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Review

Power Series

A(z) = ) a(n)z"

n>0

Radius of Convergence

%

\
N

Cauchy Formula

1 dz
a(n) = 5— /CA«/:)Zn+1

Dirichlet Series

A(s) = > aln)n™*

n>1

Abscissa of Convergence

Perron Formula

1 c+100 S
A(x) = o A(s)%ds

T Jec—ioo
if x is not an integer
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Number Systems

Additive Multiplicative
(A7P7+707 || H) (A,P,',LH ”)
A = the set of “numbers”

P = the set of indecomposable “numbers”

| || is additive | || is multiplicative

Basic Requirements:

e only finitely many numbers have a given
norm

e cach number is uniquely decomposable as a
sum of indecomposables.



The Fundamental Identity of a number
system:

Additive Case
A(@) = Y a(n)” = J[ @ —a™)P)

n>0 n>1
— exp< > P(ajm)/m)
m>1
where

P(z) = ) p(n)z".

n>1

Multiplicative Case
A(@) = Y a(n)n™® 11 —n)—P0
n>1 n>2

= exp( > P(mx)/m)

m>1

where

P(z) = ) pm)n™™

n>2



Radius/Abscissa of convergence

We have
0<p<1 0 <a<
p = 0 fast growth a = oo fast growth
p > 0 slow growth a < oo slow growth

Generating Functions of subsets of A

For BCA
Additive Multiplicative

B(z) = > b(n)z" B(z) = ) b(n)n™"

n>0 n>1

where b(n) counts the number of elements of

B of size n.
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Finitely Generated Number Systems
show parallel behaviour

Let r =Y p(n).

Additive
r—1
N —p(m)Y ., _ "
a(n) (Hm ) (r—1)!
Multiplicative
(logn)”

A(n) ~ (II(togm)=r(m)).
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Another Parallel Result

Knopfmacher,
Warlimont

_|_

p(n) = af" + O(")

implies

a(n) ~ CB"

62\/0m
n3/4

Oppenheim

p(n) = an’ 4+ O(n?)

implies

G+1 62\/alog:r;
A(x) ~ Cx
(logx)3/4



Asymptotic Density
of a subset B of A

LLocal Density Global Density

b B
58) = tim 2™ A®) = 1im 2@
n— 00 a(n) Tr— 00 A(:C)

Dirichlet Density
of a subset B of A

. B(x) .. B(z)
oB) = M a@m 9B = . mAw

need p >0 need a < oo




Results that look as though they should have
been proved long ago, but are actually very

recent
Additive Multiplicative
[Bell] [Warlimont]
[Bell,. .. ,Richmond]

o(P) = 0 implies

p >0 and
A(p) = o0

A(P) = 0 implies

o < OO

A(a) =
[Ruzsa] has a new
proof.
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Ratio Test and
Regular Variation at Infinity

Definition A sequence s(n) is in RT, if it is
eventually positive and

Definition A function S(z) is in RV, if it is
eventually defined, eventually positive and

_S(tx)
S s _°

for x > 0. We say S(z) has regular variation
at infinity of index «.

A function in RV is slowly varying at
Infinity.

The parallels in the concepts are clearer if we
write:

s(n — k) 2 S(t/x) o
sy P ey T
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All sets of the
form

b+ A

have asymptotic
density iff RT,
holds.

One Reason we like RT and RV

If all sets of the
form

b-A

have asymptotic
density then ei-
ther RV, holds or
the system is dis-
Ccrete.

RV, implies all
sets of the form
bA have asymp-
totic density.

The cases RT; and RV were studied first
(they yield 0—1 laws).
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[Bell] [Bell]

p(n) = O(n°) P(z) = O((logz)°)
implies RT1 implies RV
[Bell] [Bell] (Conj II)
p(n) € RT4 P(x) € RVg
implies implies

a(n) € RTq A(x) € RVq
[Stewart] [Odlyzko]

A, € RTq A, € RVg
implies implies

A1+ A e RT, A1+ A> € RV

[Karen Yeats] has a common generaliza-

tion that gives the precise conditions for

the sum/product of two number systems to
preserve the existence of asymptotic den-

sity for all partition sets.
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Schur's Theorem

[Schur 1918]

If

e R(z) = S(x)T(x)
e t(n) € RT,

® pg > p

then

[Burris/Yeats 2001]
If

e R(z) = S(x)T(x)
e T'(x) € RVqy

o ag <

then

20 = 20

For example these can be used on the
alternate form of the fundamental identities

AG) = SmeaPE/m

A(z) = o2m>1 P (mz)/m

to focus attention on the asymptotics of the count

function of |eP (@) |,
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Applying Schur to get the asymptotics for the
count function of a number system.

Using Schur:

A(x)

ezm21 P(z™)/m

P (@) | 2m>2 P@™)/m

to get

a(n) ~ C-[z"e’@
where

O = e2m>2P(™)/m

Using Schur Analog:

A(z)
ezm21 P(mx)/m

QP(CU) . ezng P(mz)/m

to get

A(z) ~ C- Y [n7¥eP W
n<x

where

C = eZmZQP(ma)/m
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What is a Partition Set?

Let Pq,...,P be a partition of the set P of
indecomposables into finitely may sets.

Let v; be in one of the forms

vi = my vi = (< my) vi = (= my).

Then a subset B of the form
Y Y
pll . pkk

IS a partition set.

In other words, B consists of all elements of
A which have exactly

v1 indecomposables from Pq,

v iIndecomposables from Py.
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Let ($) be the property
All partition sets have asymptotic density.

Then
(¢) implies RT, (®) implies discrete or RV,

(0) implies §(P) =0 | (0) implies A(P) =0

RT, implies () RV implies ()

On the next slide we look at the most
powerful conditions known to imply that
(®) holds when p < 1, resp. a > 0.
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[Compton]

If a(n) € RT, and

for K <m<n
then () holds.

[Sarkozy]

If A(x) € RVq and
Alz/m) < Cm™“@
A(z)
for K<m<mn
then () holds.

[Bell]

If p(n) € RT, and
limsupnp(n)p” > 1
n—aoo

then Compton’s con-
ditions for () hold.

[Bell] (Conj III)

If

P(z) ~ 2%Py(x)/ log x,

Py(xz) € RVg, eventu-
ally increasing and

Jim Po(x) € (1/a, 00)

then Sarkozy’s condi-
tions for () hold.
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Admissible Functions

These are functions for which one can use
the famous saddle-point method to determine
asymptotics for the count function of the
series expansion.

[Compton] [Burris, Warlimont,
Yeats]

If A(x) is Hayman- | If A(xz) is admissible
admissible then Sarkdzy's con-
then Compton’s con- | ditions for () hold.
ditions for ({) hold.
A Tenenbaum
admissible Dirichlet
series is admissible.
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Admissible Power Series

Suppose
A(z) = Z a(n)z" = H(2)
n>0
IS Hayman-admissible. Let the Taylor series
expansion of H(re®) about § = 0 be

H(re') = H(@r) + ia(r)0 — b(r)6%/2 + -

T heorem.
_ A(r) —(a(r) —n)?
aln) = r”\/m(exp< 2b(r) ) T R(r,n))

where R(r,n) — 0 as r — p—, uniformly for
n > 0.

The saddle point is r,, the solution r of

a(r)—m = 0
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Admissible Dirichlet Series

Suppose
A(s) = D aln)/n® = eH(s)
n>1
IS an admissible Dirichlet series. Let the

Taylor series expansion of H(o + it) about
t =0 be

H(o+it) = H(o) + ia(o)t — b(o)t?/2 + ---

T heorem.
— 2°T1A (o — o x)2
Alz) = Ao) (exp( (a( Q)bJ(FO')Og ) ) + R(a,az))

o(c+ 1)\/27b(o)

where R(o,x) — 0 as o — a4, uniformly for
x > 0.

The saddle point is 0., the solution o of

a(oc) 4+ logxz = 0.
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