CO 250 Intro to Optimization, Solutions to Assignment 6

: Recall that we formalized the maximum weight perfect matching problem using the following LP. Given a

weighted graph G, we introduce variables z. for each edge e € F, and we maximize z = ) c.z, where
eckE
c. = weight(e) subject to > z, = 1 for each vertex v and z, > 0 for each edge e. Using Phases I and II
ecFE,vee
of the Simplex Algorithm to solve this LP, and using our formula for a certificate of optimality, find a

maximum weight perfect matching and an optimal dual solution for the weighted graph G with vertex set
V = {1}1,’[}277}3,'04}, edge set I = {61762763764365766} where €1 = {'Ul,’l/g}, €2 = {1]1,1}3}, €3 = {U17U4},
eq = {va,v3}, e5 = {v2,v4}, g = {v3,v4}, and weight vector ¢ = (27 1,4,3,5,3) )

Solution: We need to maximize z = ¢’z subject to Az = 1 and = > 0 where
111000
1 00110
A=1lo 101 01
001011
Phase I of the Simplex Algorithm gives
000O0O0DOT1T1T1T1 0 2 -2 -2 -2-2-2000 0 —4
o 17 o 11100071000 1 [1] 1 1 0 0 0 1 0 0 0 1
(AI]1>=10011001001~10011001001
0101010010 1 01 0 1 0 1 0010 1
00101100071 1 0O 0 1 0 1 1 0001 1
00 0-2-2-2 22000 —2 02 0 0 -20 2 0 2 0 0
1 110 0 0 1 000 1 1 110 0 0 1 0 0 0 1
~fo0-1-1 11 0 -1100 Of~f0-1-1 1[1]0~-11 0 0 0
01 0 1 o0f[1] 0 010 1 010 1 0 1 0 0 1 0 1
00 1 0 1 1 0001 1 0-1 1 -1 1 0 0 0-11 0
0 0-2 2 000 220 0 o0 0000 1 1 1 1 0
111 000 1000 1 1 10100 § § & -3 1
NO—l—l110—11000”0_10010_%%_%%0
o1 0 101 0 010 1 01 01 01 0 0 1 0 1
0 0[2]-2 00 0 001 O 00 1-100 & -1 19
We obtain the feasible basis B = {1,3,5,6}. Phase II then gives
2 -1 -4 =3 =5 =3 0 2 -1 -4 -3 =5 =3 0 0 -1 0-2 00
AN 1 1.1 0 0 0 1 1 1.0 1 0 0 1 1[1]0 1 0 0
<A1>—1001101~0100100~0—10010
0 1 0 1 0 1 1 0 1 0 1 0 1 1 0 1 0 1 0 1
0o 0 1 0 1 1 1 0 0 1 -1 0 0 0 0 0 1-100
1 00 -1 00 6 2 1 0000 7
1 1 0[1]o o0 1 1 1 0100 1
~f1 00 1 10 1|~]0-1001T0 0
-1 00 0 01 0 -1 0 00 0 1 0
0 01 -1100 0 1 11000 1

We find that an optimal solution is given by = = (0,0, 1,1,0,0)7 which is the basic point for B = {3,4,5,6}.
The corresponding maximum weight perfect matching is M = {e3, e4} with total weight z =4+3=7. We

have
3
1 00 1|4 1 00 14 1 00 114 L 00 03
(AT|C)_01103N01103N01015N0100%
BIB) =10 1 0 1|5 00 1 —11]-2 00 1 —1]-2 001 0]1
00 1 113 00 1 113 000 215 000 1|3

and so an optimal dual solution is given by y = Ag L cp
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2: Consider the weighted graph shown below.

(a) Use the Maximum Weight Perfect Matching Algorithm to find a maximum weight perfect matching and
and optimal dual solution.

Solution: The results of the algorithm are summarized in the following sequence of pictures.

2 3
1 4
-2 4
2 0

A maximum weight perfect matching can be selected from the blue edges in the final graph. For any such
perfect matching, the total weight is z = 14.

(b) Use the Maximum Weight Matching Algorithm to find a maximum weight matching and and optimal
dual solution.

Solution: The results of the algorithm are summarized in the following sequence of pictures.

3 3
1 2
0 3
3 0

A (unique) maximum weight perfect matching can be selected from the blue edges in the final graph. The
total weight is z = 15. Note that one of the four edges in this perfect matching was not an edge in the
original graph, so the corresponding maximum weight matching for the original graph has three edges.



3: Consider the weighted graph shown below.

(a) Use the Maximum Weight Perfect Matching Algorithm to find a maximum weight perfect matching and
and optimal dual solution.

Solution: The results of the algorithm are summarized in the following sequence of pictures.

0 2
1 0
-1 4
1 3

A maximum weight perfect matching can be selected from the blue edges in the final graph. For any such
perfect matching, the total weight is z = 10.

(b) Use the Maximum Weight Matching Algorithm to find a maximum weight matching and and optimal
dual solution.

Solution: The results of the algorithm are summarized in the following sequence of pictures.

1 1
2 0
0 3
1 3

A (unique) maximum weight perfect matching can be selected from the blue edges in the final graph. The
total weight is z = 11. Note that one of the four edges in this perfect matching was not an edge in the
original graph, so the corresponding maximum weight matching for the original graph has three edges.



T

4: Consider the IP where we maximize z = ¢' x subject to Az = b and = > 0, where

-1 1 3 —1 4 T
A= (_2 L _3) b= (1) ce=(-1.1.42)"
Solve the IP, using the Simplex Algorithm repeatedly, beginning with the LP relaxation of the given IP and

then finding cutting planes and adding the corresponding inequality constraints.

Solution: First we apply Phase I of the Simplex Algorithm to get

0 00 0 1 1 0 3 -2 -7 4 00 -5

0o 17 o
A 7 p)=(F113-1 10 4f~|-1 1 3 -110 4
2 1 4 -3 01 1 —2[1] 4 -3 0 1 1
~1 0 1 -2 0 2 -3 00 0 01 1 0
~{[1]o0-1 2 1-1 3|~|10-121-1 3
—2 1 4 -3 0 1 1 01 2 1 2-1 7

We obtain the feasible basis B = {1,2}, Next we apply Phase I, first putting the tableu in canonical form
for the basis B = {1,2}.

r oy 1 -1 -4 -2 0 0 0 -1 -3 4 0 0 -1 -3 4
—C
={-11 3 -1 4|]~[1-1-3 1 —4]~|10-1 2 3
A b
2 1 4 -3 1 0 -1 -2 -1 -7 0 1[2] 1 7
0 1 -3 1 1 0 0 14
~ 1 5| W1 ~ | 2 1 13
1202 5 5 01 %
1 2 11
03 1 3 3 -5 5 L 0 %

The maximum is attained at a non-integer point. The first row of the final tableau gives the equality
(%, %, 0, 1) T = 15—3 We round down the coefficients and add the inequality constraint (0,0,0,1)z < 2. We
put the new LP (with this added constraint) into SEF by adding a slack variable s1, and solve the new LP
using Phase II, beginning with the feasible basis {1,2,5}.

00-1-30 4 03 0-30 ¥ 0Loo0 3 =
1o-1 20 3| _f(r 3035 0 | |14ioo-3 2
0 1[2] 10 7 0+ 1 4%t 0 % 0L 10-1 3
000 1 1 2 00 0[]1 2 0001 1 2

Again, the maximum is attained at a non-integer point. The first row of the final tableau gives the

equality (1,%,0,0,72) <sx) = % We round down the coefficients and add the inequality constraint
1
(1,0,0,0,—3) <: ) < 1. We put the new LP into SEF by adding another slack variable s,, and solve the
1
new LP using Phase II, starting with the feasible basis {1,2,5,6}.
00-1-3 0 0 4 00-1-300 4 0 3 0-3 00 2
1 0-1 2 0 0 3 1 0-1 2 00 3 1 2 0 5 00 L
0121007~011007~0%1%00g
00 0 1 1 0 2 00 0 1 1 0 2 o 0 0 1 1 0 2
_ 1 1 1
10 0 0 -3 1 1 00 1 1 01 4 0_5001§
0-2 0 0 0 5 10 0 000 2 1 12
1 3 00 0-5 4 1 00 0-3 1 1
~l0 1 1.0 0-1 3 ]|~|0 01 0-11 2
0[1]o o0 1 -2 1 0100 1 -2 1
0-1 01 0 2 1 0001 1 0 2

This time the maximum is attained at an integer-valued point. We see that the maximum value for the

> with Z = (1,1,2,2)7 and 5 = (0,0)7.

original IP is z = 12 and it occurs at (i) = (i



5: Given a graph G, the Maximum Set of Isolated Vertices Problem is to find a set of vertices S C V(G) of
largest possible size such that no two vertices in .S are endpoints of the same edge in G.

(a) Formulate the Maximum Set of Isolated Vertices Problem as an IP (introducing an integer variable x,,
for each vertex v). Express your answer in matrix form.

Solution: Let z be the vector with integer entries x, for each v € V = V(G). Say n = |V| so that x € Z™.
A vector x with each x, € {0, 1} corresponds to the set of vertices S C V' where

B lifvesS
T 0ifve s

We wish to maximize

zz\S|=Zl=ZxU:]ITx.

veS veV

We require that each x,, € Z with xz, > 0 and we require that no two vertices in S are the endpoints of the
same edge, that is for every edge e € E = E(G), we require that at most one of the ends of e lies in S, or

equivalently that
Z T, <1.

vee

Note that this latter requirement forces each z,, < 1, so we do not need to include this constraint. In matrix
form, we maximize z = 17z for € Z™ subject to Az < 1 and = > 0, where A is the matrix with entries

lifvee
Acp =
’ Oifvée.
(b) Find and simplify the DLP (that is the dual of the LP relaxation of the IP).

T
Solution: In SEF, the LPR is to maximize » = <g) (“s“” > subject to (A I) <‘: > =1 and (”; ) > 0.

. o . AT .
The DLP is to minimize w = 17y subject to 7Y > ]é) , that is AT > 1 and y > 0. The dual vector
y has entries y. € R for each edge e € F, and the DLP is to minimize w = »_ y. subject to the constraints
ecE
that y. > 0 for each edge e € E and that Z ye > 1 for each vertex v € V.
ecFE,v€e

(c) Determine the duality gap in the case of the complete graph on n vertices, that is the graph with n
vertices and (72’) edges (so there is an edge joining every pair of vertices).

Solution: Let G be the complete graph on n vertices (with n > 2 so that the graph has an edge). Since any
two vertices are joined by an edge, it follows that the largest possible set of isolated vertices consists of a
single vertex. For the IP, the maximum value for z is zpa.x = 1 and this occurs for any vector x which has
one entry equal to 1 and all other entries equal to 0. For the LPR, we can find an optimal solution and an
optimal dual solution by inspection. The vector x with entries x, = % for all v € V is feasible, and it gives

z(z) = 2 where n = |V|. The vector y with entries y. = —L+ for every e € E is a feasible dual point since

for each vector v there are exactly n — 1 edges which have v as an endpoint so > y, =(n—1)- ﬁ =1,
ece,vee
and it gives w(y) = ZEye = (%) =27 = %. Since z(x) = w(y), we know that x and y are optimal. Thus the
ec

n—1

duality gap for this LP is equal to 5§ — 1.



