ECE 206 Advanced Calculus 2, Solutions to Assignment 8

: Solve each of the following for z € C.
(a) 23 +8 =0
Solution: Write z = 7¢'? with r > 0 and 6 € [0,27). Then
2 +8i=0= (rew)S = —8i = 3% = gl 37/2
= r® =8 and 30 = 3 + 27 k for some k € Z
:>r:2and9:g—l—%’rkwherek:O,lorQ.
im/2

17w /6 1117 /6

Thus the solutions are z = 2e and z = 2e In cartesian coordinates, the solutions

arez=2i,—\/§—i,\/§—i.
(b) 25+ 16z =0

Solution: Let z = re*?. Then we have

,z2=2e

P 4162=0= (re'?)’ +167e? —> 17’ 4 16re? = 0
== (7’ =0orrte'%? = —16 = 166”)
= (TzOor (7‘:2and60:7r—|—27rk‘,forsomekeZ))
— (r =0or (7" =2and 0 = § + Tk for some k € {071,273,475}))

— s c {0,2ei7r/6’2ei7r/2’26i57r/6’26i77r/672ei37r/2,ei117r/6}

In cartesian coordinates, the solutions are z = 0, +-2i, £v/3 =+ 1.

z+2—1
2izg= """ —
(c) 2iz P
Solution: By the Quadratic Formula, we have
5
2z‘z=% 2 4 2= 42— i = 22— (1—2)2— (2—4)=0
z
(1—2i) ++/(1—2)2+4(20)(2—14) (1 —2)++/5+12i
- z = - = -

41

47
and \/5+12ij:< 5+V5§+122+i,/5+5§+122> = (/252 40y /=2412) = (34 20) s0

(1-20)+(3+2) 4 —2—4i L
= = — = —7.—1 7.
z 4 5 4 noltar

: For each of the following polynomials f(z), first solve f(z) = 0 for z € C, and then factor f(z) over the real
numbers.

(a) f(z) =a® +72% -8
Solution: For z € C we have
f(2)=0=2°472-8=0= (*+8)(:* - 1)=0= 22 =1or2* = -8=8¢'"
= z=1, ei27r/37 ei47r/3’ 261’71’/3, 2€i7r , or 26i57r/3
—z=1, (<5 +20), (<5- %), (14 VB, -2, (1-VBi) .
It follows that f(x) factors over the reals as f(z) = (x — 1)(z + 2)(2? + = + 1)(2? — 22 + 4).
(b) f(x) =25+1
Solution: For z € C we have

f2)=0=24+1=0= 2= -1=¢"

Z:elﬂ'/fj, 6171'/2, ez57r/6’ 6277'(/6, 61371'/2 1117 /6

— 2= (L+1i) i (- 8+3). (-£-3). - (£-59).

It follows that f(z) factors over the reals as f(z) = (22 + 1)(2? — 3z + 1)(2® + 3z +1).

or e



3: Let 1 = 1 and 25 = 3, and for n > 3 let z,, = 42,1 — bz, _2. Find a closed-form formula for x,, (your final
answer should not involve complex numbers).

Solution: The associate quadratic equation is z?> — 4z +5 = 0 with roots z = 4£v16-30 V126720 =211, so we
have z, = A(2 + )" + B(1 — 2¢)™ for some constants A and B. To get z; = 1 and zo = 3 we need

A@2+14)+ B(2—1i) =1 and A(2+i)*> 4+ B(2 — i)> = 3. Solving these two equations gives A = 173 and

B =142 50 we have

rn = @i+ H Q) =2 (2 + )
_%é}%( 1—3i) (VBe'?) ) ‘f"%((l—31)(cosn9+isinn9))
= /5772 (cosnf + 3sinnb)

where 6 = tan~!

N

4: Solve each of the following for x € R. Express your answers using only real numbers.
(a) 82 —6x+1=0

Solution: Divide both sides by 8 to get 2% — %az +2=0. Let z =2+ i. Then the equation becomes

lw ool

(z+ )~ G+E) +i=0
Pt 24322 +1=0
z3+%+64%20
F+iB+4=0

The Quadratic Formula gives

When 23 = %ei 27/3 we have
1 7,27r/9

y =1 187r/9 %6147r/9.

1
13 €
Notethatforz:%ewwehavex:erE:% + 3

=1e'?+1e7% = cosf, and so the above three

m\»—A

values of z give

2m 8w 1471'
T = COS -, COS ~g-, COS =5~

These solutions can also be written as = cos(40°), — cos(20°), cos(80°).
(b) 23 +322 -3z —-7=0
Solution: Write x = y — 1. Then the equation becomes
(y=1)7+3(y-1)*=3(y-1)—2=0
Y — 3y +3y —1+3y°> —6y+3-3y+3-7=0

y?—6y—2=0

Write y = z + 227!, Then the equation becomes
(z+2271)2 —6(24+2271)—2=0
22 4+62+12:71 4872 — 62— 12271 —2=0

2248277 -2=0

20 -2248=0
The Quadratic Formula gives 23 = Qim =1++/74i. When 2% =14+V7i =22 e'? with 6 = tan~ \ﬁ,

we have
2= V26103 \f3e0F2M/3 p ([ ¢ (0+4m)/3
Note that for z = \/ﬁew, we have y = z + 2271 = 1/2et% + /2e71% = 24/2 cos ¢, so the above three values

for z give
Y= 2v/2 cos (%) , 2v/2 cos (H%) , Or 2v/2 cos (6)*%) .
Finally, since x = y — 1 we have
T = 2\@(;03( ) —1, 2v/2cos (9+2”) —1, 2v/2cos (9+4”) — 1, where § = tan~' /7.



