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Abstract. The equivalence problem for a finite nilpotent group has polynomial time com-

plexity, even when the terms have parameters from the group. The same result holds for

the dihedral groups Dn.

The terms for groups (in the language ·,−1, e) are defined inductively by:

(1) variables are terms
(2) e is a term
(3) t is a term implies t−1 is a term
(4) s, t are terms implies s · t is a term.

Given a group G we define the polynomials of G to be the terms obtained when
we add names for the elements of G to our constant symbols, i.e.,

(1) variables are polynomials
(2) g is a polynomial for g denoting an element of G
(3) p is a polynomial implies p−1 is a polynomial
(4) p, q are polynomials implies p · q is a polynomial.

The term equivalence problem for a group G is to determine, for any two terms
p, q, if they define the same function on G, i.e., if the identity p ≈ q holds on G.

The polynomial equivalence problem for a group G is to determine, for any two
polynomials p, q, if they define the same function on G, i.e., if the identity p ≈ q

holds on G.
One can, of course, define these equivalence problems for any algebra. In Hunt

& Stearns [4] (1990) it is proved that the polynomial equivalence problem for a
finite nilpotent ring has polynomial time complexity. And Burris & Lawrence [3]
(1992) show that for finite nonnilpotent rings the term equivalence problem is co-
NP-complete.

It is easy to see that for any finite algebra A both the term and the polynomial
equivalence problem are in co-NP. So if P = NP then both problems for A have
polynomial complexity. However it is widely believed that P 6= NP.

The classification of the equivalence problem for finite groups is begun in this
paper. (The results were announced in [1].) We will show that the polynomial
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equivalence problem for any finite nilpotent group, or any dihedral group D2k+1,
is of polynomial time complexity.

Now we turn to finite nilpotent groups. A group G = 〈G, ·, −1, e〉 is nilpotent if
it satisfies a (left-normed) commutator identity

[x0, · · · , xn] ≈ e. (1)

If G is nilpotent we say it is nilpotent class c if c is the smallest n such that (1)
holds.

In the next definition we use [ , ] as a binary operation symbol (for the commu-
tator).

Definition 1. The collection PC of pure commutator polynomials is defined by:

(1) variables are in PC
(2) g is in PC for g denoting an element of G
(3) p, q are in PC implies [p, q] is in PC.

Definition 2. The leaf count function lc on PC is defined by:

• lc(x) = 1 for x a variable
• lc(g) = 1 for g naming an element of G
• lc([s, t]) = lc(s) + lc(t).

The leaf count function gives the number of leaves when a member of PC is
viewed as a binary tree.

Lemma 3. For G a nilpotent class c group and for p from PC we have

(a) lc(p) = c implies G |= p · z ≈ z · p
for z a variable not appearing in p, and

(b) lc(p) > c implies G |= p ≈ e.

Proof. This follows from the basic commutator calculus—see Lemma 33.35, p. 86,
of H. Neumann [6] (1967). ¤

Definition 4. Given a polynomial p let var(p) be the set of variables occurring in
p.

Lemma 5. Let G be a finite nilpotent class c group and let p(x1, · · · , xk) be a

polynomial of G. Let S0, · · · , Sm be an ordering of the subsets of {1, · · · , k} of size
at most c, and such that i < j =⇒ |Si| ≤ |Sj |. For 1 ≤ i ≤ k we assume Si ≈ {xi}.
Then one can find, for each Si, a product γi of pure commutator polynomials pij
such that

(a) var(pij) = {xs : s ∈ Si}, for all i, j, and
(b) G |= p(x1, · · · , xk) ≈ γ0 · · · γm.

Proof. This is our version of Theorem 33.45, p. 89, of H. Neumann [6] (1967). First
put p(x1, · · · , xk) into the form y1 · · · y` where each yi is in the set {x1, · · · , xk}, or
is the name of an element of G. Then apply the following group identity

x · y ≈ y · x · [x, y] (2)
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to put y1 · · · y` in the form g0 · x1
n1 · · ·xk

nk · s(x1, · · · , xk), where g0 ∈ G and
s(x1, · · · , xk) is a product of pure commutators p, with lc(p) ≤ c and var(p) ≥ 2
for each such p. Then let γ0 = g0, and let γi = xi

ni for 1 ≤ i ≤ k.
Next apply the identity (2) to s(x1, · · · , xk) to pull the pure commutator terms

involving exactly two variables to the left side, with appropriate grouping, to give
γk+1, · · · , γk+(k2)

. Etc. ¤

Lemma 6. Let G be a nilpotent class c group, and let p(x1, · · · , xk) be a polynomial
of G. Let γ0, · · · , γm be as in Lemma 5. Then

G |= p(x1, · · · , xk) ≈ e iff G |= γi ≈ e for 0 ≤ i ≤ m.

Proof. (=⇒) From Lemma 5 we know from G |= p ≈ e that G |= γ0 · · · γm ≈ e.
Putting all variables equal to e shows that γ0 = e. Then putting all variables except
xi equal to e gives G |= γi ≈ e, for 1 ≤ i ≤ k. Thus G |= γk+1 · · · γm ≈ e. Let
var(γk+1) = {xi1 , xi2}. Next by putting all variables except xi1 , xi2 equal to e we
have G |= γk+1 ≈ e. Etc.

The converse is obvious using Lemma 5. ¤

Proposition 7. Let p(x1, · · · , xk) be a polynomial of a nilpotent class c group G.

Then

G |= p(x1, · · · , xk) ≈ e iff G |= p(σx1, · · · , σxk) ≈ e

for all σ such that

(a) σxi ∈ {xi, e}, and
(b) |{i : σxi 6= e}| ≤ c.

Proof. (=⇒) This is obvious.
(⇐=) Let σ satisfy (a) and (b). Choose S0, · · · , Sm and γ0, · · · , γm as in Lemma

5, and let j be such that Sj = {i : σxi 6= e}. Then, from Lemma 5,

G |= p(σx1, · · · , σxk) ≈
∏

Si⊆Sj

γi,

so

G |=
∏

Si⊆Sj

γi ≈ e.

As we run over the possible σ we see that this last assertion holds for any j ≤ m.
Then, working through the Sj ’s in order, we see that, for j ≤ m,

G |= γj ≈ e.

But then we can apply Lemma 6 to obtain

G |= p(x1, · · · , xk) ≈ e.

¤

Theorem 8. Let G be a finite nilpotent group. Then the polynomial equivalence

problem for G is of polynomial time complexity.
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Proof. Let G be nilpotent class c, and let p(x1, · · · , xk) be a polynomial of G. Let

T = {(a1, · · · , ak) : |{i : ai 6= e}| ≤ c}.

By Proposition 7 we see that

G |= p(~x) ≈ e iff p(~a) = e for ~a ∈ T.

Now

• |T | = Σi≤c
(

k
i

)

(|G| − 1)i, so T is of polynomial size,
• finding T is a polynomial time procedure, and
• checking p(~a) = e is a polynomial time procedure.

Thus we have a polynomial time procedure to determine if G |= p ≈ e. ¤

The idea of formulating the algorithm in terms of a polynomial size test set T
is due to Joel Berman. It also applies to the results of Hunt & Stearns on finite
nilpotent rings.

Next we will see that finite nilpotent groups are not the only ones with a poly-
nomial equivalence problem of polynomial time complexity.

Theorem 9. The polynomial equivalence problem for the dihedral group Dn is of

polynomial time complexity, for n odd.

Proof. First we look at the case that n is odd. Let a, b ∈ Dn with o(a) = n,
o(b) = 2. Then all elements of Dn can be written in the form aubv, where u, v are
integers. Now we have

(au1bv1)(au2bv2) = au1+(−1)v1u2bv1+v2 ,

or, abbreviating aubv to (u, v), we have

(u1, v1) · (u2, v2) = (u1 + (−1)v1u2, v1 + v2).

By induction this leads to

(u1, v1) · · · (u`, v`) = (u1 + (−1)v1u2 + · · ·+ (−1)v1+···+v`−1u`, v1 + · · ·+ v`). (3)

Now a polynomial p(x1, · · · , xk) of Dn can be put, in polynomial time, into
the form y1 · · · y`, where each yi ∈ {x1, · · · , xk} ∪ Dn. Let α : {1, · · · , `} =⇒
{1, · · · , k}∪Dn be such that yi = xαi if yi is a variable, and yi = αi if yi = g ∈ Dn.
Replace each yi by (uαi, vαi), meaning: (i) a pair of variables (over the integers) if
αi ∈ {1, · · · , k}, or (ii) a pair of integers such that g = auαibvαi if αi = g ∈ Dn.
This leads to p(x1, · · · , xn) corresponding to

(auα1bvα1) · · · (auα`bvα`),

or, in our abbreviated notation,

(uα1, vα1) · · · (uα`, vα`).

Then, by (3),

Dn |= p(x1, · · · , xk) ≈ e
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holds iff

uα1 + (−1)vα1uα2 + · · ·+ (−1)vα1+···+vα(`−l)uα` ≡ 0 mod n

vα1 + · · ·+ vα` ≡ 0 mod 2,

and, by putting all, or all but one, of the variable uαi’s equal to 0, we see that these
two equations hold iff

Σαi∈Dn (−1)vα1+···+vα(i−1)uαi ≡ 0 mod n (4)

Σαi=s (−1)
vα1+···+vα(i−1) ≡ 0 mod n, for 1 ≤ s ≤ k (5)

vα1 + · · ·+ vα` ≡ 0 mod 2. (6)

Now each vα1+ · · ·+ vα(i−1) is a sum of variables and integers, so the equations (4)
and (5) can be written in the form

ε1 · (−1)
a11v1+···+a1kvk + · · ·+ εr · (−1)

ar1v1+···+arkvk ≡ 0 mod n, (7)

where εi ∈ {0, · · · , n − 1}, aij ∈ {0, 1}, and no two rows of the r × k matrix (aij)
are the same. Let ηi = (−1)vi , and define a ring polynomial q ∈ Zn[w1, · · · , wk] by

q(w1, · · · , wk) =
∑

1≤i≤r

εi ·
∏

1≤j≤k

wj
aij .

As the ηi can independently take on the values in {1,−1}, and no other values, the
equation (7) is equivalent to

q vanishing in Zn as the wi range over {1,−1}. (8)

Now the final part of the polynomial algorithm is to realize that (8) holds iff

q(w1, · · · , wk) is simply the 0 polynomial. (9)

This can be proved by induction on k, namely show that if q is not the zero
polynomial then for some assignment ci of values of the wi in {1,−1} we have
q(c1, · · · , ck) 6= 0 in Zn.

The proof proceeds simply by writing q(w1, · · · , wk) in the form

q′(w1, · · · , wk−1) + (1− wk) · q
′′(w1, · · · , wk−1),

and noting that if q is not the zero polynomial then choose a ±1 assignment of
w1, · · · , wk−1 such that one of q′ and q′′ does not vanish in Zn. Then either wk = 1
or wk = −1 will yield a nonvanishing value of q(w1, · · · , wk) since we have assumed
n is odd. Item (9) gives us a polynomial time algorithm to determine if the equations
in (4) and (5) hold. And determining if (6) holds is quite easy.

This takes care of the case for n odd. To handle the general case let n = 2k ·m,
where m is odd. Then one can embed Dn into D2k ×Dm, and both D2k and Dm

embed into Dn. Thus one has a polynomial time algorithm for the polynomial
equivalence problem for Dn as one has such for Dm by the above, and for D2k by
Theorem 9 (as D2k is nilpotent). ¤

The result for Dn holds, by the same methods, for other finite groups which can
be presented by defining relations of the form o(a) = n, o(b) = m, and b−1ab =
aj , where gcd(j,n) = 1 and o(j) = 2 in Zn. On the other hand Lawrence has
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proved that any finite nonsolvable group has a co-NP-complete term equivalence
problem—hence the following question is appropriate.

Problem 1. Does every finite solvable group have a term [polynomial] equivalence
problem of polynomial time complexity?
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