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TWO UNDECIDABILITY RESULTS USING
MODIFIED BOOLEAN POWERS

STANLEY BURRIS AND JOHN LAWRENCE

In this paper we will give brief proofs of two results on the undecid-
ability of a first-order theory using a construction which we call a
modified Boolean power. Modified Boolean powers were introduced by
Burris in late 1978, and the first results were announced in [2]. Sub-
sequently we succeeded in using this construction to prove the results
in this paper, namely Ershov’s theorem that every variety of groups
containing a finite non-abelian group has an undecidable theory, and
Zamjatin's theorem that a variety of rings with unity which is not
generated by finitely many finite fields has an undecidable theory. Later
McKenzie further modified the construction mentioned above, and com-
bined it with a variant of one of Zamjatin's constructions to prove the
sweeping main result of [3]. The proofs given here have the advantage
(over the original proofs) that they use a single construction.

A Boolean pair (B, By, <) is a Boolean algebra (B, <) with a dis-
tinguished subalgebra (B,, <). By is dense in B if

Vx € BYy € B[Vz € Bo(y Sz2—>x <2) >x < y).

Our starting point is the following result on the first-order theory of
Boolean pairs.

THEOREM 1. (McKenzie, [3]) The class ZPP of Boolean pairs
(B, Bo, =) such that By is dense in B has an undecidable theory.

Given an algebra 4, a congruence 6 of the algebra 4, two fields B, B,
of subsets of a set I with By, C B, define the modified Boolean power
A[B, By, 6]* to be the subalgebra of 4 7 consisting of all f € A7 such that
| f(I)| < w,f'(a) € B,f(a/8) € Bofora € A. For f, g € A[B, By, 0]*
let us define

[f=¢l =1{i€l:f@) = g@)

If = &l = (i € I: fG) = g(d)}.
In the following we will establish undecidability by showing that for
suitable A4, 8 the class Z£? can be interpreted into

{A[B, By, 6]*: (B, By, &) € PP},
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