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MULTIPLICATIVE SYSTEMS
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ABSTRACT. Dirichlet density extends global asymptotic density in an additive
number system .4 whose generating series A(z) diverges at its radius of con-
vergence (see [1], p. 50). This note shows that the parallel result holds for a
multiplicative number system 4, namely if the abcissa of convergence « of the
generating series A(z) is finite and A(a) = oo then Dirichlet density extends
global asymptotic density. Using this result it is proved that global asymptotic
density A satisifies

AP PETR) = APETIA) APETA)
where the P; are pairwise disjoint sets of indecomposables, provided partition
sets of A have global asymptotic density. This answers a question in [2].

1. INTRODUCTION

The relevant notation from [1] is presented in this section. Given a Dirichlet
series

(1.1) R(z) = Y r(n).

A multiplicative number system
A = (Aa Pa Bl l’ H ||)

consists of a countable free monoid (A, -, 1), freely generated by its set P of indecom-

posable elements, with a multiplicative norm || || from A to the positive integers,
that is,
la-bfl=llall - [|b]
lal = 1 ifandonlyif a=1,

with the property that only finitely many elements of A can have the same norm.
« is the abscissa of convergence of A(x).
For B C A the generating series B(x) for B is the Dirichlet series

B(z) = Zb(n)n‘m

n>1
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where b(n) is the number of elements in B of norm n. The (global) asymptotic
density A(B) is defined by
B(n)
lim ——=
oo A(n)’
providing this limit exists. The Dirichlet density O(B) of B is given by
B(z)

9B) = lm o)

A(B) =

provided the limit exists.*
Let

Bt (z) = Y B(nn™",

n>1
and let AT (x) have abcissa of convergence a™. A modified Dirichlet density of B
is given by the following limit when it exists:

_ .. Bf (@)
0T(B) = lm Sl

Lemma 1 (Proposition 9.11 in [1]). If a™ is finite and At (a™) = oo then
ACot,
that is, for any B C A, if A(B) exists then so does 07 (B), and they are equal.

2. DIRICHLET DENSITY EXTENDS GLOBAL ASYMPTOTIC DENSITY

Let A be a multiplicative number system. This section shows that o < co and
A(a) = oo imply 97 = 9, and thus A C 9.

Lemma 2. at =a+1.
Proof. Let AT(n) = A(1) +---+ A(n). Then, by Proposition 7.3 (b) of [1],
log AT
at = limsup g4 W) (n)
n—oo lOg’rL
Since
n—1 +
S—An/2) < > A(m) < AT(n) < nA(n)

n/2<m<n
it follows that
log A(n/2) + log(n—1) — 1 < log At (n) < log A(n) + logn
logn - logn logn '

Taking the limsup as n — oo gives
a+l < ot < a+1.
O

Thus « is finite iff o™ is finite. From now on it is assumed that o and ot are
finite.
B(n)

Lemma 3. Forz > a and BCA, lim =0

n—oo nT

*The notation £ — a+ means that x approaches « from the right.
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Proof. Let ag be the abcissa of convergence of B(z). Then

ag else.

. log B(n) 0  if B is finite
lim sup W =

Since both 0 and ag are at most a and a < z it follows, for n sufficiently large,
that

0 < B(n) < nlot2)/2

and thus eventually

0 < B < plo—2)/2.
S 2
Now note that the right side goes to 0 as n — oo since a — x < 0. O

Lemma 4. Forxz > a and B C A,

B(z) = x/loo B(t)dt.

ta+1
Proof. Use summation by parts on B(z) = Z b(n)n™" (see [3], Theorem 421 on
p. 346) and Lemma 3 above. " O
Lemma 5. Forz > «a and B C A,

’B+(x+1)—§B(x)‘ < B*(z+2).

Proof.
1 >, B(n) > B(t)
+ _
B+ - Bw| = |3 - [
n=1
> 1 ntL gt
= ZB(n)‘nrH _/n tﬁl‘
n=1
(oo}
1 1
< B ‘ - ‘
>~ ; (?’l) net+l (TL-I—]_)ZJFI
1
<

(1) Y B
n=1

= (x+1)Bf(z+2).

Lemma 6. If A(«) = oo then 0 = 0T.
Proof. Given B C A let
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Then, by Lemma 5, both f(x) and g(x) are bounded for z € (a, & + 1), and one
has

Bf(z+1) _ B(z) +zg(x)
At(z+1) A(x)+xf(x)

Thus, in view of Lemma 2, 91 (B) exists iff 9(B) exists, and if so they are equal. [J

Lemma 6 answers the question posed at the bottom of p. 162 of [1].
Lemma 7. Ala) =00 iff AT(a™)=o0.
Proof. If « = 0 then
Ala) = Za(n) = 00

Af(a™) ZA(n)/n = 0.

Now suppose a > 0. For z > a Lemma 5 gives
1
AT(z+1) < —A(z) + (z+1DAT(x +2),
T

so, taking the limsup as * — a+ gives, in view of Lemma 2,
At(at) < éA(a) + (a+ DA (at +1).
As AT (a™ +1) < oo it follows that
AT(aT) =00 implies A(a)= co.
Likewise
%A(m) < At(@+1) + (z+ DAY (2 +2)
gives
A(a) =00 implies AT(a™) = oo.
O

Theorem 1. If A(a) = oo then A C 9, that is, Dirichlet density extends global
asymptotic density.

Proof. This follows from Lemma 1, Lemma 6 and Lemma 7. O

The parallel result for additive number systems was proved in Proposition 3.13
of [1].
3. AN APPLICATION TO DENSITY OF PARTITION SETS

Let A be a multiplicative number system. For B; and By subsets of A the product
B1B; is defined in the obvious way:

BBy = {b1b2 i bh; € Bl}
Given a nonempty subset Q of the indecomposables P and a positive integer m let

Q="
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be the set of all elements of A that can be written as a product involving at least
m factors from Q, and only factors from Q. Then let

Q> = {1}uQ>"

If Py, ..., Py are nonempty and pairwise disjoint subsets of P, and if mq,... ,mg
are nonnegative integers, then
(3.1) P PZTEA

is the set of all elements of A that can be written as a product involving at least m;
factors from P;, for 1 < i < k. If the P; also cover P then one can omit the factor
A, that is,

>mq >my _ p=>2m >my
PZ™ L PZTEA = I P

Sets of this form are special cases of partition sets defined in [1]. If the P; do not
cover P then one has
k
P pEmA = PR P (P )

=1

>0

)

and thus P ... me’“A is again a partition set.*
For Q C P define

>m
%0(Q*") = i %20((5))

Theorem 2. Suppose A is such that all sets of the form (3.1) have global asymp-
totic density, and A(a) = co. Then

A(PE™ - PETHA) = A(PTTA)- A(PETA),

where the P; are nonempty pairwise disjoint sets of indecomposables.

Proof. There are two cases to consider, depending on whether or not the P; cover
P. We will give the details for the case that they do not, the other case being a
minor variation. Let Px4; =P~ (P1 U---u Pk)7 a nonempty subset of P, and let
Mmg4+1 = 0. Then

k o k+1 o
A(HP; A) - A(EP; )
k+1

= 8( Zl;[l Pizmi) by Theorem 1

k+1
— ] o. (Pf’"i) by Theorem 9.37, p. 172 of [1]
=1

lim
5 >0
o Toet P ()

k+1

P (@) (P P)()
= lim
L, s e ey

I] tim Pt

i=1

*It is easy to show that all partition sets of A have global asymptotic density iff all sets of the
form (3.1) have global asymptotic density. By a result of Warlimont, these conditions guarantee
that oo < oc0.
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k+1 >m; >0
P: P\P;)=
= lim+ (P (A\(x) )=") (@) by Cor. 9.31, p. 170 of [1]
r—«
i=1
B © S N ()
ey r—a+ A(w)
k >m;
- (P7MA) (x)
= hm —_— Y
et A(x)
k
~ oA
=1
k
= JJA(P7™A) by Theorem 1.
=1

O

This answers Question 4, p. 493, from [1] in the affirmative.* One can also write
the conclusion of this theorem as

k k k
A(Pz™A) = A(TIP™A) = TTAP™A).
i= i=1 i=1
showing that sets of the form P?miA behave like independent events, provided the

P; are disjoint.

From this result it easily follows, for a multiplicative number system satisfying
the hypotheses of Theorem 2, that the values of A(B) for partition sets B are com-
pletely determined by the values of A(Q="A), where Q C P and m is a nonnegative
integer.

Problem 1. If A is a multiplicative number system such that each set of the form
QZ™A has global asymptotic density, where Q C P, does it follow that that all sets
of the form (8.1) have global asymptotic density?

An affirmative answer would imply that all partition sets of A have global as-
ymptotic density.

REFERENCES

[1] Stanley N. Burris, Number Theoretic Density and Logical Limit Laws. Math. Surveys and
Monographs 86, Amer. Math. Soc., 2001.

[2] Stanley Burris and Andrds Sarkozy, Fine spectra and limit laws I: First-order laws. Can. J.
Math. 49 (1997), 468 - 498.

[3] G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, Oxford Press, 5th
ed., 1979.

* A similar theorem holds for additive number systems for which partition sets have asymptotic
density, namely

k

k
6(2(2 mi)P¢+A) = H(S((Z m;)P; + A).

=1 =1
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