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The theory of closure homomorphisms will be patterned after the usual
theory of homomorphisms for algebraic systems (cf. [3], [4]). In this paper
we will see that the closure congruences submit to a simple axiomatization,
and also if the closure space is algebraic, then we have a fundamental represen-
tation theorem.

A closure space (see [2]) is an ordered pair (C, S) where C is a closure
operator on the set S (i.e., C is an extensive, monotone, and idempotent set
mapping). If 8 is a homomorphism from an algebra (S, %) into an algebra
(S, &) (for the definitions see [3], [4], etc.) and (C, S) and (C,, S,) are
the canonical closure spaces associated with (.S, &) and (S, , ) respectively
(i.e., C(P) is the smallest subalgebra containing P, etc.), then we have the
identity

0[C(P)] = C,[6(P)] forall P in S.

We abstract and define a closure homomorphism to be a mapping 0 from a
closure space (C, S) to (C,, S;) satisfying the identity C,0 = 6C. [It is
interesting to note that had we started out with relational structures (.S, %)
(see [3]) instead of algebras (S, %), the corresponding condition would have
been #C C C,0, which for additive closures is precisely the study of continu-
ous functions).]

I. AxioMATIZATION OF CLOSURE CONGRUENCES

For any mapping 8 from S into S; we know that §-16, considered as a subset
of § x S, is an equivalence relation. The equivalence relations on a closure
space (C, S) which we form in this manner from closure homomorphisms will
be called closure congruences, and the family of closure congruences for (C, S)
will be denoted by K(C, S).

In the study of a general algebra (S,.#) we find that congruences are
intrinsically characterized as equivalence relations which are subalgebras of
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