = 2z sends the line y = %r to the line y; = %”. The map z3 = e** sends the line y; = %’r to
the ray zo = te’3™/4 t > 0. The map z3 = 22 + 1 translates this ray to the ray 1+ te'3™/4 The point on
this ray nearest the origin is the point %, so the map z4 = i sends the ray to the arc, from 1 clockwise

to 0, along the circle with diameter 0, 1%_1 =1 —14. The map z5 = —2z4 sends this arc to the arc, from -2

clockwise to 0, along the circle with diameter 0, —2 4 2i. Finally, the map w = 25 4 1 sends this to the arc,
from —1 clockwise to 1, along the circle with diameter 1, —1 + 2.



6: (a) For 0 # a € C = R? and 0 # r € R, show that the circle with diameter a,ta has equation

|22 = (1 +1t)zea +t]al’

Solution: Let C(a,t) be the circle with diameter a,ta. Note that C(a,t) has centre ¢4 and radius ’“ Sta |
so its equation is

a—ta
2

(14+t)a (1+t)a _ (1-ta (1-t)a
). e ) - i

|2[> = (L+t) zea+ (1 +t)2a]? = 3(1 — t)?|af?
2> = (1 +t)zea+tla)* =0.

tta|?
_ atta| _
|Z 3 =

(b) For 0 #£ a € Z and 0 # t € R, show that the image under the map w = f(z) = 1 of the circle with

diameter a, ta is the circle with diameter - e L

Solution: Let z € C(a,t) so that |2|?> — (1 +t)z-a +t|a|> = 0. Then
1 z a 1

Fr (1+t)1 ! “ (1+1) +t
z z ta |22 22 a2 T 12]a?

1 (1+t)z-a 1

P tlePlal  tal?

tlal? = (1+t)zea+ |z|?
= - 0
t|z[?[al?

and so % € C(%,t), which is the circle with diameter %, % This shows that f(C(a,t)) - C’(%,t). For-

tunately, we do not need to any additional work to show that C(%,t) - f(C(aﬂf)) because f is equal to
its own inverse. Indeed, if we let b = £ so that C(L,t) = C(b,t), then by our above work, this is sent by

f=f7" to the circle C(%,t) = C(a,t)t?that is f7HC(£,t) € Clat).



