ECE 206 Advanced Calculus 2, Solutions to Assignment 11

: (a) Let a(t) =t +ie' with 0 <t < 27. Sketch the path «, then find its length.
Solution: We can sketch the path « by plotting points. The path is a cycloid

IN /
——A

|/ (t)|* = (1 — cost)? 4 (sint)? = 1 — 2cost + cos?t + sin’t = 2 — 2cost = 4sin?(t/2),

-1

We have o/(t) = 1 — e = (1 — cost) — isint, so

and so )
L() :/ o/ ()| dt = 2/ 2sin(t/2) dt = [78005(15/2)}” —3.
0 0 0
(b) Let a(t) = (2 — 4sint)e® for 0 < t < 27, Sketch a(t) and use the sketch to find the winding numbers

n(a,a;) for ay =i, ag = —i and a3 = —3i.

Solution: We make a table of values and plot points on a polar grid.

0=t r=2-—4sint

0 2
/6 0
/4 2—2v2
/3 2-2V3
/2 -2

From the sketch we see that n(«,i) = 0, n(a(—i) =2 and n(a — 3i) = 1.

27

: (a) Find / sint e’ dt.
0

Solution: We have

27 ) 27 2
/ (sint)e’t dt = / sint (cost + i sint) dt = / sintcost +isin®t dt
0 0 0

27 27
:/ sintcostdt+i/ %—%005275 dt
0 0

™
=17.

[4sin t]zﬂ +id- %sin2t}z
(b) Find / Ld? where a(t) =i Z (1+€'!) for 0 <t < .
o (67 +1)2 4
Solution: Make the substitution v = e* 4 i, du = e* dz. Then
e*dz du 1 1
/(ez+i)2 :/E :_E+C:_ez+i te

By the Fundamental Theorem of Calculus,

/ % dz [ 1 oc(‘fr): - 1 0 :_#—'_i‘:_ﬁ_i:_l
o (6z+i)2 e +1 (0) e +1i in/2 142 2% 2 2 2"




3: (a) Find / 2% —2i% dz where a(t) = —i + (1 +i)t for 0 <t < 3.

Solution: We have
3 —_—
/22—22'2 dz:/ (a(t)2—2ia(t))o/(t) dt
e} 0
3
:/ ((—i+(1+i)t)2721'(1'+(1—i)t))(1+i)dt
0
3
:(1+¢)/ —1—2i(1+d)t+2it? —2i(1 —i)tdt
0
3
:(1+i)/ 1—4it+2itdt
0
3
= (L+i) [t =28+ 3]
= (144)(3 — 18i + 18i) = 3(1 + ).

(b) Find /z\/z—i— dz, using the branch of the square root given by Vr ei? \/?6“9/2 for r > 0 and
—m < <7, where a(t) = (1 —i)+ (2+4)t for -1 <t < 1.

Solution: To find f 27/z + 1 dz make the substitution w = v/z + 1 so that w? = z+ 1 and 2w dw = dz. Then
we have

w

/z\/z—i-ldz:/(wQ—1)ow~2walw:/211)4—211)2dw:%w‘r’—2 3
= (2w - 2wHw=(3(z+1)* - 2(z2+1))Vz+1,

where we are using the same branch of the square root. Since a(—1) = —1 — 24 and «(1) = 3, we have

3
/f (% z+1)2—%(z+1))\/z+1} .
— (2(4)2 — 2(4) VA — (2(~20)? - 3(~20)) V=2
S (B Y@ (-5 )0 =Y - Bt ki dig
=(F-%)-iE+3) =43 -5
log z—|—z Lo . ”
: Find dzwherelog(z+ ) =In|z+i|+i0(z+1i) for =% < O(z+1) < 3 and a(t) = (1+1) +2€’
with 0 S t S 27T
1 1
Solution: Let f(z) = ozg((z—l—lz)) and let oy and g be loops as shown below. Also, let F'(z) = &;) and
22(z — z
1 ; -1 ) — 1 ;
G(z) = %J;Z) so G'(z) = (z >/(Z(+ 2)1)2 og(z + Z). Then, by Cauchy’s Integral Formulas, we have
— P

/af:/alf+/a2f=/aljﬁzidz+/a2C;;;)dz:ZWi(F(l)+G’(O))

=2mi(log(1+14) +i—log(i)) = 2mi(Inv2 +iT +i— i)
= _2r4inln2.




d ,

5: Find /a ﬁ where a(t) = i + /2 e with %“ <t< %’T.
Solution: Note that z(22 + 1)? = 2(z — i)?(2 +4)%. From a sketch of the curve « (it is an arc of the circle
of radius v/2 centred at ¢ which starts at the point —1 and winds counterclockwise around the origin ending
at the point 1) we see that n(c,0) = 1, n(a, —i) = —% and n(a, i) = 1. Now we make a partial fractions
decomposition. In order to get

1 A B C D E

we need 2(2+1)2 2 z+i+(2+i)2+z—i+(z—i)2
1=A(z+i)*(z —i)> + Bz(z +i)(z —9)? + Cz(z — i) + Dz(2 +1)*(2 — 1) + Ez(z +1)?.
Put in z = 0 to get 1 = A(i)?(—i)2 = A, s0 A = 1. Putin z = i to get 1 = E(i)(2i)? = —4i E so

E =1i. Putin z = —i to get 1 = C(—i)(—2 ) = 4iC so C = —1i. Equate the coefficients of z to get
0=—-iB-C+ zD E = —iB +iD so we see that B = D. Then equate the coefficients of z* to get
0=A+B+DsoB+D=-1and so we have B = D——f Thus

1 1. 1 L
/L:/}_ 3 __a' 3 it
o 2(22+1)2 Wz z+i (24492 z—i (2—14)2

By the Winding Number Theorem, we have

dz L . . .
= [ln|z|} 1—|—27rz77(a,0) =lnl-Inl+nri=mni,

d 1
/ Z_:{1n|z+i|} +2min(—i) =Inv2-Inv2-%i=—-%4i,and
~1

a2t

d
/ Z,:[ln|zfi|}+27‘rin(a,i):1n\/§flnﬂ+gi:gi,
wZ—1

z

/ dz _/%_ / dz _3/ dz _1/ Lk /
w222+ 12 ), 2 z4+i1 4 ), z+0)2 2 ),z—1i (z —1)
- T 1 1 ! 1(m 1, 1 !
—51)—1’{— ny _1—5(52)+1’[ . '}_1
=+

)
+ (_ =+ —ll—i) =mi.

so we have

1
1

1 1
1+z —1+44 4

6: Find / 5111(%2'1) dz, where a(t) = (1 +4) + 6(t* — 1)t3 +i4(t* — 1)t for —1 < ¢ < 1. The loop « is shown
o 2

below.

Solution: Let f(z) = %. Note that f is undefined when z* + 1 = 0, that is when z = +1,4i. Let
z

a1(t) = a(t) with —1 < ¢ <0 and as(t) = a(t) with 0 < ¢ < 1, so that a; loops clockwise around z = 1 and
sin(7z) sin(7z)

——————— and G(2) = ————"——

Ernern M= @

/afz/alf—F/azf:/alf(Zidzﬁ—/%ZG(zzdz

sin(im)

=2mi( — F(1) + G(i)) = 2mi <O—|— (21)(_2)> = —i 5 sinh7.

as loops counterclockwise around z = i. Then setting F'(z) =

we have



d
7: Find /a T p— - 579 where a(t) = sint + 2 cos(2t) + i cos(3t) with —3F < ¢ < Z. The path a is

shown below. It starts at the point —1 and ends at the point %

ANESY
TN

Solution: To get
_A B C Dz+ FE

22(z — 1)(22 —22+2) z —1+z2—22+2

we need
A)(z =1 (22 =224+2) + Bz — 1)(2%2 =22+ 2) + C(2H)(2* =22+ 2) + (D2 + E)2H)(z —1) =1

Putting in z = 1 gives C' = 1, and equating coefficients gives A+ C+ D =0, -3A+ B—-2C - D+ E =0,
4A — 3B+2C E=0,—-2A+4B =0, and —2B = 1. Solve these to get A=—-1, B=—-1,C=1,D=0
and F = , so we have

1 1 3 N 1 i
22(2 —1)(22 — 22 + 2) 2z 22 z2—1 22-22+42°
_1 F
We can further decompose the last term. To get 5 2 = — + — we must have
22—-2z42  z—(1414) z—(1—-19)

F(z—(1-i)+G(z—(1—4i)=—-% Putinz=1+4itoget 20 F =—%so F =14 andputinz=1—1ito
get —2iG’:—% soG:—%i. Thus

1 1 i+ . it g
2(z—1)(22-22+2)  z 22 z-1 (144) z—(l—i)'
From the picture of the path , we see that n(a,0) = 1, n(a, 1) = =3, n(e, 1+i) = 7 and n(a, 1 — i) = —1,

so by the Winding Number Theorem and the Fundamental Theorem of Calculus,

/ dz /dz 1/d / dz 1 / 1 11/ dz
= ) +* _— — 2 -
o (2= 1)(2* =22 +42) P Plaz=0+d) Y Joz—(1-19)
= <1n3/2 —1—271'@( ))—%{_ﬂ (1n1/2+27”( %))
+1 (mff/ugﬂ()) i%(lﬂ %)
*ln%*7”.+6+1H1*37Ti+1i1n27§7Zzlni—%

=(5-%—In6) —idr.




