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ABsSTRACT. In this paper, we will prove the existence of duck solutions with winding
in the coupled Fitzhugh-Nagumo equation. As the system is described by the slow
-fast one in R?*, we will find the ducks in R?.

Let consider the following slow-fast system:

edey/dt = hy(21, 22,41, Y2, 1),
edrs/dt = ha(x1, 22, Y1, Y2, 1),
dy, /dt = f(@1,22,y1,y2,u),
dyz [dt = g(x1,22,y1,Y2,u),

(1)

where € is infinitesimally small and u is a parameter, that is, we use nonstandard
analysis. We assume that H = (hy, h2) has rankH = 2 at almost every where. In
this paper, we put

hi =y + 21 — x?/3‘|‘7(x1 — x2),
hy =y2 + 22 — x§/3‘|‘7(x2 — 1),
f=—(x1—a+by)/e,
g=—(x2 —a+by)/ec,

(2)

and for the simplicity, we put a = 0, v = —1. So, the parameters are b and ¢ but
only b is essential. This slow-fast system is reduced from the coupled Fitzhugh-
Nagumo equation proposed by S.A.Campbell [1], 2000.

When € = 0, the fast system gives a 2-dim differentiable manifold as a constrained
surface. Because of satisfying rankH = 2 regarding especially 1,2, the system
(1) can be reduced to the slow-fast system projected in R®:
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dyi/dt = —(z1 +by1)/c,
(3) dyy/dt = —(x3/3 —y1 + bys) /<,
eday /dt = yo — (xi)/?) — y1)3/3 + a1,

under the condition, which |da;/dt — dxs/dt| is limited. On the constrained surface
in the system (3), we can get the time scaled reduced system:

dyy [dt = —(21 + by )(1 — (¢7/3 —y1)*21),
(4) dys [dt = —(27/3 — y1 +bys)(1 — (27/3 — y1)*2}),
dey/dt = (21/3 —y1)* (21 +byr) + 27 —y1 + bys.

Then, the pseudo singular point, that is, the singular point of the system (4) is
determined by

(23/3 —y1)*(x1 +byr) + 3 /3 — y1 + by = 0,
1—(a}/3—y1)*2] =0.

()

Note that the second equation in (5) can be expressed as z3/3 — y; = +(—)1/2;.
In the case (—), there are 2 pseudo singular points Py = (214, Y10, €20, Y20 ):

(10, Y10, 20, Y20) = (1,4/3,—1,—4/3), and (—1,—4/3,1,4/3).

These points do not depend on the parameter b, therefore they are structurally
stable.

As the characteristic equation of the linearized system is

(6) AA = (2 + 8b/3))(A + 8b/3) = 0,

we can conclude that these will be node if —3/4 < b < 0. Then there are duck solu-
tions at the pseudo-singular node. This fact implies they are winding. See[3], [4], [6].

In the case (+), there are 4 pseudo singular points which depend on the param-
eter b. The characteristic equation in this case is

(7) MAN +BA+C)/(3+ D)® =0,
where

A= -D®—-27D + 36b* — 108

B = 2[(4b* — 9)D® + (165" — 90b* + 243))D — 162b* + 486]/3b

C — —4[405D° + (64b° — 720b" + 291b* — 3645)D 4 576b° — 3024b* 4 3888b7]/9b*
D = /(3 — 2b)(3 + 2b).
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If 0 < b < 3/2, there exist the pseudo singular points, as

(8) 21 = i\/<3/b + m) /2.

The eigen values of all four singular points are the same due to the symmetry.
They arise in some sort of pitchfork bifurcation from the singular points in the
(—)equation at b = 3/2. If 0.388 < b < 1.4489, there will be the ducks at the
pseudo-singular node and spirals if 0 < b < 0.388 or 1.4489 < b < 3/2.

Symmetric Solutions In our model (1)-(2) we have coupled two identical sys-
tems. One consequence of this and of the form of the coupling is that eqs. (1)-(2)
are invariant under the transformation (x1,x2,y1,y2) < (22,21,¥y2,y1). This sym-
metry also results in the existence of a two dimensional invariant subspace for the
equations: I = {(x1,y1,%2,y2)|x1 = 22,91 = y2}. Note that any system of the
form (1) will have this symmetry if hq (21, 22,41, y2,u) = ho(@2,21,y2,y1,u) and
f(xlvxzvylvyzvu) = g(xzvxlvyzvylvu)'

On the invariant subspace, I, the solutions are given by

(1 (£), 2208, 31 (8), 32 (1)) = (2(8),2(8), y(8), y(8) where #(£), y(¢) a solutions of
the two dimensional slow-fast system

edv/dt =y +x —2°/3

(9) dy/dt = —(x + by)/c.

The slow manifold for these equations is h(z,y) = y + = — 2% /3, with critical
points at (+1,F2/3). Standard analysis, predicts that a duck limit cycle will exist
for this system for —3 < b < 3/2. In fact, numerical bifurcation analysis of (9)
shows that it exists and is stable for —2.25 < b < 3/2. Thus the identical solu-
tion should exist in the invariant subspace I of (1) — (2) for the same parameter
range; this has been verified numerically. Figure 2 shows the projection into the
(x1,y1) of this limit cycle when b = 1.485. The projection in the (22, ys) plane is
identical. The critical points of the slow manifold are shown as circles on the figure.

The one thing that may change in the larger system is the stability of this cycle.
Numerical bifurcation analysis shows that the cycle is stable for —0.31 < b < 1.5
and unstable for —2.25 < b < —0.31.
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Figure 1: Limit cycles exhibiting winding. Parameter values : a=0, b=-0.6, c=70. (a) Projection onto the
(z1,91) plane. (b) Projection into (z2,y2) plane. Circles indicate the position of the pseudo singular points
(£1,£4/3,F1,F4/3)
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Figure 2: Limit cycle which has symmetry ;1 = x2, y1 = y2. Parameter values : a=0, b=1.485,
c¢=70. (a) Projection onto the (z1,y;) plane. Circles indicate the position of the pseudo singular points
(£1,F2/3,+£1,F2/3). (b) Projection into (z1,y1,y2) space.

At b = 0.31 the cycle undergoes what appears to be a pitchfork bifurcation of
limit cycles with two stable cycles, which do not live in I, being born as the cycle
in [ loses stability. Some projections of these cycles when b = —0.6 are shown in
Figure 1.
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