ECE 206 Advanced Calculus 2, Solutions to Assignment 10

: (a) Let f(z) = ¢~ /2. Find f'(i) and f’ (@(Hi)).
2:2¢7" — ¢’

Solution: We have f/(z) = Ti = (2— %) e and so we have f/(i) = (2 - i) el =3e ! and

F(Fa+i) = (2- ) e = (24 20) i= -2 420

(b) Let f (re‘?) = \/re*®/? where r >0 and 0 < 6 < 27. Find f/(2i) and f'(3 — 4i).

Solution: Note that f is one branch of the square root function. Differentiating both sides of f(z)? = z gives

2f(2)f'(#) = 1, and so we have f'(z) = 2f( 7 Note that f(2i) =14 ¢ and f(3 —4i) = —2 + i and so we

have f'(20) = 575 = sy = 7 and f'3 = 4) = 5 = — %5

: A long thin straight wire lies along the z-axis between two grounded plates which lie along the planes z = +1.
The wire carries a uniformly distributed charge of charge density p.

(a) Find the electric potential u at all points between the two plates.

Solution: By symmetry, the potential does not depend on the value of z, so it suffices to find the potential
at all points in the zy-plane in the set U = {x +iy| — 1 <2 < 1, (z,y) # (0,0)}. From now on, instead of
using z to denote the coordinate in the vertical direction, we shall write z = = + iy. Let f be the composite
of the following maps
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We take u(z) = v(f(2)) where v(w) = —2kqIn|w| and where
1 9 1— ei%z e—i%z _ ei%z ) .
w=f(z)=—-1+ %e Ty 1 =—-1+ Tl 13dF  Tm L —itan (Zz),
so we have u(z) = —2kq In | tan (5z)|.

(b) Find the electric field E' at all points between the plates.

Solution: Notice that u(z) = Re(g(z)) where g(z) = —2kqlog (tan(5z)), using any branch of the logarithm.

2(x 3 k
So we have FE(z) = —Vu(z) = —¢'(z) = 2kq e (fz) A ,? S —_ 7?, .
tan(fz) 4 sin(§z) sin(52)

(c) Find the direction of the electric field E at the point (z,y,2) = (3, 2%,0).

37w
Solution: Still writing z = x + iy instead of using z to denote the vertical direction, and denoting the electric
field E at the point (1,24 0) by F(z) with z =2 + iy = £ + 2% so that 32 = Z — iIn2, we have

39 g 0
wkq wkq kq 8kq  2kq
E(z) = — = = = 5433
(2) sin(3%)  sin (% —iln2) 15 4433 5-3v3i 13 EER 39)

and so F is in the direction of 5 + 3v/31.



3: Let f be the inverse of the restriction of sin z to the set {x+zy| —Z <z <%} Find f (% i) and f'(— i*—\/?g)

Solution: By differentiating both sides of the equlity sin (f(z)) = z we see that cos (f(z))f’(z) =1so0

1
that f/(z) = ———— for all z. Let sin™! 2 denote the multi-valued inverse sine function. Recall that

cos (f(z))
sin™!z = —ilog (iz+ V1 —2%), so we have

sin™! (%2) = —ilog (—% +4/14 E) = —zlog( %:l: g) = —Zlog( ) —ilog(—3)

=—i(lns+i2rk),—i(In3+i(m+2rk)) =2rk+iln3, 7+ 21k —iIn3 and
sin™! (7‘1*—\/3;) = —ilog (i\/‘r’f +4/1— 16+301> = leog( V16 30’) —ilog (3\/51 + 5\/‘0’»1)

— —ilog (55 ) , —ilog (=22) = ~ilog (26_”/4) ,—ilog (L e?57/4)
=—i(In2+i(—w/4+2mk)),—i(Ing+i (3 +2rk))
=-2Z42rk—iln2, 3 +2rk+iln2.

Since f (%) and f (=254 ) must lie in the set {z +iy| — J <@ < 3}, it follows that f (47) = iln3 and
f <75+3i> =—+ % —iln2. Thus

42
1 1 1
1 (51) cos(iln3)  cosh(ln3) % 5 41
. 1 1 1
7 _@): S E : = A2 — 22(54 3j).
( 4v2 cos(fzlen2) COS(Z+Z1112) %~g—1%~% 5-3 17

: (a) Find the temperature u(z) at each point z € C given that the temperature along the positive real axis
is held constant with u(z) =40 for 0 < z < 1 and u(x) = 10 for = > 1.

Solution: The map f(z) = v/z, where Vrei? = \/re?/? with r > 0 and 0 < § < 27, maps C\ {z € R|z > 0}
to the upper half plane. The positive real axis is mapped to the entire real axis; the interval 0 < x < 1
is mapped to the interval |x| < 1 and the interval > 1 is mapped to the set |z| > 1. We wish to find a
harmonic map v(w), defined for w in the upper half plane, with w(z) = 10 when z > 1, w(z) = 40 when
—1 <z <1andv(z) =10 when z < —1. We can take v(w) = vy (w) + va(w) where vy (w) = 10+ 226 (w — 1)
(so that v1(2) = 10 when z > 1 and v;(z) = 40 when z < 1) and v2(w) = —226(w + 1) (so that va(z) =0
when z > —1 and ve(z) = —30 when z < —1). Thus the temperature is given by

W) = o(1(2)) = (VA + a(vE) = 10+ 2ovE 1) - Doz + 1) =10+ 2o (Y7

Vz+1
with 0<0(v/z+1)<6(y/z—1) <7
(b) Find the isotherm u = 25.

fon: - 30 Vi-1\ _ @ : _ VE-1 2
Solution: u(z) = 25 = 10+ -0 (IH) =25=10 (\/E—H) = 7. Write w = g(z) = NS 1- N
so w = g(z) is the following composite of maps

Vz 3(z+1) 1/z —z+1
— Em— ) — —_—

The isotherm u = 25 is the image of the ray 6(w) = % under the inverse map z = g~ (w); it is the circle
|z| = 1, as seen in the above diagram.



5: One metal plate lies along the surface {(x,y,z)|:l:2 +y2 =1y > O} and another lies along the surface
{(:z:, Y, z)|x2 +(y+1)?2 =2,y > O}. The first plate is held at a constant potential of 1 and the second is held
at a constant potential of 4 (they are separated by insulating material along the lines z = £1, y = 0).

(a) Find the electric potential u at all points between the two plates.

Solution: As in Problem 2, by symmetry, the potential does not depend on the value of the vertical position
z, so from now on, instead of using z to denote the vertical position, we shall write z = = + iy and find
the potential at all points in the set U = {z € C||z| < 1,|z +i| > V2}. Let 21 = fi(z) = 2+ 1 and
1 1
w = fa(z1) = — = 1 Then the map f(z) = f2(fi(2)) = Zil sends the given set U to the wedge
Z1 z )
V= {x+iy|x > %,x—i—y < %} = {% —l—re””r >0,-3 <0< —%} and it sends the points with |z| = 1 to
the points 1 +re’? with @ = —Z and the points with |z +i| = v/2 to the points 3 +re’? with § = —Z . A
solution v(w) to the corresponding problem in V' is given by

v(w) =70 + 220(w — 1)

so the temperature in U is given by

u(z) = v(fa(f1(2)) = 70+ 209 ( 7 = 1) = 70+ 1209 ( 7=z

) =70+ 120(4z2).

(b) Find the point (0,y,0) where u = 3.

Solution: For iy € U we have

u(iy) =30 <= 9(1—“4) SRCUES/OL S PN 9(M) __z.

1+iy 1+y2

= —/3, that is v3y? + 2y — v/3 = 0. Using the Quadratic

5 =

-2
Taking the tangent of both sides gives T

Formula gives y = 72%\% 12 _\%2. Since iy € U, we must have y =

5



