CO 250 Intro to Optimization, Assignment 5 Due Thurs Mar 28

: (a) Consider the LP where we maximize z = 3x1 — xo + 223 for x1,z2, 23 € R subject to the constraints
2r1 + xg —x3 > —4,—x1 + 229 > 3, 1 + 312 — x3 < 2, —x1 + 225 — 223 = 1 and x3 > 0. Put the LP into
SEF using the variables x1 ", 21,227, 297, 73, 51, 52,1 and then find and simplify the DLP.

(b) Consider the LP where we maximize z = ¢!z subject to Az < b, z > 0. Put the LP into SEF then find
and simplify the DLP. Show that for feasible points « and y for the LP and the DLP, the complementary
slackness conditions are that for all 4, either z; = 0 or (ATy); = ¢;, and for all j, either y; = 0 or (Az); = b;.

: (a) Consider the LP where we maximize z = ¢’z subject to Az = b and z > 0, where
. 13 1 0 -4 3 4
c=(2,1,-3,2,23)" ,A=[|1 2 1 1 -2 4| ,b=1|6
2 2-11-31 7

For each of the following points T, determine whether T is an optimal solution to the LP.
T=(3,0,1,2,0,00" , (4,4,0,0,3,0)", (1,0,0,3,0,4)".

(b) Find an example of an LP, where we maximize z = ¢’z subject to Az = b and x > 0, along with a basis

B for the LP, such that the basic point Z for B is an optimal solution to the LP, but the vector y = A 5 Lep
is not a certificate of optimality for T.

: Let G be the weighted graph with vertex set V' = {wvy,vq,v3,v4} and edge set E = {e1,ea,es3,€4,€5,€6},
where ey = {v1,v2}, ea = {v1,v3}, es = {v1,v4}, es = {va,v3}, e5 = {v2,v4} and eg = {v3,v4}, with weight
vector ¢ = (2,4,5,1,3,1)T, where ¢; = w(e;).

(a) Let M = {S1,52,S53,54} where S; = {v1}, S = {v1,v2}, S5 = {v1,vs3} and Sy = {v1,v2,v3}. Find
cut(S) for each S € M, and hence find the matrix A with entries

1if e € cut(S)
Age = .
0if e ¢ cut(9).

(b) To find the minimum weight path from a = v; to b = vy, we minimize z = ¢’x subject to Az > 1,
x > 0. Put this LP into SEF, find and simplify the DLP replacing the dual variable y by u = —y, then put
the DLP into SEF.

(c) Solve the DLP using Phase II of the Simplex Algorithm, starting with the obvious feasible basis.

(d) Use your solution from part (¢) and the formula for a certificate to obtain an optimal solution to the LP.



4: Let G be the weighted graph with vertex set V' = {v1,vq,---,v7} and edge set E = {ejy,ea, -+, €12}, where
€1 = {’01,112}, €y = {01,1)3}, €3 = {’017114}, €4 = {'02,”04}, €5 = {"0277)5}, €6 = {v3,’U4}, €7 = {U37U6}7
es = {vg,v5}, eg = {vg,v6}, ero = {va,v7}, €11 = {vs,v7} and e1o = {vg,v7}, with weight vector given by
c=(6,4,1,5,1,2,4,3,7,8,4,2)T where ¢; = w(e;) (see the picture below).

Vo 1 Vs
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Use the Minimum Weight Path Algorithm to find a minimum weight path from a = v; to b = vy along with
an optimal dual solution u. At each step, indicate the vertex set Sy, the cut cut(Sg), the slack sli(e) for
each e € cut(Sy), the added edge di1, and the value of the entry ug, of the feasible dual point.

5: Let G be the weighted graph shown below.

(a) Use the Minimum Weight Path Algorithm to find a minimum weight path from a to ¢ along with an
optimal dual solution (you can indicate the steps of the algorithm in the form of a picture).

(b) Find an optimal dual solution u with as few nonzero entries ug as you can.



