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Abstra
t. In this paper, we will prove the existen
e of du
k solutions with winding

in the 
oupled Fitzhugh-Nagumo equation. As the system is des
ribed by the slow

-fast one in R

4

, we will �nd the du
ks in R

4

.

Let 
onsider the following slow-fast system:
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where � is in�nitesimally small and u is a parameter, that is, we use nonstandard

analysis. We assume that H = (h
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; h
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) has rankH = 2 at almost every where. In

this paper, we put
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g = �(x
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and for the simpli
ity, we put a = 0, 
 = �1. So, the parameters are b and 
 but

only b is essential. This slow-fast system is redu
ed from the 
oupled Fitzhugh-

Nagumo equation proposed by S.A.Campbell [1℄, 2000.

When � = 0, the fast system gives a 2-dim di�erentiable manifold as a 
onstrained

surfa
e. Be
ause of satisfying rankH = 2 regarding espe
ially x

1

; x

2

, the system

(1) 
an be redu
ed to the slow-fast system proje
ted in R

3

:
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under the 
ondition, whi
h jdx

1

=dt�dx

2

=dtj is limited. On the 
onstrained surfa
e

in the system (3), we 
an get the time s
aled redu
ed system:
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Then, the pseudo singular point, that is, the singular point of the system (4) is

determined by
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Note that the se
ond equation in (5) 
an be expressed as x

3

1

=3 � y

1

= +(�)1=x

1

.

In the 
ase (�), there are 2 pseudo singular points P
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= (x

1o

; y
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) = (1; 4=3;�1;�4=3), and (�1;�4=3; 1; 4=3).

These points do not depend on the parameter b, therefore they are stru
turally

stable.

As the 
hara
teristi
 equation of the linearized system is

(6)

�(�� (2 + 8b=3))(� + 8b=3) = 0;

we 
an 
on
lude that these will be node if �3=4 < b < 0. Then there are du
k solu-

tions at the pseudo-singular node. This fa
t implies they are winding. See[3℄; [4℄; [6℄.

In the 
ase (+), there are 4 pseudo singular points whi
h depend on the param-

eter b. The 
hara
teristi
 equation in this 
ase is
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If 0 < b < 3=2, there exist the pseudo singular points, as
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=2:

The eigen values of all four singular points are the same due to the symmetry.

They arise in some sort of pit
hfork bifur
ation from the singular points in the

(�)equation at b = 3=2. If 0:388 < b < 1:4489, there will be the du
ks at the

pseudo-singular node and spirals if 0 < b < 0:388 or 1:4489 < b < 3=2.

Symmetri
 Solutions In our model (1)-(2) we have 
oupled two identi
al sys-

tems. One 
onsequen
e of this and of the form of the 
oupling is that eqs. (1)-(2)

are invariant under the transformation (x
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metry also results in the existen
e of a two dimensional invariant subspa
e for the
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form (1) will have this symmetry if h
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On the invariant subspa
e, I, the solutions are given by

(x

1

(t); x

2

(t); y

1

(t); y

2

(t)) = (x(t); x(t); y(t); y(t)) where x(t), y(t) a solutions of

the two dimensional slow-fast system

(9)

�dx=dt = y + x � x

3

=3

dy=dt = �(x+ by)=
:

The slow manifold for these equations is h(x; y) = y + x � x

3

=3, with 
riti
al

points at (�1;�2=3). Standard analysis, predi
ts that a du
k limit 
y
le will exist

for this system for �3 < b < 3=2. In fa
t, numeri
al bifur
ation analysis of (9)

shows that it exists and is stable for �2:25 < b < 3=2. Thus the identi
al solu-

tion should exist in the invariant subspa
e I of (1) � (2) for the same parameter

range; this has been veri�ed numeri
ally. Figure 2 shows the proje
tion into the

(x

1

; y

1

) of this limit 
y
le when b = 1:485. The proje
tion in the (x

2

; y

2

) plane is

identi
al. The 
riti
al points of the slow manifold are shown as 
ir
les on the �gure.

The one thing that may 
hange in the larger system is the stability of this 
y
le.

Numeri
al bifur
ation analysis shows that the 
y
le is stable for �0:31 < b < 1:5

and unstable for �2:25 < b < �0:31.



4 KIYOYUKI TCHIZAWA* AND SUE ANN CAMPBELL**

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

y1

x1

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

y2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
x2

Figure 1: Limit 
y
les exhibiting winding. Parameter values : a=0, b=-0.6, 
=70. (a) Proje
tion onto the

(x

1

; y

1

) plane. (b) Proje
tion into (x

2

; y

2

) plane. Cir
les indi
ate the position of the pseudo singular points

(�1;�4=3;�1;�4=3)
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Figure 2: Limit 
y
le whi
h has symmetry x

1

= x

2

; y

1

= y

2

. Parameter values : a=0, b=1.485,


=70. (a) Proje
tion onto the (x

1

; y

1

) plane. Cir
les indi
ate the position of the pseudo singular points

(�1;�2=3;�1;�2=3). (b) Proje
tion into (x

1

; y

1

; y

2

) spa
e.

At b = 0:31 the 
y
le undergoes what appears to be a pit
hfork bifur
ation of

limit 
y
les with two stable 
y
les, whi
h do not live in I, being born as the 
y
le

in I loses stability. Some proje
tions of these 
y
les when b = �0:6 are shown in

Figure 1.
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