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OEP�QSR�T/U�UWVXU�VXY/P�Q;Z[U�\]R�^_Q[Y/Q[`�Q[a/a-UWVcbXdfe�g_h�Q[`Lg_`iOEP�Q[U�T/Q[\kjDjmlon�lonpU�Vcq�r$d-s
t Z[Y/u t ^_^wvxR�T/U�h�gwy�Q[a-u�a-z-g_YGP t a/Y/T t g_e�P�YDV{U�T/z t TDy t ^_e�U�T/g_Y/P�\|Y/U;}
`�y~y�Q[T/g_h t Y/g_U�`�a-U�V
Y t u�Y/U�^wU�e�g_Q[a�l�j�V#zEQ t T/QHe�g_h�Q[` t Y t u�Y/U�^_U�e�v>�;�������������/�m�����EY/P�Q[`LzEQHy�g t e�T t \�Y/P�Q
t ^_e�U�TGg_Y/P�\ t aEV{U�^_^_U�z-a��

1P )1P( Pn )P( n

Pn )

conjunctionapply

the steps of (3)
 then reverse(4):

put the formula F into DNF using(3):
simple replacements;

Axioms

simple replacements

DNF

the tautology

P )P( P( n, ,1 1

F

to the axioms

put into DNF using(2):

(1):

�3U�z�Y/US}
`�y t y�Q[TGg_h t YGg_U�`

OEP�u�a-zEQHa/Q[QHY/P�QSY/P�T/Q[QH��Q[v]R t T/Y/aEU�V#Y/P�Q t ^_e�U�TGg_Y/P�\��
� lN}
`�y t y�Q[T/g_h t Y/g_U�`>U�V�Y/P�QKY t u�Y/U�^_U�e�v~���#���x�x�����
�L�����/�L���5���]�x�5���Nu�a/g_`�e
Y/P�QHZ[U�`��/u�`�Z[Y/gwU�`~T/u�^_Q��

� lEy�Q[T/gwh�Q;Y/P�Q;y�g_a��Gu�`�Z[Y/g_h�Q;`�U�T/\ t ^�V�U�T/\�UWVcY/P�g_a1Y t u�YGU�^_U�e�v~u�aGg_`�e~a/g_\]R�^_QHT/Qm 
R�^ t Z[Q[\>Q[`�Y/a]¡ t a/Q[y�U�`�Y/P�Q�y�g_aGY/T/g_¡�u�Y/gwh�Q�¢-Z[U�\]\xu�Y t Y/g£h�Q t `�y t a/a/U�Z[g t YGg_h�Q
^ t z-a��

�



¤ lEu�a/Q]a/g_\]R�^_QxTGQ[R�^ t Z[Q[\]Q[`�Y/aSY/U¥YGT t `�aDV�U�T/\¦�;���#���������/���5���Hgw`�Y/U§��Y/P�Q]a t \]Q��
y�g_a¨�/u�`�Z[Y/gwh�QH`�U�T/\ t ^�V�U�T/\��

© lEY/P�Q[`]T/Q[h�Q[TGa/QHY/P�Q1U�T/y�Q[TEU�VªY/P�Q1a/Y/Q[R�a3U�Vc� ¤ �«¢�Y/U;Y/T t `�aDV{U�T/\ Y/P�QHy�g_a��Gu�`�Z[Y/g_h�Q
`�U�TG\ t ^�V{U�T/\)g_`�YGUxY/P�QHY t u�YGU�^_U�e�vx�;�������������/�m�����[l

OEP�QH}
T/aGYcR t T/Y-T/Q[¬�u�g_T/Q[a �W­¯®°� a/Y/Q[R�a�¢�` t \>Q[^_v

� �A���ª�¥�x��� t�± gwU�\
lll

`9�²�5�³�~�p��� t�± gwU�\
`
´ � � ��� � �~�x� � �9������µ#�~�x��µ[� dH� � ¢ �

lll
� `�  � �¶�/�����/�·�#�ª�~�x�����9������� ���$���5�¸�¥�p����� dH��`9¢ � `�  �

¹
U�T;Y/P�Q~a/Q[Z[U�`�yºR t T/Y;U�`�Q~`�Q[Q[y�a t Y;^_Q t a/Y � �W»�� ®º­$®¼¤ a/YGQ[R�a¥�o�Gu�a/Y;Y/U t R�R�^_v
Y/P�Qxy�g_a/YGT/g_¡�u�Y/g_h�QH^ t z-a��[lH½¾Qxg_^_^_u�aGY/T t Y/Q1V�U�THY/P�Q;Z t aGQ ­	¿�� l@À-YHYGP�g_aHR
U�gw`�YHU�u�T
Z[u�T/T/Q[`�Y-`�U�Y t YGg_U�`]¡
Q[Z[U�\]Q[a-y�g£Á>Z[u�^wYcYGUxT/Q t y9¢�aGU;V{U�TcYGP�QHT/Q[a/Y-U�V#Y/P�g_a3a/u�¡�a/Q[Z[Y/g_U�`
zcQEa/z3g_Y/ZmPÂYGU t ` t ¡�¡�T/Q[h�g t YGQ[yÂ`�U�Y t Y/g_U�`9¢�` t \>Q[^wvHzcQEz-gw^_^�u�aGQK�1Ã�V�U�TX�L�1Ã>¢ t `�y
�)V�U�T@�x�;l]À1^_a/U~zEQxz-g_^w^c�¨V�U�THY/P�QpY/g_\]QÂ¡ÄQ[g_`�e��³a t vi��P t aSP�g_e�P�Q[TSR�T/Q[Z[Q[y�Q[`�Z[Q
Y/P t `¥�E¢�a/Ux�1Ã��>ÅÆ\>Q t `�a¸�·�	�pÃÂ�Ä�>Å§l#OEP�g_aEz-g_^w^ t ^_^wUÇzÈu�a-Y/U;y�g_a/RÄQ[`�a/QHz-g_YGP
\ t `�vxR t TGQ[`�Y/P�Q[aGQ[a�l

� �A���ª� �S� t�± g_U�\
� �A��µ#� �Hµ t�± g_U�\
¤ �¶�����ª� �S���«��� µ � � µ � dH� � ¢ �
© �¶�����ª� �S���G� µ �$�����ª� �S��� � µ s�ÉH� ¤ �·n��
Ê �A��µ���� � � � � ���$��� � � � � � �Hµ s�ÉH� © � © �
Ë �A� µ �����ª� �;����� � µ �����ª� �;�/� s�ÉH� Ê � © �
Ì �¶��� µ ���ª�~� µ �Í���F� � µ �����ª� �;�/� s�ÉH� Ë �·n��
Î �¶����µ[� � �~�ªµ � � �F�¾� �Hµ[� � � �@µ � � � s�ÉH� Ì �·n��

s�UÂzEQ1`�Q[Q[y�Q[y~Y/P�Q1}
T/a/Y ¤ a/Y/Q[R�aEY/U@U�¡�Y t g_`�������� �;���[��� µ � � µ �[¢�Y/P�Q3}
T/a/YNR t T/YEU�V
Y/P�Q-R�T/U�Z[Q[y�u�T/Q�¢ t `�yxY/P�Q[` Ê a/Y/Q[R�a#YGU@R�u�YXYGP�g_a#g_`�Y/UHy�g_a��Gu�`�Z[Y/g_h�QE`�U�TG\ t ^�V�U�T/\�l9Ï3V
Z[U�u�T/a/Q;U�`�QS\ t v]z t `�Y-YGU>T/Q[z3T/g_Y/QHY/P�gwaKa/U]Y/P t Y1U�`�QSP t aKYGP�QÂÐ@Ñ3¹� �Z[U�`�a/YGg_Y/u�Q[`�Y/a

�



U�T/y�Q[T/Q[y t Z[Z[U�T/y�g_`�eSY/UHY/P�Q-u�a/u t ^
U�T/y�Q[TGg_`�e@U�V�Y/P�Q-T/U�z-a#UWV t Y/T/u�Y/P;Y t ¡�^_Q�¢ t `�yp^_QmV{Y
t a/a/U�Z[g t Y/Q[y9¢�` t \]Q[^_v t a

�G��� � ��µ#�~� � �Sµ��9� � � �ªµ[��� � � �@µ��

À-V�Y/Q[T t ^_^�¢�YGU>P t h�Q t Ð@Ñ3¹�U�`�QS`�Q[Q[y�aHY/U]a/R
Q[Z[g£V�v¥YGP�Q@U�T/y�Q[T1g_`Lz-P�g_ZmPiYGP�Q@Ð@Ñ3¹
Z[U�`�a/Y/g_YGu�Q[`�Y/a t T/Q#z-T/gwY/Y/Q[`9¢ t `�y@P�U�z$Y/P�Q[v t T/Q#R t T/Q[`�Y/P�Q[a/g_Ò[Q[y9l#O�U-e�UEV�T/U�\f^_g_`�Q-� Î �
t ¡
U�h�Q;Y/U]Y/P�g_a1V�U�T/\Óz-g_^_^�T/Q[¬�u�g_T/Q Î t y�y�g_YGg_U�` t ^9aGY/Q[R�a�¢ t R�R�^_v�gw`�e>Z[U�\]\xu�Y t Y/g_h�gÔYDv
t `�y t aGa/U�Z[g t Y/g_h�g_YDv>� t a-a/g_\]R�^_Q-T/Q[R�^ t Z[Q[\>Q[`�YET/u�^_Q[a��«�

n��¶������� µ �~� µ �Í���F�¾� � µ ���ª� � µ �;�/� s�ÉH� Î � © �
��Õ �²������� µ � �;��� µ �F�¾� � µ ���ª� � µ �;�/� s�ÉH�
n~� © �
��� �²������� µ � �;��� µ �F�¾����� � µ � � µ �;�/� s�ÉH� �ÇÕ � © �
��� �²������� µ � �;��� µ �F�¾����� � µ � �;� � µ � s�ÉH� ��� � © �
��¤ �²�/�·� � ��µ#� � � �ªµ[���~� � �Sµ[�F� � � �Hµ s�ÉH� �Ç� � Ê �
��© �²������� µ ��� �;�/� µ �L�#� � µ �G�F� �S� � µ s�ÉH� �Ç¤ � Ê �
��Ê �²��� � ��µ#����� � �Sµª� � � �ªµ[�G�F� � � �Hµ s�ÉH� ��© � ¤ �
��Ë �²�/�·�#��� µ �~�#� � µ ��� �;��� µ �F� �S� � µ s�ÉH� �ÇÊ � Ê �

¹
U�Tx^ t T/e�Q[T ­ Y/P�Q~a/Q[Z[U�`�yºR t T/YxU�VKYGP�Q t ^_e�U�TGg_Y/P�\ÖQ ± R�^_U�y�Q[a>gw`ºY/P�Q t \]U�u�`�YSU�V
zcU�T/�>U�`�QH`�Q[Q[y�aHY/U;y�U>¡ÄQ[Z t u�a/Q@UWV×Y/P�QSQ ± RÄU�`�Q[`�Y/g t ^9^wUÇzEQ[TE¡
U�u�`�y � ��»9� ®$­~®	¤
U�`¥Y/P�Q;`�u�\x¡
Q[T3U�VXa/Y/Q[R�aHe�gwh�Q[` t ¡
U�h�Q�l3¹
U�T ­$¿ØÊ h t T/g t ¡�^_Q[a1Y/P�g_a1g_a t ^_T/Q t y�v Ê�Ë
a/Y/Q[R�a�¢�g�lÙQ�lw¢ t YX^_Q t a/Y t R t e�Q-U�V9zEU�T/��l�ÀK`�y]zEQ-a/Y/gw^_^�P t h�Q-Y/P�Q1Y/P�g_T/ypR t T/YXYGU@zEU�T/T/v
t ¡
U�u�Y�l×O�P�g_aXZ t `]¡
Q1Y/P�Q1z-g_^_ypZ t T/y9l�j�V×�fg_a t ^_\]U�a/Y�g_`xÐ@Ñ3¹$Y/P�Q[`]Y/P�Q[T/Q1z-g_^_^�`�U�Y
¡
Q@\pu�Z�P]zEU�T/�xY/Upy�U
lXÚNu�Y-g_Y-Z t `~¡
Q@YGP�QH\>U�aGYXY/Q[y�g_U�u�a-R t T/Y-UWV×Y/P�Q t ^_e�U�T/gwY/P�\il
q�Q[YHu�a1T/Q[Y/u�T/`�Y/U]Y/P�Q;YDzEUxQ ±�t \>R�^_Q[a1Y/P t Y1zEQ@R�T/Q[aGQ[`�Y/Q[y t V�Y/Q[T1y�Qm}
`�g_`�e~Y/P�Q

`�U�Y/g_U�`�U�VEy�Q[T/g_h t Y/g_U�`§��U�`�R t e�Q Ì�Ë � t `�y t R�R�^_v�Y/P�Q t ¡
U�h�Q t ^we�U�T/g_YGP�\ÛY/U~Y/P�Q[\�¢
t `�y¥Z[U�\]R t T/Q3Y/P�Q@T/Q[aGu�^_Y/aEz-g_Y/P~U�u�T-Q t T/^_gwQ[Tcy�Q[TGg_h t YGg_U�`�a�l

ÜKÝ~Þ~ß àSáXÜ)â ��s�Q[Q$ã ±
t \]R�^_Q¥jDjmlon�l Ê �]OEP�QLV�U�^_^_U�z-g_`�e¾u�a/Q[a~Y/P�Q t ¡
U�h�Q t ^we�U� 
T/g_Y/P�\ÛYGUÂy�Q[TGg_h�Q@��äA�·��äå�H�[l

� �A���~�x� tÇ± g_U�\
� �A�x���~� s�É³� � � ¤ �
¤ �¶���x�º�L�x�H�9�~� s�É³� � � � �
© �A�x�����·�x�º�¥�H� s�É³� ¤ � Ê �
Ê �A�x�����·��äå�H� s�É³� © � ��Õ �
Ë �A��äA���fäå�H� s�É³� Ê � ��Õ �

¤



OEP�g_aXZ[U�\>R t TGQ[aª¬�u�g_Y/QEV t h�U�T t ¡�^_vHY/UHY/P�Q-y�Q[TGg_h t YGg_U�`;g_`>ã ±�t \]R�^_QEjDj�lon�l Ê ¢�T/Q[¬�u�g_T/g_`�e
U�`�^_v � \]U�T/Q1a/Y/Q[R9lEb t T/Y � t `�y¥R t TGY � U�V#Y/P�Q t ^_e�U�T/gwY/P�\)Z[U�^_^ t R�aGQHg_`�YGUÂYGP�QH}
T/a/Y
a/Y/Q[R t ¡
U�h�Q�lªÉ�Q t y�g_`�e1a/Y/Q[R�a � Y/P�TGU�u�e�P Ë ¢�g_`@TGQ[h�Q[T/a/QNU�T/y�Q[T�¢�zEQ#a/Q[QEY/P�QXR�T/U�Z[Q[y�u�T/Q
V{U�T3R�u�Y/Y/g_`�e;a/Y/Q[R Ë g_`�YGUxg_Y/aEy�g_a��Gu�`�Z[Y/g_h�QH`�U�T/\ t ^�V�U�T/\�l

ÜKÝ~Þ~ß àSáXÜ�æ|��s�Q[Q~ã ±
t \]R�^_QxjDj�lon�l Ë �@O�P�Q]V{U�^w^_U�z-g_`�e~u�a/Q[a;Y/P�Q t ^_e�U�T/g_Y/P�\�Y/U
y�Q[T/g_h�Q@��äç��èéäê�H�[l

ë[ì í�î í ï[ð�ñ£ò�ó
ô�ì õ�î õ ï[ð�ñ£ò�ó
ö�ì ÷¨í�î í]ø/÷¨õ�î õ~ø ùNì
ë[úoô
û�ì ÷¨í�î í]ø�õ�î]÷�í�î í]ø õ ü�ý�ì�ö;÷�þ�ø
ÿ�ì õ³÷�í�î í>ø�î]÷�í�î í]ø õ ü�ý�ì�ûx÷_ûÇø
��ì õ³÷�í�î í>ø�î õ�÷�í�î í]ø ü�ý�ì�ÿ;÷_ûÇø
��ì ÷¨õ-í�î;õ í>ø�î õ�÷¨í¥î í~ø ü�ý�ì��;÷�þ�ø
��ì ÷¨õ-í�î;õ í>ø�î]÷ õ~í¥î õ í>ø ü�ý�ì��;÷�þ�ø
þ�ì ÷¨í-õ�î;õ í>ø�î]÷ õ~í¥î õ í>ø ü�ý�ì��;÷_ûÇø
ë���ìÖ÷¨í-õ�î í>õ-ø�î]÷ õ~í¥î õ í>ø ü�ý�ì�þ;÷_ûÇø
ë�ë[ìÖ÷¨í-õ�î í>õ-ø�î]÷¨í õ�î õ í>ø ü�ý�ì
ë��S÷_ûÇø
ë�ô�ìÖ÷¨í-õ�î í>õ-ø�î]÷¨í õ�î í õ>ø ü�ý�ì
ë�ë1÷_ûÇø
ë�ö�ìÖ÷·÷�í-õ�î í]õ-ø�î;í õ>øÄî í õ ü�ý�ì
ë�ôS÷�ÿ�ø
ë/û�ìÖ÷¨í-õ�î]÷ í]õiî;í õ]ø�øÄî í õ ü�ý�ì
ë�öS÷�ÿ�ø
ë�ÿ�ìÖ÷¨í-õ�î]÷�í õ�î í]õ-ø�øÄî í õ ü�ý�ì
ë/û;÷�ö�ø
ë���ìÖ÷¨í-õ�î;í õ>ø�î]÷ í>õ�î í õ>ø ü�ý�ì
ë�ÿS÷�ÿ�ø
ë���ìÖ÷¨í-õ�î;í õ>ø�î]÷ í>õ�î]÷ í õ î í õ~ø·ø ü�ý�ì
ë��S÷�ë�ø
ë���ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î í õ~ø ü�ý�ì
ë��S÷�ÿ�ø
ë�þ�ìÖ÷¨í-õ�î]÷�í õ�î;í õ]ø�øÄîx÷·÷ í~õ�î í õ~ø�î í õ ü�ý�ì
ë��S÷�ë�ø
ô���ìÖ÷·÷�í-õ�î;í õ]ø�î;í õ>øÄîx÷·÷ í~õ�î í õ~ø�î í õ]ø�ø ü�ý�ì
ë�þS÷�ÿ�ø
ô�ë[ìÖ÷¨í-õ�î;í õ>ø�î]÷¨í õ�î]÷�÷ í~õiî í õ~ø�î í õ>ø·ø ü�ý�ì�ô��S÷�ÿ�ø
ô�ô�ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷�í õ îx÷ í~õiî í õ~ø�ø�î í õ]ø ü�ý�ì�ô�ë1÷�ÿ�ø
ô�ö�ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷�÷ í~õ�î í õ~ø�îÂí õ>ø�î í õ]ø ü�ý�ì�ô�ôS÷�ö�ø
ô[û�ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î]÷�í õ�î í õ>ø ü�ý�ì�ô�öS÷�ÿ�ø
ô�ÿ�ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î]÷�í õ�î õ í>ø·ø ü�ý�ì�ô[û;÷_ûÇø
ô���ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î]÷ õ~íLî õ í>ø·ø ü�ý�ì�ô�ÿS÷_ûÇø
ô���ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î õ�÷�íLî í~ø�ø ü�ý�ì�ô��S÷�þ�ø
ô���ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î õ�ë�ø ü�ý�ì�ô��S÷�ë�ëmø
ô�þ�ìÖ÷¨í-õ�î;í õ>ø�î]÷·÷ í~õ�î í õ~ø�î õ~ø ü�ý�ì�ô��S÷�ë�ÿ�ø
ö���ìÖ÷¨í-õ�î;í õ>ø�î]÷ í¥÷¨õ$î õ~øÄî õ~ø ü�ý�ì�ô�þS÷�þ�ø
ö�ë[ìÖ÷¨í-õ�î;í õ>ø�î]÷ í¥ë9î õ~ø ü�ý�ì�ö��S÷�ë�ëmø

©



ö�ô�ìÖ÷¨í-õ�î;í õ>ø�î]÷ íØî õ]ø�ø ü�ý�ì�ö�ë1÷�ë�ÿ�ø
ö�ö�ìkí³÷�õ�î õ>øÄî>÷ í�î õ~ø ü�ý�ì�ö�ôS÷�þ�ø
ö[û�ìkí³ëFî]÷ í î õ~ø ü�ý�ì�ö�öS÷�ë�ëmø
ö�ÿ�ìkí�î]÷ ífî õ~ø ü�ý�ì�ö[û;÷�ë�ÿ�ø
ö���ìÖ÷ íØî õ]ø
î;í ü�ý�ì�ö�ÿS÷�ö�ø
ö���ì í îx÷ õ î@í-ø ü�ý�ì�ö��S÷�ÿ�ø
ö���ì í îx÷¨õ��Ûí-ø ü�ý�ì�ö��S÷�ô���ø
ö�þ�ìkí	��÷¨õ
�Óí-ø ü�ý�ì�ö��S÷�ô���ø

OEP�g_a�g_a#T t Y/P�Q[TªR t g_`�V{u�^�z3P�Q[`ÂZ[U�\>R t TGQ[y@Y/U1Y/P�Q Ì ^_g_`�QEy�Q[T/g_h t Y/g_U�`@g_`xã ±
t \]R�^_Q
j jmlon�l Ë l×q5U�U���g_`�e;U�h�Q[TXYGP�QKa/YGQ[R�aczEQ-aGQ[QKY/P t YcR t T/Y � g_aEa/Y/Q[R�a ����¤ ¢�R t T/Y � g_aEa/Y/Q[R�a
¤
�
�Ç¤ ¢�R t T/Y ¤ gwaHa/Y/Q[R�a ©��
�Ä�Ç¤ ¢ t `�y�R t T/Y © gwaHa/Y/Q[R�a �Ç¤
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