ECE 206 Advanced Calculus 2, Solutions to Assignment 4

: A cord, carrying an unevenly distributed charge, is wound around the cone z = /22 + y2 following the curve
(z,y,2) = a(t) = (tcost, tsint, t) with 0 < ¢ < 4. The charge density (charge per unit length) of the cord at
position (z,y, z) is given by f(z,y,2) = z. Find the total charge of the cord.

Solution: We have o/(t) = (cost — tsint, sint + tcost, 1) so that
‘o/(t)’2 = (cos®t — 2tsintcost + t*sin®t) + (sin® ¢t — 2tsint cost + t? cos® t) + 1 = 2 4 2.
Using the substitution u = 2 + 2 so that du = 2t dt, the total charge on the cord is

Q= / (t)] dt = /4 tmdtz/lg

t=0 u=2

=g<18f M) L(54vE - 2v3) = 22,
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: A long evenly charged wire lies along the z-axis. The electric field in the region surrounding the wire is

given by F = 2kq< 0), where ¢ is the charge density (charge per unit length) of the wire and

2+y2 ) p24 2 +y2 bl
k is a constant (which depends on the units used). A small object of unit charge moves along the curve
(z,y,2) = at) = (1 —t,2t,1+ 3t) for 0 <t < 1. Find the work done by the electric field on the object.

Solution: We have o/(t) = (—1,2,3) and E(a(t)) = 2/’<:q(1 2;-:5# T 23+5t2 , O). Using the substitution

u=1—2t+ 5t? so that du = (—2 + 10t)dt, we find that the total work done is

1 1
—(1—t) +2(2t) / —1+ 5t
W= [ FTdl=[ 2kq "I g o L
/a /t:O 71 ot 52 1) _ 1—2t+ 52

= qu/4 d—u = kq[lnu}izl =kqln4.

=1 U

: A gas expands and rotates with velocity field V(x,y,2) = (z —y,z + y, 2). Find the rate (volume per unit
time) at which the gas passes through the triangle with vertices at (1,0,—1), (1,3,2) and (0,1, 2).

Solution: The top view of the triangle (that is the projection of the triangle to the zy-plane) is the triangle
with vertices (1,0), (1,3) and (0,1), which is given by 0 < 2 < 1,1 — 2 < y < 1+ 2z. The plane through
the points a = (1,0,-1), b = (1,3,2) and ¢ = (0,1,2) has direction vectors v = (b —a) = (0,3,3) and
v=c—a=(-1,1,3), and so it has normal vector n = fu x v = (0,1,1) x (-1,1,3) = (2,—1,1), and so its
equation is of the form 2z — y + z = d for some constant d. We put in (z,y,2) = (1,0,—1) to get d =1, so
the equation of the plane is 22 — y + z = 1, or equivalently z = 1 — 2z + y. Thus the given triangle is given
by0<ax<1,1—-z<y<1+4+2xandz=1-2x+y. We parametrize the triangle by

(x,y,2) =0(s,t) = (8,8, 1 —2s+1t) ,with 0<s<1,1—-s5<t<1+2s.

We have
1 0 2 s—1
osxop=10|x|1]=(-1] and F(o(s,t)) = s+t
—92 1 1 1—2s+1t

and so the rate at which the gas passes through the triangle is

t=1+42s
/FNdA // 9s — ) — (s +1) + (125 +1) dt ds
s=0 Jt=

1+2s 1 1+2s
/ / 1—8—2tdtds:/ {(l—s)t—tﬂ ds
s=0Jt s=0 t=1-s

/ (1—5)(1+25)—(1+25)2— (1 —5)(1—3s)+(1—s)*ds

1

1 q
—38—68 ds-[—%sz—233]( :_%_2:_%.

1
/ (1+5—25%) — (1 +4s+45%) — (1 — 25+ %) + (1 — 25 + 5?) ds



4: Let F(x,y) = (z,2y).
(a) Make an accurate sketch of the vector field 1 F.
Solution: At each point (z,y) we draw the vector 1F(z,y) = (£,
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(b) Find the equations of the flow lines of F'

2
Solution: We need to solve the DE 3/ = —y. This is separable. We can write it as % dy = % dx and integrate
x

to get In|y| = 21In|x| + ¢, or equivalently y = Ae?!"® = Ax2, so the integral curves are parabolas.

5: The surface obtained by revolving the circle (z — 1)? + 22 = 1 in the xz-plane about the z-axis can be given
parametrically by

(x,y,2) =0(0,9) = ((1 + cos¢)cosB, (1+ cosg)sinb, sinqb).

with 0 < 8 <27 and 0 < ¢ < 27. Find the mass of this surface given that its density (mass per unit area)
at position (z,y, 2) is given by f(z,y,2) =1+ 22

Solution: We have

—(1+ cos¢)sinf —sin ¢ cos 6 (1 4 cos ¢) cos ¢ cos §
ogXx0p=| —(1+cosp)cosf | x | —singsinf | = 1+ cos @) cos ¢psin @
¢
0 cos ¢ (1+ cos¢)sing

and so

log x 09| = (1 +coS¢)\/cos2chosQ@—i—cos?quinzG+sin2¢ = (1 +cos¢)y/cos? ¢ +sin® ¢ = 1 + cos

and we have

f(a(gb, 9)) =1+sin?¢

so the mass of the surface is

M= /fdA /M/e 7(6,0))|0y x a|do dg = /M/g (1 + sin® ¢)(1 + cos ¢) d6 dop

:271'/ 1 + cos ¢ + sin®¢ + sin ¢cos¢d¢:27r(7r+0+g+0):37r2
$=0

since /Oﬂldqﬁ:w, /Oﬂcosgbdgb: [singzﬁ]Z:O,/O sin’¢ do = / (1—cos2¢)dp = [2¢ bln?qz& :g

and / sin?¢ cos ¢ dp = [ sin® gb};r =0.

0



6: Let F(z,y,2) = (2z,yz,2% + 3?). Find the flux of F across the boundary surface of the solid given by
x2 + y2 <z<l1.

Solution: The solid is bounded above by the disc given by z = 1 with 22 + %2 < 1, and it is bounded below
by the portion of the paraboloid given by z = z2? + 32 with 22 + 2 < 1. We parametrize the disc by

(z,y,2) =0o(r,0) = (TCOSQ, rsinf, 1) with 0<r<1,0<6<2m.

We have
cos 6 —rsinf 0 r cos 6
orxog=|sing | x| rcosé | =0 | and F(o(r,6)) = | rsinf
0 0 r r2

Note that the normal vector (0,0, 7) points upwards, out from the solid, so the outward flux across the top

disc is
1 27 1 1
q)top:/F°NdA:/ / re der:27r/ rsdr:2w[ir4} =3
- r=0J0=0 r=0 0

We parametrize the lower parabolic surface by

(z,y,2) =0o(r,0) = (7‘0089, rsind, 7‘2) with0<r<1,0<60<2m.

We have
cosf —rsiné —2r2 cos 6 r3 cos 6
orxog=|sing | x| rcosé | =| —2r?sinf | and F(o(r,6)) = [ r3sinf
2r 0 r r2

Note that the normal vector (—272 cos 6, —2r2sin 6, 7) is pointing upwards into the solid, so the outward flux
across this lower paraboloid is

1 27 1 2
@bot:—/ -NdA:—/ / —2r® cos? 0 — 2r° sin? 0 + 3 dodr:/ / 215 — 3 do dr
o r=0J6=0 r=0J6=0
1

)=

1
= 277/ 25 — 3 dr = 21 [%75 — ir‘l} = 277(
r=0 r=0
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Thus the total flux across the boundary surface is

(I):(I)top“i’q)bot:g“i’%:%?-



