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Abstra
t We present a 
omputer algorithm for estimating the probability of 
onvergen
e of a

(random) neural network-type learning algorithm to a parti
ular �xed point. Our algorithm is

parti
ularly useful for predi
ting the asymptoti
 behaviour of random algorithms whi
h 
an 
onverge

to more than one �xed point. Our results suggest that the estimated probabilities are independent

of the initialisation of the random learning algorithm.
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1 Introdu
tion

Consider a re
ursive random algorithm of the form

x

n+1

= x

n

+ 


n

h[x

n

; '

n

℄ ; (1)

where the x(n)'s and '(n)'s are in IR

m

, f


n

g is a sequen
e of positive de
reasing-to-zero real

numbers su
h that

P

n




n

= 1, h : IR

m

� IR

m

! IR

m

is a 
ontinuous fun
tion, and '(n) is

a sequen
e of random variables that are distributed a

ording to some given law. The subje
t of

sto
hasti
 approximation is 
on
erned with 
hara
terisation of the long term behaviour of re
ursive

random algorithms. Di�erent approa
hes to this problem have been proposed [1-10℄.

A parti
ular issue of interest may be posed by the following question: Does the algorithm 
onverge

to a unique �xed point, independent of initialisation? Ljung [1℄ and Kushner et al. [2℄ addressed

this question by 
onsidering the ordinary di�erential equation (ODE)

dz

dt

= h[z(t)℄ ; (2)

where

h(z) = E[h(z; '

n

) j '

0

; � � � ; '

n�1

℄ ;
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for z 2 IR

m

. Their famous theorem asserts that (1) 
onverges, with probability one (wp1), to a

stable equilibrium of (2) only if the latter has exa
tly one stable equilibrium point and no other

stable stru
tures.

However, if the ODE (2) has multiple su
h equilibria (with or without other stable stru
tures),

very little is known about the behaviour of (1). One of the few papers on this subje
t is that

of Fort and Pag�es [3℄. They established and proved a theorem whi
h permitted them to transfer

the 
onvergen
e of solutions of the asso
iated ODE to that of the sequen
e of iterates generated

by the random algorithm, in the 
ase that the ODE has no pseudo
y
les (these in
lude bona �de

periodi
 orbits as well as isolated equilibria). Their approa
h is primarily a development of the

original Kushner-Clark theorem. The proof of their theorem amounts to proving that the sequen
e

of iterates generated by the algorithm has only one limiting point in the set of all equilibria of the

asso
iated ODE. Further, they also showed that if one of the elements of the above set is a saddle

point, then the algorithm will not 
onverge to it.

The main fo
us of this paper is the investigation, both qualitative and quantitative, of the 
on-

vergen
e (or la
k of thereof) of the sequen
e of iterates generated by a two-dimensional re
ursive

random algorithm in the 
ase that the asso
iated ODE has two lo
ally asymptoti
ally stable equi-

libria and no other stable stru
tures. This algorithm was �rst proposed by Ljung [1℄, and 
an be

shown to be equivalent to the updating of weights in a neural network where 
ompetitive learning

is used. The paper is organised as follows. In se
tion 2, we introdu
e the 
lassi�er and de�ne its

task. Se
tion 3 is a 
on
ise analysis of the asso
iated system of ODE's, paying spe
ial attention

to equilibria and how their numbers depend on some parameters in the model. In se
tion 4, we

outline the 
omputer algorithm whi
h is at the heart of the present paper. Se
tion 5 is a dis
ussion

of simulation results. Se
tion 6 is the 
losing dis
ussion.

2 The 
lassi�er and its task

Consider a 
lassi�er whi
h re
eives real-valued random signals, denoted as f'

t

g

1

t=1

, belonging to

two a priori unknown 
lasses, A and B say, with probabilities 1 � � and �, respe
tively, where

� 2 [0; 1℄. Further, suppose that the signals are distributed a

ording to the doubly-triangular

probability density fun
tion (pdf) shown in Fig 1,

In [1℄, Ljung 
onsidered the 
ase where the 
omponent triangles are not overlapping. Here we fo
us

on the 
ase when the two 
omponent triangles are overlapping, thus we assume that �

1

> 2 � �

2

.

The overlap interval is then [1� �

2

; �1 + �

1

℄. Note that our pdf is the superposition of the two


omponent triangles. In addition, as is 
ustomarily done in the literature (see [2℄, for example), we

assume that f'

t

g

1

t=1

is a sequen
e of independent, identi
ally-distributed (with respe
t to the pdf

shown in Fig 1) random variables.

The 
lassi�er is tasked with determining a real number 
(t) su
h that the signal '

t

is 
lassi�ed as

2
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Figure 1: pdf of the signals to be 
lassi�ed by 
lassi�er. The parameters �

1

, �

2

are in IR .

belonging to the 
lass A if '

t

� 
(t � 1), and as belonging to 
lass B otherwise. To do this, we

de�ne variables x

A

(t) and x

B

(t) whi
h represent estimates, at time t, of the mean value of signals


lassi�ed as A or B, respe
tively. We then de�ne the number 
(t) to be the bise
tor


(t)

def

=

1

2

[x

A

(t) + x

B

(t)℄ : (3)

The variables x

A

(t) and x

B

(t) are updated a

ording to the rules:

x

A

(t) = x

A

(t� 1) +

(




t

['

t

� x

A

(t� 1)℄ ; if '

t

� 
(t� 1)

0 ; otherwise ;

(4)

x

B

(t) = x

B

(t� 1) +

(




t

['

t

� x

B

(t� 1)℄ ; if '

t

> 
(t� 1)

0 ; otherwise ;

(5)

where f


t

g is a sequen
e of de
reasing-to-zero positive real numbers su
h that

P

1

t=1




t

= 1.

Typi
ally, 


t

is of the form




t

def

= t

�p

; for some p � 1 : (6)

The 


t

serve as `training parameters' that modulate the 
orre
tion terms. The requirement that




t

! 0 as t ! 1 re
e
ts the desire to gradually \phase out" the 
orre
tions in order to ensure


onvergen
e of the algorithm. The 
ondition that

P

t




t

= 1 is to ensure that the algorithm does

not 
onverge prematurely, i.e. that it 
onverges to the \
orre
t" point or set.

Consideration of the pdf in Fig 1 shows that it is desirable that


(t)! 


0

2 [1� �

2

; �1 + �

1

℄ as t!1 ; (7)

so that 
lassi�
ation errors are minimised. In addition, it is 
lear that some of f'

t

g

1

t=1

will always

be mis
lassi�ed by 
(t), a dire
t result of the overlap of the two 
omponent triangles. As well, the

resulting 
lassi�
ation errors 
an be easily 
omputed, as will be demonstrated in se
tion 6. Now,

by 
onstru
tion of our pdf, it 
an be seen that

�1� �

1

< x

A

(t) � x

B

(t) < 1 + �

2

; for all t : (8)
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This de�nes an invariant region, denoted by D, whi
h is illustrated in Fig 2, in the (x

A

; x

B

) phase

spa
e.

X
B

X
A

1+

1+

σ

σ

2

2

−1−σ

−1−σ

1

1

Figure 2: The invariant region D in (x

A

; x

B

) phase spa
e.

3 The asso
iated system of ODEs

The asso
iated system of ODEs (9) is obtained by averaging, as in equation (2), with respe
t to '

t

the 
orre
tion terms in (4)-(5). Consequently, we obtain

_x

A

= f

A

(x

A

; x

B

; �; �

1

; �

2

)

_x

B

= f

B

(x

A

; x

B

; �; �

1

; �

2

) ; (9)

where f

A

and f

B

are de�ned by

f

A

(x

A

; x

B

; �; �

1

; �

2

)

def

= E

'

['� x

A

℄ ; ' � 
(t� 1)

= �x

A

Z




�1��

1

f

�;�

(')d'+

Z




�1��

1

'f

�;�

(')d' ; (10)

and

f

B

(x

A

; x

B

; �; �

1

; �

2

)

def

= E

'

['� x

B

℄ ; ' > 
(t� 1)

= �x

B

Z

1+�

2




f

�;�

(')d'+

Z

1+�

2




'f

�;�

(')d' ; (11)

where 


def

=

1

2

(x

A

+ x

B

), and E

'

denotes the statisti
al expe
tation with respe
t to '. The system

of ODEs (9) has equilibria impli
itly given by

(�x

A

; �x

B

) =

�

P (�
)

Q(�
)

;

E

'

� P (�
)

1� Q(�
)

�

; (12)
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where �
 =

1

2

(�x

A

+ �x

B

), and

P (
) =

Z




�1��

1

'f

�;�

(')d' ;

Q(
) =

Z




�1��

1

f

�;�

(')d' ; and

E

'

=

Z

1+�

2

�1��

1

'f

�;�

(')d' : (13)

Now, de�ne the fun
tion

H

�;�

(
) =

P (
)

Q(
)

+

E

'

� P (
)

1� Q(
)

� 2


=

Q(
)[E

'

� P (
)℄ + [1� Q(
)℄[P (
)� 2
Q(
)℄

Q(
)[1�Q(
)℄

; (14)

where P (
), Q(
), and E

'

are as in (13). The 
 values needed to evaluate (12) are pre
isely the

roots of H

�;�

(
). To 
ompute these roots, we need only fo
us on the numerator

F

�;�

(
)

def

= Q(
)[E

'

� P (
)℄ + [1� Q(
)℄[P (
)� 2
Q(
)℄ : (15)

For illustrative purposes, we �x f�

1

; �

2

g = f1:0; 1:5g and leave � `free'. Figs. 3-4 show plots of

F

�;�

(
) vs 
, for di�erent values of �.
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Figure 3: F

�;�

(
) with left: � = 0:1, and right: � = 0:056. In both 
ases, �

1

= 1:0 and �

2

= 1:5.

Observations:

For �xed f�

1

; �

2

g = f1:0; 1:5g, we have the following
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Figure 4: F

�;�

(
) with � = 0:03, �

1

= 1:0, and �

2

= 1:5

� � > 0:056: The system of ODEs (9) has one stable equilibrium.

� � = 0:056: A Saddle-Node (S-N) bifur
ation o

urs, and a new root appears at 
 � �0:483.

� � < 0:056: A S-N bifur
ation has o

urred, leading to the birth of two new equilibria of (9).

� � = 0:03: The fun
tion F

�;�

(
) has three distin
t roots, viz.

f�


1

; �


2

; �


3

g � f�0:830;�0:162; 0:040g.

It may be shown, using (12), that the three equilibria, arising from the 
ase � = 0:03, are given by

(x

11

; x

12

) � (�1:2347;�0:4254) stable

(x

21

; x

22

) � (�1:0113; 0:6875) saddle pt

(x

31

; x

32

) � (�0:9983; 1:0791) stable : (16)

In addition, it is 
lear that all the above equilibria lie inside the invariant region D. For the 
ase

� = 0:03, we pose the following question, whi
h underpins the theme of the present paper: Given

any initial point in D, to whi
h of the two stable equilibria, (x

11

; x

12

) and (x

31

; x

32

), is the dis
rete

system (4)-(5) `likely' to 
onverge? We explore this question, with the aid of numeri
al simulations,

in the next se
tion.

6



4 Sto
hasti
 approximation via numeri
al simulation

In this se
tion, we perform a numeri
al study to determine how an initial 
ondition with unit prob-

ability temporally evolves, under the a
tion of (4)-(5). This should tell us whi
h stable equilibria

of (9) the system (4)-(5) is likely to 
onverge, in the 
ase that (9) has multiple su
h equilibria.

Re
all that our phase spa
e is the upper triangular region D : �1 � �

1

< x

A

� x

B

< 1 + �

2

. The


omputer algorithm employed to perform this investigation is outlined below.

� Divide [�1� �

1

; 1 + �

2

℄

2

into a grid of npts � npts 
ells, where, typi
ally, npts = 100. Ea
h


ell is of size del =

2+�

1

+�

2

npts

and has a midpoint (x

A

; x

B

) whi
h is 
onsidered to hold the mass

of the 
ell.

� Initially, assign unit mass to a point (x

A

(0); x

B

(0)), and a mass of zero to the rest of the

points. Store this \information" in a matrix P .

� Determine where the point (x

A

; x

B

) 
ould go after a single iteration as outlined below. Note

that one must know the 
urrent value of 


t

, the `training' parameter. Now, where (x

A

; x

B

)

goes depends upon the ' pi
ked (a

ording to our pdf). Sin
e either x

A

or x

B


an be 
hanged,

one must examine all grid 
ells that lie in the same horizontal and verti
al lines as (x

A

; x

B

).

� Suppose that we 
onsider x

A

as getting updated. Pi
k a grid 
ell and determine its left and

right end points, x

1

; x

2

say. Then the following issue arises:For what values of ' does x

A

get

mapped to x

1

; x

2

? Solve for these ' values, and denote them by '

1

, '

2

respe
tively. The

probability of 
hoosing ''s lying in ['

1

; '

2

℄ is

prob =

Z

'

2

'

1

f

�;�

(')d' ; (17)

where f

�;�

(') is the pdf. Note that one must as
ertain feasibility of the ' values. '

1

and '

2

may not lie in the ranges [�1� �

1

; 1 + �

2

℄ and [�1� �

1

; 
℄, the latter being responsible for

updating x

A

. This must be 
he
ked in ea
h 
ase, and appropriately remedied, for example

using the following pseudo 
ode:

if '

1

� 
 go to 300

if '

2

< �1� �

1

go to 200

if '

2

� 
 set '

2

= 


if '

1

� �1� �

1

set '

1

= �1� �

1

200 
ontinue

300 
ontinue

Also, one must 
he
k that the total sum of the probabilities of transferring to the various

horizontal and verti
al 
ells is unity.

7



� Store the updated mass in the matrix PP , whi
h is initialised with zero entries. Iterate PP

a

ording to

PP [i; j℄ = PP [i; j℄ + prob� P [k; l℄ ;

where i; j are the indi
es of the point being mapped to and k; l are the indi
es of the point

being mapped from.

� Finally, set P [i; j℄ = PP [i; j℄, and repeat the 
omputations, re
ursively.

5 Simulation results

Some plots resulting from simulations of the above algorithm are shown in Figs. 5-8. Fig 5

(left) is a 3-dimensional \impulse" plot showing all those grid points (x

A

; x

B

) 2 D at whi
h the

mass is greater than some arbitrary threshold, p = 0:001 in this 
ase, after 1000 iterations of the

algorithm, with the unit mass initialised at (�0:1; 0:1), and � = 0:1. Further, in Figs. 5-6, note

that the amount of separation of the mass \humps" is a numeri
al artefa
t, dependent on the value

of the threshold p > 0. The smaller the threshold, the bigger the amount of separation of the

\humps", and vi
e-versa. The height of ea
h \impulse" at ea
h grid point gives the mass at that

point. In theory, after N iterations of the algorithm, the total sum of masses at all the grid points

in phase spa
e D should be unity. In pra
ti
e, however, be
ause of the thresholding mentioned

above, this sum will only be approximately unity.

In Fig 5 (left), it is 
lear that the entire mass migrates towards (�0:9983; 1:0791). This behaviour

is observed no matter where the algorithm is initialised inside D. Re
all that, for � = 0:1,

the asso
iated system of ODEs (9) has exa
tly one globally asymptoti
ally stable equilibrium at

(�0:9983; 1:0791). Thus, in a

ordan
e with the Kushner-Clark theorem [1℄, we expe
t the algo-

rithm to 
onverge, with probability one, to the equilibrium (�0:9983; 1:0791). Fig 5 (right) depi
ts

all those grid points (x

A

; x

B

) at whi
h the mass is greater than the threshold p = 0:001 after

1000 iterations of the algorithm, with the unit mass initialised at (�0:1; 0:1), and for � = 0:03. In

this 
ase, the asso
iated system of ODEs (9) possesses two lo
ally asymptoti
ally stable equilibria,

lo
ated at (�0:9983; 1:0791) and (�1:2347;�0:4254). It is 
lear that there is migration of a major

portion of mass towards (�1:2347;�0:4254) and a relatively minor one towards (�0:9983; 1:0791).

Fig 6 (left) shows the results of running the algorithm, starting with a unit mass positioned at

(�1:2347;�0:4254), with � = 0:03. Fig 6 (right) depi
ts the results when a unit mass is initialised

at (�0:9983; 1:0791), with � = 0:03.

Figs. 7 - 8 show proje
tions, on the (x

A

; x

B

) plane, of Figs. 5 - 6. Here, ea
h dot on the (x

A

; x

B

)

plane denotes a grid point in D whi
h has nonzero mass. In all the plots, we used 


n

= (n+10)

�0:25

,

whi
h has a relatively slow rate of 
onvergen
e. This is desirable in the sense that it minimises the


han
es of the algorithm getting trapped at some pseudo-equilibrium point [4℄. Furthermore, we

have only shown plots for �xed � values. If we 
hange the value of �, the variation in the plots is

8



minimal.
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Figure 5: 3-dimensional \impulse" plot of all grid points whose asso
iated masses are greater than

p = 0:001 after 1000 iterations of the algorithm, with left: � = 0:1, and right: � = 0:03. In both


ases, the unit mass is initialised at the grid point (�0:1; 0:1). The height of ea
h \impulse" gives

the mass at the grid point under 
onsideration.
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Figure 6: 3-dimensional \impulse" plot of all grid points whose asso
iated masses are greater than

p = 0:001 after 1000 iterations of the algorithm, with left: (x

A

(0); x

B

(0)) = (�1:2347;�0:4254),

and right: (x

A

(0); x

B

(0)) = (�0:9983; 1:0791). In both 
ases, � = 0:03.

6 Dis
ussion

We begin by noting that Fig 6 (right) is a transient. After more iterations, it does look like Figs 5

(right) and 6 (left). Simulation results suggest that the density of mass around the two equilibria

(inside D) of the asso
iated system of ODEs (9) is almost independent of the initial 
ondition of

the algorithm. This mass density is indi
ative of the probability that the algorithm will 
onverge

to ea
h respe
tive equilibrium point, given some arbitrary initial point (x

A

(0); x

B

(0)) 2 D. Thus,

the a
hievement of the algorithm is that, given some arbitrary initial point (x

A

(0); x

B

(0)) 2 D,

we are able to say, in relative terms, what the probability of landing on (�0:9983; 1:0791) or

9
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Figure 7: Grid points in D whose asso
iated masses are greater than p = 0:001 after 1000 iterations

of the algorithm, with left: � = 0:1, and right: � = 0:03. In both 
ases, the unit mass is initialised

at the grid point (�0:1; 0:1).
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Figure 8: Grid points in D whose asso
iated masses are greater than p = 0:001 after 1000 iterations

of the algorithm, with � = 0:03. The unit mass is initialised at the point

left: (x

A

; x

B

) = (�1:2347;�0:4254), and right: (x

A

; x

B

) = (�0:9983; 1:0791).

(�1:2347;�0:4254) is. The problem of numeri
ally quantifying this probability is straightforward,

sin
e ea
h dot represents a grid point whose asso
iated mass is known.

Further, the numeri
s suggest that, for any initial point if D, the algorithm is more likely to


onverge to the point (�1:2347;�0:4254) than to (�0:9983; 1:0791). Thus, our 
lassi�er (i.e. the

number 
(t)) will more likely 
onverge to 


1

� �0:830 than to 


3

� 0:040, as t ! 1. The


lassi�
ation rule 


1

� �0:830 mis
lassi�es 34:45% of the samples belonging to 
lass A, while




3

� 0:040 mis
lassi�es a mere 0:72% of samples belonging to 
lass B. Finally, it is interesting to

note that 


1

; 


3

62 [1� �

2

;�1 + �

1

℄ = [�0:5; 0℄, thus neither gives the optimal 
hoi
e of 
.
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