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The purpose of this paper is to describe necessary and sufficient
conditions on a closure C so that there is an abstract algebra such that
the natural closure associated with the abstract algebra is precisely C,
where the family of maps in the algebra are required to satisfy some
special conditions. A discussion of this problem when the family of maps
can be arbitrary is given in [1].

In the following let the set S be fixed. If ¢ is a map from 25 to 2°
and n is a positive integer, then C" will denote the n-fold composition
of ¢ with itself; and for P a subset of S, let P be the cardinality of P.

A mapping € from 25 to 25 is a pre-closure if for any P and @ the
following two conditions hold:

Cl1. P < O(P).

C2. Pc@Q = C(P) < C(Q).

A pre-closure C which satisfies

C.3. C*(P) < O(P) for all P contained in S
is a closure.

A pre-closure (or closure) which satisfies the compactness condition

C.4. For any P =« 8 and for any xeC(P) there is a finite () con-

tained in P such that xeC(Q)
will be called algebraic.

The following propositions will give the basic properties of pre-
closures which will be needed. The proofs of (i) and (ii) are trivial and
that of (iii) follows by an easy induction argument.

(i) If C is a pre-closure, then C™ is a pre-closure for any positive integer n.

(ii) If C is a pre-closure, then the map ) C" which takes a subset P
into | C"(P) is a pre-closure.

n=1

(iii) If C is an algebraic pre-closure, then C" is an algebraic pre-closure
for n =1,2,...

(iv) If C is an algebraic pre-closure, then | C" is an algebraic closure.
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Proof. Properties C.1 and C.2 for () C" follow by (ii). Let e C"(P).

n>1
Then there is an n such that x<C"(P), and by (iii) there is a finite @ con-
tained in P such that 2 <C"(Q). Therefore ¢ () C"(Q) and C.4 is established

n>1

for (U C™.
To show property C.3, let
zelU C"[U O"(P)].
m=>=1 n=1

Since C.4 holds for | O™, there is a finite @ contained in | C"(P)

n=1

such that zeJ C™(Q). The sets C"(P), n =1,2,..., form a nest, and

m=>1

since Q is finite, there is a % such that Q@ < O*(P). Therefore

Uo™e) = ,,Elom("k‘”) = U o™ P) = U C™(P).

m=1 m=1 m=1

Thus xzelJ C™(P). Therefore

m=>1

U c™[U ¢"(P)| c"gl(f'”(P),

m>=1 n=1

and we have C.3.

Let C; and O, be pre-closures. Define €, = 0, if for all P, C,(P) < C,(P).
An easy induction leads to

(v) 0, c Cy =CF c CF for £ =1,2,...
Hence,

(vi) ¢, = 0y, = |J C} = U 0.

So far we have constructed pre-closures and closures from given
pre-closures. Now to go in the other direction, let C be a closure and N
a positive integer. Then define Cy by

Cx(P) = U{C(Q):Q = P and @ < N}.

Then

(vii) for C a closure, Cy is an algebraic pre-closure for any positive
integer N.

A closure ¢ will be called N-ary if N is a positive integer such that
C = U O%(Y). It is easily argued that if C is N-ary, then it is also (N + k)-
ary for k a non-negative integer. We also see that an N-ary closure is
necessarily algebraic.

(1) T would like to express my indebtedness to E. Marczewski for suggesting
that N-ary closures (and later N-ary algebras) be included in this paper.






