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Abstra
t. The problem of existen
e and uniqueness of so-
alled stationary densities for a


ertain 
lass of non-autonomous dis
rete random neural network-type learning algorithms

is studied. We develop and expound on the idea of a suitable 
omplete metri
 spa
e of

distributions on whi
h to 
arry out this type of investigation. However, be
ause of the

general level of diÆ
ulty asso
iated with analysis on the spa
e of distributions, we perform

most of our investigations on the usual spa
e, namely the spa
e of normalised positive L

1

fun
tions. This is not a handi
ap per se, as one 
an get useful information about the nature

of the stationary densities, even if working on su
h a relatively small spa
e. Fundamentally,

the paper is a systemati
 investigation of the 
ontra
tivity, or la
k thereof, of the well-

known Frobenius-Perron operator generated by these algorithms. It is shown that, for


ertain linear deterministi
 algorithms, the 
orresponding Frobenius-Perron operator is


ontra
tive over our metri
 spa
e of distributions. Further, analysis in L

1

and 
omputer

simulations suggest that the operator generated by linear random algorithms and nonlinear

deterministi
 and random algorithms is 
ontra
tive in this metri
 spa
e as well. However,

analyti
ally proving the latter is problemati
. The primary motivation of our investigation

is the promising use of stationary densities in understanding the 
onvergen
e properties

of the random algorithms, espe
ially in the 
ase when the so-
alled asso
iated ordinary

di�erential equation has multiple lo
ally asymptoti
ally stable equilibria, and no other

stable stru
tures.

Key words. neural networks, learning, stationary densities, sto
hasti
 approximation.

AMS subje
t 
lassi�
ation. 92B20, 34K20, 34K15.

1

To whom 
orresponden
e should be addressed.

email: in
ube�du
hatelet.math.uwaterloo.
a



2 I. N
ube, S.A. Campbell, and E.R. Vrs
ay

1 Introdu
tion

We 
onsider non-autonomous iterative random algorithms of the form

x

n+1

= x

n

+ 


n

h[x

n

; '

n

℄ ; n = 0; 1; 2; � � � ; (1)

where the x

n

's and '

n

's are in IR

m

, f


n

g is a sequen
e of positive de
reasing-

to-zero real numbers su
h that

P

n




n

=1, h 2 C[R

m

�IR

m

; IR

m

℄, and f'

n

g

is a sequen
e of random variables that are distributed a

ording to some given

law. To ensure satisfa
tory 
onvergen
e of the algorithm, 


n

is typi
ally taken

to be (n+ 1)

��

, where � < 1 (see [2, 9, 10, 11℄ for details). Throughout the

paper, we shall 
onsider 


n

to be of this form.

We may rewrite (1) in the following way:

x

n+1

= x

n

+ 


n

h(x

n

) + 


n

[h(x

n

; '

n

)� h(x

n

)℄

= x

n

+ 


n

h(x

n

) + 


n

�

n

= S

n

(x

n

) + 


n

�

n

; (2)

where

h(z) = E[h(z; '

n

) j '

0

; � � � ; '

n�1

℄ ; (3)

for z 2 IR

m

and where E symbolises the statisti
al expe
tation with respe
t

to '

n

.

The subje
t of sto
hasti
 approximation is 
on
erned with 
hara
terisa-

tion of the long term behaviour of iterative random algorithms su
h as (1)

or (2). A myriad of di�erent approa
hes to this problem have been proposed

[1-10℄.

A parti
ular issue of topi
al interest may be posed by the following ques-

tion: Does the algorithm in (2) 
onverge to a unique �xed point, independent

of initialisation? Ljung [1℄ and Kushner et al. [2℄ addressed this question by


onsidering the (asso
iated) ordinary di�erential equation (ODE)

dz

dt

= h[z(t)℄ ; z 2 IR

m

: (4)

Their famous theorem asserts that (2) 
onverges, with probability one (wp1),

to a stable equilibrium of (4) if the latter has exa
tly one stable equilibrium

point and no other stable stru
tures.

However, if the ODE (4) has multiple stable equilibria (with or without

other stable stru
tures), very little is known about the behaviour of (2). One

of the few papers on this subje
t is that of Fort and Pag�es [3℄. They estab-

lished and proved a theorem whi
h permitted them to relate the 
onvergen
e

of solutions of the asso
iated ODE to that of the sequen
e of iterates gener-

ated by the random algorithm, in the 
ase that the ODE has no pseudo
y
les

(these in
lude bona �de periodi
 orbits as well as isolated equilibria). Their
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approa
h is primarily a development of the original Kushner-Clark theorem

[2℄. The proof of their theorem amounts to proving that the sequen
e of

iterates generated by the algorithm has only one limiting point in the set of

all equilibria of the asso
iated ODE. Furthermore, they showed that if one of

the elements of the above set is a saddle point, then the algorithm will not


onverge to it.

The primary fo
us of the present endeavour is the investigation of ex-

isten
e (and uniqueness), or la
k thereof, of stationary densities asso
iated

with the sequen
e fx

n

g generated by random algorithms of the form (2), es-

pe
ially when the ODE (4) has two stable equilibria. We study the evolution

of densities under the a
tion of the Frobenius-Perron operator 
orresponding

to the map S

n

, for both the nonlinear algorithm (2) as well as its linearised

analogue

x

n+1

= �

n

x

n

+ 


n

�

n

; (5)

where �

n

= S

0

n

(
^
x) = 1 + 


n

h

0

(
^
x) and

^
x is a stable equilibrium point of

(4). Eventually, we hope to use these stationary densities, if they exist, to


ompute probabilities of 
onvergen
e of (2) to any one of the stable equilibria

of (4).

In fa
t, some work has been done on equations related to (5). Consider

the deterministi
 linearised one-dimensional algorithm

x

n+1

= (1� �n

��

)x

n

; (6)

where � > 0, and � 2 (0; 1). Here � 
an be identi�ed with �

�

h

0

(x̂). We may

rewrite (6) in 
losed form as

x

n

= x

1

n�1

Y

k=1

(1� �k

��

) :

It is then straightforward to show that the long term behaviour of the se-

quen
e fx

n

g is 
hara
terised by

x

n

� x

1

e

�

�

1��

n

1��

! 0 as n!1 :

Let us now perturb (6) by a deterministi
 for
ing term, i.e.

x

n+1

= (1� �n

��

)x

n

+ n

��

r

n

; (7)
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where r

n

is the for
ing term. Chung [3℄ proved that if r

n

! 0 faster than

n

��

, where � > 0, then x

n

! 0 as n!1.

Fabian [4℄ 
onsidered the spe
ial 
ase � = 1 of a s
alar version of (7), and

proved that x

n

! 0 as n ! 1 if and only if n

�1

P

n

j=1

r

j

! 0 as n ! 1.

His result is 
onsistent with intuition, sin
e n

�1

P

n

j=1

r

j

may be interpreted

as the mean of the sequen
e fr

k

g

n

k=1

. In other words, he demonstrated that

if the mean of fr

k

g

n

k=1


onverges to zero, then the iterates x

n

will likewise


onverge to zero as n!1.

Our ultimate goal is to examine the long term behaviour of the sequen
e

fx

n

g when fr

n

g is repla
ed by a sequen
e of random variables f�

n

g with some

pres
ribed probability density fun
tion. In this 
ase, it is not guaranteed that

�

n

! 0 as n!1. Nevertheless, note that if f�

n

g is a 
ompa
tly supported

sequen
e of random variables, and

x

n+1

= (1� �n

��

)x

n

+ n

�


�

n

; 
 > � ;

then Chung's result [3℄ guarantees that x

n

! 0 as n!1.

As with any random pro
ess (see [15℄, [17℄), it is not possible to obtain

meaningful 
onvergen
e results by simply tra
king individual traje
tories, as


an be done for ergodi
 transformations. Instead, more meaningful 
on
lu-

sions may be drawn based on an examination of the evolution of densities

of fx

n

g [5℄. The utility of this approa
h lies in the fa
t that it takes into

a

ount all possible initial states. An initial probability density fun
tion,

f

0

, is de�ned over all the possible initial states of the algorithm. Then, the

idea is to determine how this pres
ribed density of initial states evolves over

time. Ultimately, one hopes to �nd a (limiting) stationary density f

�

for the

sequen
e ff

n

g of densities of fx

n

g.

The paper is organised as follows. Se
tion 2 develops and arti
ulates the

pertinent mathemati
al framework. Se
tions 3 and 4 are detailed studies of

linearised and nonlinear non-autonomous algorithms, respe
tively. In Se
tion

5, a spe
i�
 example is 
onsidered. Se
tion 6 is the 
on
lusion.
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2 Mathemati
al framework

2.1 The spa
e L

1

D

(X;�; �)

Conventionally, most authors (see [12℄, for example) formulate the analysis

of the sequen
e of densities ff

n

g

1

n=1

in the spa
e L

1

D

of probability density

fun
tions. However, as will be shown in Se
tion 2.3, this spa
e is not al-

ways appropriate. For 
ompleteness, we give a brief des
ription of L

1

D

. Let

(X;�; �) be a measure spa
e, where � is a �-algebra in X, and where � is

a measure on �. Consider the set � of all real-valued fun
tions f whi
h are

absolutely integrable over X, i.e.

Z

X

j f j d� <1 ;

where, in most pra
ti
al appli
ations, � is Lebesgue measure. Note that �

is a linear spa
e, sin
e every �nite linear 
ombination of integrable fun
tions

is integrable. Now de�ne the subset �

0

� � by �

0

= ff 2 � j f = 0 a:e:g.

Then the real valued fun
tional p de�ned below is a norm on the fa
tor spa
e

�=�

0

, where �=�

0

is denoted by L

1

(X;�; �):

p : L

1

! IR ; p(f) =

Z

X

j f j d� ; for all f 2 L

1

: (8)

It is usual to denote p(f) by kfk

1

. L

1

(X;�; �) is a metri
 spa
e with the

metri
 given by

�(f; g) = kf � gk

1

; for all f; g 2 L

1

(X;�; �) : (9)

The \
onventional" spa
e on whi
h densities are de�ned is denoted by L

1

D

(X;�; �) �

L

1

(X;�; �), and de�ned by

L

1

D

(X;�; �) =

�

f j f � 0 and

Z

X

fd� = 1

�

: (10)

It is well-known that the spa
e L

1

D

is 
omplete with respe
t to the L

1

norm.

De�nition 2.1 Any fun
tion f 2 L

1

D

(X;�; �) is 
alled a density.

Remark 2.1 Under some 
onditions, a sequen
e of densities ff

n

g

1

n=1

whi
h

does not 
onverge in the spa
e L

1

D

(X;�; �) 
an 
onverge in an appropriate

larger spa
e. This ne
essitates the de�nition of the spa
e of all obje
ts to

whi
h one 
an asso
iate a distribution, that in
ludes L

1

D

(X;�; �). We will

return to this issue in subse
tions 2.3 and 2.4.
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2.2 The Frobenius-Perron operator

Suppose that we have a non-singular, measurable transformation S : X ! X

on a measure spa
e (X;�; �). For our purposes, S shall be de�ned as the

deterministi
 part of the algorithm under 
onsideration, and may or may not

be expli
itly dependent on time. For example, in equation (5), it is given

by S(x

n

) = �

n

x

n

, where S expli
itly depends on time. In what follows,

the notion of the Frobenius-Perron operator for deterministi
 autonomous

algorithms is developed. The generalisation of the results to deterministi


non-autonomous algorithms is straightforward, as is demonstrated in Se
tion

3.1. In that 
ase (non-autonomous), the 
orresponding operator is dependent

on time. So, instead of getting one operator for the transformation S as is

the 
ase with autonomous algorithms, one obtains a sequen
e of operators,

fP

n

; n 2 IN g, where P

n


orresponds to the transformation S

n

(�). Let

f 2 L

1

D

(X;�; �) be an arbitrary density. The Frobenius-Perron operator,

P : L

1

D

! L

1

D

, des
ribes the evolution of f indu
ed by S. In other words, if

f de�nes the distribution of initial 
onditions, i.e. points x

0

2 X, then Pf

gives the distribution of points x

1

= Sx

0

. De�ne the a
tion of P on f as

follows

Z

A

Pf(x)�(dx) =

Z

S

�1

(A)

f(x)�(dx) ; for A 2 � : (11)

This relationship uniquely de�nes P (see [12℄ for details). From (11), it may

be shown that P has the following properties.

1. P is a linear operator. That is,

P (�

1

f

1

+ �

2

f

2

) = �

1

Pf

1

+ �

2

Pf

2

; (12)

for all f

1

; f

2

2 L

1

; �

1

; �

2

2 IR .

2. For f 2 L

1

,

Pf � 0 if f � 0 on X: (13)

3.

Z

X

Pf(x)�(dx) =

Z

X

f(x)�(dx) : (14)

4. If S

n

= S Æ

n times

� � � � � � Æ S and P

n

is the Frobenius-Perron operator


orresponding to S

n

, then P

n

= P

n

, where P is the Frobenius-Perron

operator 
orresponding to S.
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5. In the spe
ial 
ase when X = IR , 
hoosing A = [0; x℄, we have that

Pf(x) =

d

dx

Z

S

�1

([0;x℄)

f(u)du :

Note that (13) and (14) imply that Pf is a density.

We now digress for a moment to introdu
e the Koopman operator (see

[12℄ for details), whi
h is adjoint to the Frobenius-Perron operator.

De�nition 2.2 Let (X;�; �) be a measure spa
e, S : X ! X a non-singular

transformation, and f 2 L

1

. The operator U : L

1

! L

1

de�ned by

Uf(x) = f(S(x))

is 
alled the Koopman operator indu
ed by S.

As a result of the non-singularity of S, the operator U is well-de�ned sin
e

f

1

(x) = f

2

(x) a:e: implies that f

1

(S(x)) = f

2

(S(x)) a:e:. Listed below are

some essential properties of U :

1. U(�

1

f

1

+ �

2

f

2

) = �

1

Uf

1

+ �

2

Uf

2

for all f

1

; f

2

2 L

1

, �

1

; �

2

2 IR ;

2. For every f 2 L

1

,

kUfk

L

1

� kfk

L

1

:

We note that [12℄ refers to any operator satisfying this property (e.g. P )

as 
ontra
tive, whi
h is not the usual de�nition of 
ontra
tive operators.

3. For every f

1

2 L

1

D

, f

2

2 L

1

,

hPf

1

; f

2

i = hf

1

; Uf

2

i ;

so that U is adjoint to the Frobenius-Perron operator.

De�nition 2.3 Any fun
tion f 2 L

1

D

(X;�; �) that satis�es Pf = f is 
alled

a stationary density of P.

To illustrate the 
omputation of the Frobenius-Perron operator for autonomous

deterministi
 algorithms, 
onsider the map

x

n+1

= �x

n

; � 2 (0; 1) :
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Here S(x

n

) = �x

n

, and X = IR . For any f 2 L

1

D

, the asso
iated Frobenius-

Perron operator is

Pf(x) =

d

dx

Z

S

�1

([a;x℄)

f(u)du

=

d

dx

Z
x

�

a

�

f(u)du

=

1

�

f(

x

�

) ;

where [a; x℄ � IR . In light of this, we obtain

f

n

(x)

def

= P

n

f(x)

=

1

�

n

f(

x

�

n

) :

2.3 An example showing the inadequa
y of L

1

D

To motivate the need for a broader spa
e of densities that en
ompasses L

1

D

,


onsider the iteration of a uniform probability density fun
tion (pdf)

f(x) =

(

1 ; x 2 (�

1

2

;

1

2

)

0 ; elsewhere

(15)

under the Frobenius-Perron operator de�ned above. The a
tion of P on f

generates a sequen
e of densities, ff

n

g, de�ned by

f

n

(x)

def

= P

n

f(x) =

(

1

�

n

; x 2 (�

�

n

2

;

�

n

2

)

0 ; elsewhere :

(16)

Suppose that m < n, and 
onsider the densities f

m

and f

n

. As illustrated in

Fig 1, we wish to 
ompute the L

1

distan
e between f

m

and f

n

. We obtain

kf

n

� f

m

k

1

= kP

n

f(x)� P

m

f(x)k

1

= 2(1 � �

n�m

)

< 2(1 � �

n

)! 2 as n!1 : (17)

Thus, ff

n

g is not Cau
hy in L

1

D

. However, the algorithm x

n+1

= �x

n

,

� 2 (0; 1), represents the iteration of the 
ontra
tion mapping f(x) = �x,
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f fnm,               

x
0−α

m

/2 α-
n

/2 α
n

/2 α
m

/2

α 

α

-m

-n

Figure 1: Iteration of a uniform pdf f under P asso
iated with the map

S(x) = �x, � 2 (0; 1).

whi
h has a unique �xed point �x = 0. Thus, we might expe
t the Frobenius-

Perron operator to possess a unique invariant density whi
h is not a fun
tion

but rather the unit mass measure �� with support at x = 0, i.e. the \Dira


distribution fun
tion", Æ(x). Thus, L

1

D

is not an appropriate spa
e for the

analysis of evolution of densities under the a
tion of this Frobenius-Perron

operator. What is needed is to view these densities as spe
ial 
ases of distri-

butions.

In view of the above example, we now formally introdu
e the spa
e of

normalised positive distributions, denoted by D

0

+

(X). The motivation for

the work in the next se
tion 
omes from a paper of Forte and Vrs
ay [16℄.

Essentially, they look at a similar spa
e, but with more general distributions.

In this paper, we fo
us on a subset of their spa
e, the spa
e of normalised

positive distributions.

2.4 A suitable metri
 spa
e of distributions

Let X be a 
ompa
t and 
onne
ted subset of IR . Distributions are de�ned as


ontinuous linear fun
tionals over a suitable spa
e of test fun
tions, denoted

as D(X). The spa
e of distributions on X, denoted by D

0

(X), is the set

of all 
ontinuous linear fun
tionals on D(X). In other words, the set of

F : D(X) ! IR su
h that

1. For any sequen
e of test fun
tions f 

�

(t)g

1

�=1

that 
onverges in D(X)
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to  (t), the sequen
e of numbers fF ( 

�

)g

1

�=1


onverges to the real

number F ( ) in the usual sense [18℄.

2. F (


1

 

1

+ 


2

 

2

) = 


1

F ( 

1

) + 


2

F ( 

2

) ; 


1

; 


2

2 IR ;  

1

;  

2

2 D(X):

The spa
e D

0

(X) in
ludes the following as spe
ial 
ases:

a. Fun
tions f 2 L

1

, for whi
h the 
orresponding distributions are given

by

F ( ) =

Z

X

f(x) (x)dx ; for all  2 D(X) :

b. The Dira
 distribution, Æ(x � a), whi
h may be de�ned in the distri-

butional sense as follows: For a point a 2 X, F ( ) =  (a), for all

 2 D(X). This is often symboli
ally expressed as

F ( ) =

Z

X

 (x)Æ(x� a)dx :

In this paper, we are interested in the spa
e of normalised positive distribu-

tions, denoted as D

0

+

(X), and de�ned by

D

0

+

(X) = fF 2 D

0

(X)j F (1) = 1 ; and F ( ) � 0 8 2 C

1

+

(X)g ; (18)

where C

1

+

= f 2 C

1

j  (x) � 0 ; x 2 Xg. The physi
al motivation for

the assumptions F ( ) � 0 and F (1) = 1 is that we wish to interpret the

values of the distributions as probability measures, as is done for integrals of

density fun
tions in L

1

D

. In fa
t, note that L

1

D

(X) � D

0

+

(X).

In the following analysis involving the spa
e D

0

+

(X), we shall restri
t our

test fun
tions to a subset of C

1

+

, namely, positive C

1

fun
tions that are Lip

1

on X, viz. D(X)

def

= Lip

+

1

(X), where

Lip

+

1

(X) = f 2 Lip

1

(X)j  (x) � 0 ; for all x 2 Xg ; (19)

and where

Lip

1

(X) = f : X ! IR j j (x

1

)� (x

2

)j � d(x

1

; x

2

) ; for all x

1

; x

2

2 Xg :

The following property is very important in formulating a representation

theory for distributions in D

0

+

(X).
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Theorem 2.1 For any distribution F 2 D

0

+

(X), there exists a sequen
e of

test fun
tions f

n

2 Lip

+

1

(X), n = 1; 2; � � � ; su
h that for all  2 Lip

+

1

(X),

lim

n!1

F

n

( ) = lim

n!1

Z

X

f

n

(x) (x)dx

def

= F ( ) :

This result is a rather simple spe
ialisation of a theorem for the 
ase F 2

D

0

(X), whi
h was stated in [16℄. By re
ourse to the above result, it will be


onvenient to express the distribution F 2 D

0

+

(X) symboli
ally as

F ( ) =

Z

X

f(x) (x)dx ;

even though there may not exist a pointwise fun
tion f(x) whi
h de�nes F

(e.g. the Dira
 distribution). For notational 
onvenien
e, given f 2 L

1

D

,

we will write \f 2 D

0

+

" meaning that one 
an asso
iate a distribution F 2

D

0

+

(X) to f . (In the same way, we 
an write \Æ 2 D

0

+

(X)", where Æ is the

Dira
 delta fun
tion.)

In [16℄, a metri
 was introdu
ed over the spa
e D

0

(X). Following this

treatment, we introdu
e a metri
 over the spa
e D

0

+

(X) :

d

D

0

+

(f; g) = sup

 2Lip

+

1

(X)

�

j

Z

X

(f � g)(x) (x)dxj

�

; for all f; g 2 D

0

+

(X) :

(20)

A major di�eren
e is the use of Lip

+

1

test fun
tions in this metri
, as opposed

to test fun
tions inside the unit C

1

ball used in [16℄. Our restri
tion to

normalised positive distributions permits the use of Lip

+

1

fun
tions, as we

now show.

Given two test fun
tions  

1

(x) ;  

2

(x) su
h that  

1

(x) =  

2

(x) + 
, where


 2 IR and f; g 2 D

0

+

(X), then

Z

X

f(x) 

2

(x)dx�

Z

X

g(x) 

2

(x)dx =

Z

X

f(x) 

1

(x)dx�

Z

X

g(x) 

1

(x)dx :

In other words, the metri
 will not be a�e
ted by translations in the test

fun
tions. This allows us to use Lip

1

fun
tions as is done for probability

measures [7℄.

Theorem 2.2 The metri
 spa
e (D

0

+

(X); d

D

0

+

) is 
omplete.
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Proof

Let ff

n

g

1

n=1

be a Cau
hy sequen
e in (D

0

+

(X); d

D

0

+

). In other words, for any

� > 0, there exists an N(�) su
h that d

D

0

+

(f

n

; f

m

) < �, for all n;m > N(�).

From the de�nition of d

D

0

+

in (20), it follows that for any �xed  2 Lip

+

1

(X),

the sequen
e of real numbers ft

n

( )g

1

n=1

, where

t

n

( ) =

Z

X

f

n

(x) (x)dx ;

is a Cau
hy sequen
e on IR . The latter is true sin
e, for any

~

 2 Lip

+

1

(X),

we have that jt

n

(

~

 )� t

m

(

~

 )j � sup

 2Lip

+

1

(X)

jt

n

( )� t

m

( )j = d

D

0

+

(f

n

; f

m

) <

�, for all n;m > N(�). Let

�

t( ) denote the limit of this sequen
e. Note

that

�

t( ) � 0 for ea
h  2 Lip

+

1

(X), sin
e ft

n

( )g

1

n=1

is non-negative. By

setting F ( ) =

�

t( ), we de�ne a 
ontinuous linear fun
tional F on Lip

+

1

(X).

Furthermore, sin
e t

n

(1) = 1, it follows that

�

t(1) = 1. Therefore F (1) = 1,

implying that F 2 D

0

+

(X). This pro
edure 
an be easily extended to all C

1

+

test fun
tions on X by noting (via the Mean Value Theorem) thatM

�1

� 2

Lip

+

1

(X), where M = k 

0

k

1

. This 
ompletes the proof. 2

We now illustrate the use of the metri
 spa
e (D

0

+

(X); d

D

0

+

) in the investiga-

tion of the Frobenius-Perron operator P 
orresponding to the simple linear

map S(x) = �x, � 2 (0; 1). Note that P will now have to be a mapping

from D

0

+

(X) to itself. We pro
eed in a manner analogous to that des
ribed

in Se
tion 2.2, with parti
ular referen
e to the example 
onsidered in that

se
tion. Now, for any f 2 D

0

+

(X), the distribution q = Pf is de�ned by the

linear fun
tional

Q( ) =

Z

X

q(x) (x)dx

=

Z

X

(Pf)(x) (x)dx

= �

�1

Z

X

�

f(

x

�

) (x)dx

=

Z

X

f(y) (�y)dy ; (21)

where  2 D(X). In the penultimate line, X

�

def

= fy 2 X j y = S(x); x 2

Xg.

Theorem 2.3 P is 
ontra
tive in (D

0

+

(X); d

D

0

+

).



Densities of Random Neural Algorithms 13

Proof

Suppose that  2 Lip

+

1

(X), and de�ne

~

 (y) = �

�1

 (�y). Then

j

~

 (x)�

~

 (y)j = �

�1

j (�x)�  (�y)j

� jx� yj ;

whi
h implies that

~

 2 Lip

+

1

(X). In addition, de�ne

~

L = f

~

 2 Lip

+

1

(X)j

~

 (x) = �

�1

 (�x) ; for some  2 Lip

+

1

(X)g :

Then, (20) yields

d

D

0

+

(Pf; Pg) = sup

 2Lip

+

1

(X)

fj

Z

X

[f � g℄(y) (�y)dyjg

= sup

~

 2

~

L

f�j

Z

X

[f � g℄(y)

~

 (y)dyjg

� � sup

 2Lip

+

1

(X)

fj

Z

X

[f � g℄(y) (y)dyjg ; sin
e

~

L � Lip

+

1

(X)

= �d

D

0

+

(f; g) ; (22)

whi
h gives the desired result. 2

This result resolves the diÆ
ulty en
ountered in Se
tion 2.3. By Bana
h's

Fixed Point Theorem, there exists a unique �xed point of the operator P in

the metri
 spa
e (D

0

+

(X); d

D

0

+

). Therefore our sequen
e of densities 
onverges

when viewed in the spa
e of distributions. Together, theorems 2.2 and 2.3

imply that there exists a unique f

�

2 D

0

+

(X) su
h that

1. Pf

�

= f

�

, and

2. d

D

0

+

(P

n

f; f

�

)! 0, as n!1 for any f 2 D

0

+

(X).

The last statement follows from the observation that

d

D

0

+

(P

n

f; f

�

) = d

D

0

+

(P (P

n�1

f); P (P

n�1

f

�

)) � �

n

d

D

0

+

(f; f

�

)! 0 ; as n!1 :

We now show that f

�

= Æ(x), the Dira
 delta \fun
tion". Let F be the Dira


distribution, i.e.

F ( ) =

Z

X

Æ(x) (x)dx

=  (0) :
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Then, from (21), Q, the distribution asso
iated with the Frobenius-Perron

operator, is

Q( ) =

Z

X

Æ(y) (�y)dy

=  (0) ;

whi
h gives the desired result.

3 Densities of Linear Algorithms

The previous se
tion has given us a 
omplete des
ription of the long term

behaviour of the linear map

x

n+1

= �x

n

; � 2 (0; 1) ; (23)

where S(x

n

)

def

= �x

n

. The main thrust of this se
tion is to investigate the

long term behaviour of sequen
e of densities ff

n

g for two generalisations

and noise-driven versions of (23). The analysis in this se
tion suggests that

the sequen
e ff

n

g does 
onverge to elements outside of L

1

D

, and hen
e the

need for a broader spa
e D

0

+

(X) that in
ludes L

1

D

. However, in the rest

of this paper, we shall formulate the analysis of ff

n

g in L

1

D

, following the

treatment of Ma
key and Lasota [12℄. Analysis in the spa
e of distributions

D

0

+

(X) of algorithms more 
ompli
ated than (23) is diÆ
ult and beyond the

s
ope of this paper. Besides, it appears that the spa
e L

1

D

is suÆ
ient for at

least a preliminary study of random pro
esses: one does get some indi
ations

(albeit heuristi
) that, in the limit as n ! 1, the sequen
e of densities is


on
entrated in arbitrarily small neighbourhoods (as is illustrated on page

11 of [12℄).

The most general linear algorithm that we will 
onsider is of the form

x

n+1

= �

n

x

n

+ 


n

�

n

; (24)

where f�

n

g is a sequen
e of i.i.d. random variables. Following Se
tion 1,

�

n

= 1 + 


n

�

h

0

(x̂) < 1, where x̂ is a stable equilibrium point of the ODE

_x =

�

h(x) :
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The parameter 


n

is 
alled the gain of the algorithm (also referred to as

the learning parameter in neural networks literature) and has the properties

mentioned in Se
tion 1, viz.




n

! 0 as n!1 ; and

X

n




n

=1 :

Below, we study the following linearised (see Se
tion 1 for details) variations

of algorithm (2):

i. x

n+1

= �

n

x

n

; and

ii. x

n+1

= �

n

x

n

+ 


n

�

n

:

3.1 Algorithm (i)

Applying result 5 in Se
tion 2.2, it 
an be shown that the n

th

iterate of the

density f(x) is given by

P

n

f(x) = �

�1

n

f(�

�1

n

x) ; (25)

where P

n

is the n

th

Frobenius-Perron operator. Note that P

n

a
ting on f 
on-

tra
ts it in the x dire
tion and expands it in the y dire
tion. In other words,

the RHS of (25) gets more \spiked" around the origin, as n !1. Ea
h �

n

gives a di�erent operator, leading to a sequen
e of operators fP

1

; P

2

; :::; P

n

g.

Now, iterating these operators, (25) be
omes

P

n

P

n�1

:::P

1

f(x) =

1

�

n

:::�

1

f

�

x

�

n

:::�

1

�

: (26)

Consider an arbitrary bounded interval [�A;A℄ � IR , where A > 0. Then

Z

A

�A

P

n

P

n�1

:::P

1

f(x)dx =

Z
A

�

n

:::�

1

�

A

�

n

:::�

1

f(x)dx ; (27)

whi
h approa
hes

R

1

�1

f(x)dx = 1 as n!1. In other words, for any A > 0,

the RHS of (27) 
an be made as 
lose to unity as desired by taking n large

enough. This suggests that the sequen
e of densities ff

n

g

1

n=1


onverges to the

Dira
 delta fun
tion Æ(x), where the 
onvergen
e is understood in the sense of
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distributions. We illustrate this in the following way: Suppose f(x) = f

0

> 0

for x 2 [�

1

2f

0

;

1

2f

0

℄, and zero elsewhere. Then

P

n

:::P

1

f(x) =

(

0 ; for x 62 [�

�

1

:::�

n

2f

0

;

�

1

:::�

n

2f

0

℄ ;

f

0

�

n

:::�

1

; for x 2 [�

�

1

:::�

n

2f

0

;

�

1

:::�

n

2f

0

℄ :

For any A >

�

1

����

n

2f

0

, the integral in (27) has value 1. This is obvious sin
e the

P

n

map normalised distributions to normalised distributions. Sin
e

f

0

�

n

:::�

1

!

1 as n ! 1, this suggests that ff

n

g

1

n=1


onverges to Æ(x). To 
lose, note

that (i) may be re-expressed as

x

n+1

= x

n

+ 


n

�

h

0

(x̂)x

n

;

giving the asso
iated ODE

_z = z

�

h

0

(x̂) ; (28)

where

�

h

0

(x̂) < 0. We will return to this ODE in Se
tion 4, where, in addition,

we shall give an interpretation of the above results.

3.2 Algorithm (ii)

It is diÆ
ult to determine the Frobenius-Perron operator for algorithm (ii)

dire
tly from the de�nition. Instead, we will follow the pro
edure used in [6℄

and [8℄, whi
h uses the Lapla
e transform to study this operator. Let F

n

(p)

be the Lapla
e transform of the pdf of the x

n

, i.e.

F

n

(p) = (Lf

n

)(p)

=

Z

1

0

f

n

(x)e

�px

dx

=

Z

1

0

P

n

f(x)e

�px

dx

= (LP

n

f)(p) ;

and G(p) be the Lapla
e transform of the pdf of the �

n

. Then, F

n

(�

n

p) is

the transform of the pdf of the �

n

x

n

, and G(


n

p) is the transform of the pdf

of the 


n

�

n

. Following [6℄ and [8℄, we then have that

F

n+1

(p) = F

n

(�

n

p)G(


n

p) : (29)
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Now, (29) may be expressed in 
losed form as

F

n

(p) = F

0

0

�

p

n�1

Y

j=0

�

j

1

A

n�1

Y

k=0

G

0

�




k

p

n�1

Y

i=k+1

�

i

1

A

: (30)

Assume that the pdf of the x

0

is given by the Dira
 delta fun
tion

f

x

0

(z) = Æ(z � x

0

) :

Then the pdf of the

Q

n�1

j=0

�

j

x

0

is

0

�

n�1

Y

j=0

�

j

1

A

�1

Æ

 

z � x

0

Q

n�1

j=0

�

j

Q

n�1

j=0

�

j

!

: (31)

The Lapla
e transform of (31) is then

Z

1

0

e

�px

0

�

n�1

Y

j=0

�

j

1

A

�1

Æ

 

x

Q

n�1

j=0

�

j

� x

0

!

dx = e

�px

0

Q

n�1

j=0

�

j

: (32)

Equations (30) and (32) give

F

0

0

�

p

n�1

Y

j=0

�

j

1

A

= e

�px

0

Q

n�1

j=0

�

j

: (33)

When
e, (30) redu
es to

F

n

(p) = e

�px

0

Q

n�1

j=0

�

j

n�1

Y

k=0

G

0

�




k

p

n�1

Y

i=k+1

�

i

1

A

: (34)

We shall 
hoose a pdf of 


n

�

n

su
h that the produ
t in (34) is easily 
om-

puted. Following [6℄, one possible form, whi
h allows Gaussian and other

more general distributions, has Lapla
e transform

G(p) = e

�p

�

; � 2 IR ; � < 0 ; (35)

whi
h yields

G

0

�




k

p

n�1

Y

i=k+1

�

i

1

A

= e

f�


�

k

p

�

(

Q

n�1

i=k+1

�

i
)

�

g

:
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Therefore, assuming that (35) holds, we get

n�1

Y

k=0

G

0

�




k

p

n�1

Y

i=k+1

�

i

1

A

= expf�p

�

n�1

X

k=0




�

k

0

�

n�1

Y

i=k+1

�

i

1

A

�

g : (36)

Substituting (36) ba
k into (34) yields

F

n

(p) = expf�px

0

n�1

Y

j=0

�

j

+ �p

�

n�1

X

k=0




�

k

0

�

n�1

Y

i=k+1

�

i

1

A

�

g : (37)

The density of x

n

is thus given by

f

n

(x) = L

�1

fexpf�px

0

n�1

Y

j=0

�

j

+ �p

�

n�1

X

k=0




�

k

0

�

n�1

Y

i=k+1

�

i

1

A

�

gg ; (38)

where L

�1

denotes the inverse Lapla
e transform. For � = 2, equation (38)

be
omes

f

n

(x) = 0:5

8

>

<

>

:

�

�

P

n�1

k=0




2

k

�

Q

n�1

i=k+1

�

i

�

2

9

>

=

>

;

1

2

U

0

�

x� x

0

n�1

Y

j=0

�

j

1

A

�

exp

8

>

<

>

:

�

�

x� x

0

Q

n�1

j=0

�

j

�

2

�

P

n�1

k=0




2

k

�

Q

n�1

i=k+1

�

i

�

2

9

>

=

>

;

; (39)

where U is the Heaviside step fun
tion. It is straightforward to show that

n�1

Y

j=0

�

j

! 0 as n!1 : (40)

Let us now examine the quantities in the denominator of (39), viz.

T

n

def

= �

n�1

X

k=0




2

k

0

�

n�1

Y

i=k+1

�

i

1

A

2

: (41)

It may be shown that

0

�

n�1

Y

i=k+1

�

i

1

A

2

� exp

(

2b

1� �

[(n� 1)

1��

� (k + 1)

1��

℄

)

;
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where we have set 


i

def

= i

��

, � 2 (0; 1), and b

def

=

�

h

0

(x̂) < 0. Consequently,

we have that

T

n

� �

n�1

X

k=0




2

k

exp

(

2b

1 � �

[(n� 1)

1��

� (k + 1)

1��

℄

)

= � exp

(

2b

1 � �

(n� 1)

1��

)

n�1

X

k=0




2

k

exp

(

�

2b

1� �

(k + 1)

1��

)

:

The leading behaviour of the partial sum on the RHS of the pre
eding equa-

tion is found by examining the 
orresponding integral

I

n

def

=

Z

n�1

0

(x+ 1)

�2�

exp

(

�

2b

1� �

(x+ 1)

1��

)

dx ;

where, without loss of generality, we have set 


k

def

= (k + 1)

��

. Integrating

I

n

by parts yields

I

n

� �

n

��

2b

exp

(

�

2b

1� �

n

1��

)

;

whi
h implies that

T

n

� � exp

(

2b

1 � �

(n� 1)

1��

)

�

(

�

n

��

2b

exp

 

�

2b

1� �

n

1��

!)

= �

�

2b

n

��

�! 0 as n!1 : (42)

We may express (39) as

f

n

(x) =

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

0:5�

n

�

T

n

o

1

2

� exp

8

>

<

>

:

�

�

x�x

0

Q

n�1

j=0

�

j

�

2

T

n

9

>

=

>

;

; x > x

0

Q

n�1

j=0

�

j

0:5� f

�

T

n

g

0:5

; x = x

0

Q

n�1

j=0

�

j

0 ; x < x

0

Q

n�1

j=0

�

j

Furthermore, for x > x

0

Q

n�1

j=0

�

j

, equation (42) implies that

lim

n!1

f

n

(x) = 0 :
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On the other hand, when x = x

0

Q

n�1

j=0

�

j

, we have that

lim

n!1

f

n

(x) =1 :

The above analysis suggests that ff

n

g

1

n=1


onverges, in the sense of distribu-

tions, to Æ(x).

3.3 Closing remarks

Algorithm (ii) may be expressed in the form

x

n+1

= x

n

+ 


n

�

h

0

(x̂)x

n

+ 


n

�

n

;

giving the asso
iated ODE

_z = z

�

h

0

(x̂) ;

where

�

h

0

(x̂) < 0. It is straightforward to show that the ODE solution is given

by

z(t) = z(0)e

t

�

h

0

(x̂)

! 0 ; as t!1 ;

thus ẑ = 0 is stable equilibrium of this ODE. Therefore from the results in

Se
tions 3.1-3.2, we 
on
lude that the dynami
al behaviours of the ODE so-

lutions and the sequen
e of densities are in a

ord for both algorithms (i) and

(ii). For these algorithms, the stationary density of fx

n

g

1

n=1

is 
on
entrated

about ẑ = 0, the stable �xed point of the asso
iated ODE. Note that the

presen
e of the random perturbation in algorithm (ii) seems to have little

e�e
t on the long term behaviour.

We have derived stationary densities of linearised algorithms of the gen-

eral form given by algorithm (ii). Note that the stationary densities so derived

are lo
alised, about x̂. To understand the full stationary density of fx

n

g

1

n=1

,

one needs to pie
e together the information from the various lo
al station-

ary densities whi
h 
orrespond to di�erent stable equilibria of the asso
iated

ODE. In algorithm (ii), if we assume that �

n

is 
hara
terised by a pdf of the

form

G(p) = e

�p

2

; � 2 IR ;

then we obtain Æ(x) as the lo
al stationary density. However, for the full sta-

tionary density, it is possible that di�erent masses may be asso
iated with

ea
h of the stable equilibria. The problem that remains is to quantify masses
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that are asso
iated with ea
h lo
alised Æ(x) distribution. If a
hieved, this

would give an answer to the question: To whi
h one of the stable equilibria

is the algorithm most likely to 
onverge? One way to approa
h this problem

is through analysis of the Frobenius-Perron operator of the nonlinear algo-

rithm dire
tly. The next se
tion will provide a theoreti
al framework for this

analysis. Se
tion 5 will show how this analysis may be applied to a spe
i�


algorithm, with the aid of numeri
al 
omputations.

4 Densities of Nonlinear Algorithms

Consider an algorithm in the form

x

n+1

= S

n

(x

n

) + 


n

�

n

; (43)

where S expli
itly depends on n (refer to equation (2) to see an example of

su
h an S). As usual, the noise amplitude is damped and f�

n

g is an i.i.d.

sequen
e of random variables with a 
ommon density g. We suppose that

the Frobenius-Perron operator asso
iated with S

n

(�) is P

n

. In addition, we

denote the noise term by

z

n

= 


n

�

n

: (44)

The density of z

n

is given by

G

n

(x) =

1




n

g(

x




n

) : (45)

Suppose that f

n

2 L

1

D

(X) is the density of x

n

. From (43), we see that x

n+1

is the sum of two independent random variables. Note that S

n

(x

n

) and z

n

are independent sin
e in 
al
ulating x

1

; :::; x

n

, we only need �

0

; :::; �

n�1

. Let

w : IR ! IR be an arbitrary, bounded, measurable fun
tion. Then, the

mathemati
al expe
tation of w(x

n+1

) is

E[w(x

n+1

)℄ =

Z

IR

w(x)f

n+1

(x)dx : (46)

Furthermore, using (43) and the fa
t that the joint density of (x

n

; z

n

) is

1




n

f

n

(x)g(

z




n

), we have that

E[w(x

n+1

)℄ =

1




n

Z

IR

Z

IR

w(S

n

(y) + z)f

n

(y)g(

z




n

)dydz : (47)
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Now using the 
hange of variables x = S

n

(y) + z, y = y, the integral in (47)

is transformed to

E[w(x

n+1

)℄ =

1




n

Z

IR

Z

IR

w(x)f

n

(y)g(

x� S

n

(y)




n

)dxdy : (48)

Equating (46) and (48) yields

Z

IR

w(x)f

n+1

(x) =

Z

IR

w(x)

(

1




n

Z

IR

f

n

(y)g(

x� S

n

(y)




n

)dy

)

dx ;

whi
h gives

f

n+1

(x) =

1




n

Z

IR

f

n

(y)g(

x� S

n

(y)




n

)dy : (49)

From (49), de�ne the operator P

n

: L

1

D

! L

1

D

by

P

n

f(x) =

1




n

Z

IR

f(y)g(

x� S

n

(y)




n

)dy ; (50)

for f 2 L

1

D

. Suppose that S

n

(�) is non-singular. Therefore the Frobenius-

Perron and Koopman operators, P

n

and U

n

respe
tively, 
orresponding to

S

n

(�) exist. Furthermore, let

h

n;x

(y)

def

= g(

x� y




n

) : (51)

Then (50) and (51) yield

P

n

f(x) =

1




n

Z

IR

f(y)h

n;x

(S

n

(y))dy

= 


�1

n

hf; U

n

h

n;x

i ; sin
e h

n;x

(S

n

(y)) = U

n

h

n;x

(y)

= 


�1

n

hP

n

f; h

n;x

i ; sin
e P

n

and U

n

are adjoint operators

=

1




n

Z

IR

g(

x� y




n

)P

n

f(y)dy : (52)

Using the 
hange of variable

x�y




n

= t, equation (52) be
omes

P

n

f(x) =

Z

IR

g(t)P

n

f(x � 


n

t)dt : (53)
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Now, suppose that P

n

is su
h that

P

n

k k

1

! P as n!1 ; (54)

where P is a limiting operator. With this in mind, the following issue arises:

Does it follow that P

n

k k

1

! P as n!1? This issue is addressed by Theorem

4.1 below whi
h is proved with the aid of the following lemma [12℄.

Lemma 4.1 For every f 2 L

1

, I � IR bounded or not,

lim

h!0

Z

I

jf(x+ h) � f(x)jdx = 0 :

The proof of this result may be found in [12℄.

Theorem 4.1 For the system de�ned by (43),

lim

n!1

kP

n

f � P

n

fk

1

= 0 ; for all f 2 L

1

D

(X) ;

where P

n

is the Frobenius-Perron operator 
orresponding to S

n

(�) and P

n

is

the operator 
orresponding to (43).

Proof

Write

P

n

f(x)� P

n

f(x) =

Z

IR

g(t)fP

n

f(x� 


n

t)� P

n

f(x)gdt :

Pi
k an arbitrarily small Æ > 0. Sin
e g is an integrable fun
tion on IR , there

must exist an r > 0 su
h that

Z

jyj�r

g(y)dy �

Æ

4

: (�)

To 
ompute an upper bound for kP

n

f � P

n

fk

1

, we pro
eed as follows.

kP

n

f � P

n

fk

1

�

R

IR

R

IR

g(y)jP

n

f(x� 


n

y)� P

n

f(x)jdxdy

def

= I

1

+ I

2

;

where

I

1

def

=

Z

IR

Z

jyj�r

g(y)jP

n

f(x� 


n

y)� P

n

f(x)jdydx ;
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and

I

2

def

=

Z

IR

Z

jyj�r

g(y)jP

n

f(x � 


n

y)� P

n

f(x)jdydx :

We 
onsider ea
h of these integrals in turn. First, sin
e P

n

f is integrable,

Lemma 4.1 implies that there exists an N > 0 su
h that

Z

IR

jP

n

f(x� 


n

y)� P

n

f(x)jdx <

Æ

2

; for all n � N and for jyj � r :

Hen
e

I

1

�

Æ

2

Z

jyj�r

g(y)dy �

Æ

2

Z

IR

g(y)dy =

Æ

2

: (55)

For I

2

, we use the triangle inequality to write

I

2

�

Z

IR

Z

jyj�r

g(y)P

n

f(x)dydx+

Z

IR

Z

jyj�r

g(y)P

n

f(x� 


n

y)dydx : (56)

Using the 
hange of variables v = y and z = x� 


n

y, one obtains

Z

IR

Z

jyj�r

g(y)P

n

f(x � 


n

y)dydx =

Z

IR

Z

jvj�r

g(v)P

n

f(z)dvdz

=

Z

jvj�r

g(v)dv �

Z

IR

P

n

f(z)dz

=

Z

jvj�r

g(v)dv (sin
e

Z

IR

P

n

f(z)dz = 1)

�

Æ

4

(by assumption (�) above) ; (57)

and

Z

IR

Z

jyj�r

g(y)P

n

f(x)dydx =

Z

jyj�r

g(y)dy �

Z

IR

P

n

f(x)dx

�

Æ

4

: (58)

Hen
e, 
ombining (56), (57) and (58) gives

I

2

�

Æ

2

: (59)

Therefore, (55) and (59) imply that

lim

n!1

kP

n

f � P

n

fk

1

= 0 :

2

A Corollary of the pre
eding theorem is stated and proved below.
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Corollary 4.1 Suppose that S

n

(�) and g are given and that we have a se-

quen
e ff

n

g generated by f

n+1

= P

n

f

n

and su
h that f

n

! f

�

as n!1. In

other words, given an arbitrary � > 0, there exists an N su
h that

kf

n

� f

�

k

1

<

�

2

; for all n > N : (60)

Furthermore, suppose that P

n

, the Frobenius-Perron operator asso
iated with

S

n

(�), is su
h that P

n

! P as n!1, where P is a limiting operator. Then

f

�

is a stationary density for P , viz. Pf

�

= f

�

.

Proof of Corollary

Write

P

n

f

�

= f

n+1

+ P

n

(f

�

� f

n

) :

This gives

kP

n

f

�

� f

�

k

1

� kf

n+1

� f

�

k

1

+ kP

n

(f

�

� f

n

)k

1

� kf

n+1

� f

�

k

1

+ kf

�

� f

n

k

1

� � ; for all n > N ;

whi
h implies that

kP

n

f

�

� f

�

k

1

! 0 as n!1: (61)

Now, from (54) and Theorem 4.1, we get that

kP

n

f

�

� Pf

�

k

1

! 0 and kP

n

f

�

� P

n

f

�

k

1

! 0 as n!1 :

This leads to

kP

n

f

�

� Pf

�

k

1

! 0 as n!1 ;

whi
h, in 
ombination with (61), gives Pf

�

= f

�

. 2

To summarise, we have shown how to 
al
ulate the Frobenius-Perron

operator P

n

of the nonlinear, nonautonomous random algorithm (43), see

equation (50). We further showed that if P

n

, the Frobenius-Perron operator

of the nonautonomous map S

n

(�), 
onverges to P as n!1, then

1. P

n

also 
onverges to P as n!1

2. the limit of a 
onvergent sequen
e of densities generated by P

n

is a

stationary density of P
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Unfortunately, this result tells us nothing about a spe
i�
 f

�

. In fa
t, in the

parti
ular 
ase given by (43), f

�

is not unique sin
e P is the Frobenius-Perron

operator asso
iated with the identity map I.

In the next se
tion we will show how to apply this theory to a spe
i�


example of algorithm (43). As the analysis is not tra
table, we will use

numeri
al 
omputations to study the 
onvergen
e of the densities generated

by the Frobenius-Perron operator.

5 Parti
ular example for whi
h the asso
i-

ated ODE has multiple equilibria

5.1 Introdu
tion

Consider the deterministi
 non-autonomous algorithm

x

n+1

= x

n

+ 


n

�

h(x

n

)

def

= S

n

(x

n

) ; (62)

where we assume that

�

h(x

n

) = �x

n

(x

2

n

+ 2x

n

+ 0:5) :

The asso
iated ODE is thus given by

_x = �x(x

2

+ 2x+ 0:5)

def

= g(x) :

This ODE has two stable equilibria, x

�

1

= 0 and x

�

3

= �1 �

1

2

p

2 � �1:707,

and a single unstable equilibrium, viz. x

�

2

= �1 +

1

2

p

2 � �0:293. The

multipliers of the stable equilibria are given by g

0

(0) = �0:5 and g

0

(�1:707) =

�1�

p

2 � �2:414, implying that �1:707 is the relatively more attra
tive of

the two. The graph depi
ting (62) is shown in Fig 2.

The following question arises: to whi
h one of x

�

1

or x

�

3

is fx

n

g likely to


onverge as n!1, given an arbitrary starting value x

0

?

Note that with the given

�

h, we have that S

n

: [0; x

�

3

℄ ! [0; x

�

3

℄. Thus, we

fo
us on the dynami
s inside the box outlined in Fig 2. The Frobenius-

Perron operator asso
iated with the transformation S

n

is formulated below.

Pi
k an interval [x; 0℄ � [�1:707; 0℄ so that the 
ounter-image of [x; 0℄ under
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-1.707 -0.293

0

)

x n+1

x n

-1.707

S
n
( x n

Figure 2: x

n+1

with a 
ubi


�

h

S

n

is given by

S

�1

n

([x; 0℄) = [g

1;n

(x); 0℄ [ [g

2;n

(x);�1 + (2


n

)

�0:5

q

2 + 


n

℄ [

[g

3;n

(x);�1� (2


n

)

�0:5

q

2 + 


n

℄ ; (63)

where g

i;n

(x); i = 1:::3 are the three solutions of the equation x = S

n

(y).

Following [12℄, the Frobenius-Perron operator 
orresponding to S

n

is de�ned

by

P

n

f(x) =

d

dx

Z

S

�1

n

([x;0℄)

f(u)du

=

3

X

j=1

f(g

j;n

(x))g

0

j;n

(x) : (64)

This tells us how S

n

transforms a given density f into a new one P

n

f . To see

how (64) works, pi
k an initial uniform density f(x) = 2=(2 +

p

2) � 0:586

for x 2 [�1:707; 0℄, and zero elsewhere. Then (64) be
omes

P

n

f(x) = 0:586

3

X

j=1

g

0

j;n

(x) ; for x 2 [�1:707; 0℄ : (65)



28 I. N
ube, S.A. Campbell, and E.R. Vrs
ay

Substituting this expression for P

n

f in pla
e of f on the RHS of (64) yields

P

2

P

1

f(x) = 0:586

3

X

k=1

8

<

:

3

X

j=1

g

0

j;1

(g

k;2

(x))

9

=

;

g

0

k;2

(x) : (66)

Similarly, we obtain that

P

3

P

2

P

1

f(x) = 0:586

3

X

l=1

3

X

k=1

3

X

j=1

g

0

j;1

(g

k;2

(g

l;3

(x)))g

0

k;2

(g

l;3

(x))g

0

l;3

(x) :

Given an initial density f 2 L

1

D

, we seek to determine lim

n!1

P

n

:::P

1

f . This

limit, if it exists, gives the sought-after stationary density. With this in mind,

we return to the 
ubi
 equation x = S

n

(y), whi
h gives

y

3

+ 2y

2

+

1

2


n

(


n

� 2)y +

x




n

= 0 : (67)

We wish to �nd the three roots of (67), viz. g

1;n

(x); g

2;n

(x); and g

3;n

(x). We

may write (67) as

y

3

+ a

1

y

2

+ a

2

y + a

3

= 0 ;

where a

1

= 2; a

2

=

1

2


n

(


n

� 2) ; and a

3

=

x




n

. Let Q =

1

9

(3a

2

� a

2

1

), R =

1

54

(9a

1

a

2

�27a

3

�2a

3

1

), S = (R+

q

(Q

3

+R

2

))

1

3

, and T = (R�

q

(Q

3

+R

2

))

1

3

.

Furthermore, let D = Q

3

+ R

2

be the dis
riminant. Now, it may be shown

that, for x 2 [�1:707; 0℄, we have that D < 0 if and only if

(1458x + 972 + 378


n

)

2

< (62:5 +

225




n

+

270




2

n

+

108




3

n

) :

Clearly, for any �xed x 2 [�1:707; 0℄, the LHS of this inequality approa
hes

a �xed positive real number as n!1. On the other hand, the RHS of the

inequality approa
hes +1 as n!1. Therefore, there will be a \
ross-over"

value, 


N

say, for whi
h the above inequality holds for all n � N . From the

de�nitions of Q and R above, we have that

R

p

�Q

3

= �

n

(7


n

+ 18 + 27x) ;

where

�

n

def

= �0:5

s




n

(2:5


n

+ 3)

3

! 0

�

as n!1: (68)
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Sin
e there exists an N su
h that D < 0 (for x 2 [�1:707; 0℄) for all n � N , it

is well-known [1℄ that all the roots of (67) are real and distin
t for all n � N .

These roots are given by

g

1;n

(x)

def

=

2

3

s

6 + 5


n

2


n


os(

�

3

)�

2

3

; (69)

g

2;n

(x)

def

=

2

3

s

6 + 5


n

2


n


os(

�

3

+

2�

3

)�

2

3

; (70)

and

g

3;n

(x)

def

=

2

3

s

6 + 5


n

2


n


os(

�

3

+

4�

3

)�

2

3

; (71)

where

�

def

= ar

osf�

n

(7


n

+ 18 + 27x)g : (72)

It may be shown that only g

3;n

(x) maps the 
losed interval [�1:707; 0℄ to

itself, for all n. Hen
e, g

3;n

(x) is the only root we need to use in evaluating

the Frobenius-Perron operator 
orresponding to S

n

. From (64), the sought-

after operator is given by

P

n

f(x) = f(g

3;n

(x))g

0

3;n

(x) ; (73)

for an arbitrary initial density f 2 L

1

D

. We 
hoose an initial pdf given by:

f(x) = 0:586 for x 2 [�1:707; 0℄, and zero elsewhere. Then (73) be
omes

P

n

f(x) = 0:586g

0

3;n

(x) : (74)

Hen
e we get the following iterates

P

2

P

1

f(x) = 0:586g

0

3;1

(g

3;2

(x))g

0

3;2

(x) ;

and

P

3

P

2

P

1

f(x) = 0:586g

0

3;1

(g

3;2

(g

3;3

(x)))g

0

3;2

(g

3;3

(x))g

0

3;3

(x) :

In a similar way, higher iterates of P

n

:::P

1

f(x) may be 
omputed. Now, an-

alyti
ally determining lim

n!1

P

n

:::P

1

f(x) is intra
table. However, a numer-

i
al approa
h is feasible. Fig 3 shows P

1

f(x), P

2

P

1

f(x), and P

4

P

3

P

2

P

1

f(x)

respe
tively, for x 2 [�1:707; 0℄. The learning parameter used is 


n

def

=

(n + 3)

�0:99

. The plots suggest that P

n

:::P

1

f(x) 
onverges, in the distribu-
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Figure 3: (a) P

1

f(x) (b) P

2

P

1

f(x) (
) P

4

P

3

P

2

P

1

f(x)

tional sense, to two Dira
 distributions 
entred at the two stable equilibria as

n!1. It should be noted that these two Dira
 distributions emerge at dif-

ferent rates. The one lo
ated at�1:707 has a relatively bigger mass 
ompared

to the one lo
ated at the origin. This distribution of mass is 
learly related to

the magnitudes of the multipliers of the two stable equilibria. However, it is

not 
lear how one might go about a
tually quantifying these masses. Finally,

note that these numeri
al results validate the idea of linearising

�

h(x) about

ea
h stable point before deriving the lo
al densities, as previously done.

5.2 A stationary density for the perturbed operator

P

n

?

This se
tion investigates the dynami
al behaviour of the perturbed non-

autonomous system

x

n+1

= S

n

(x

n

) + 


n

�

n

; (75)

where S

n

(x

n

)

def

= x

n

+


n

�

h(x

n

) and

�

h(x

n

) is as de�ned in the previous example.

As usual, assume that f�

n

g is a sequen
e of i.i.d. random variables, ea
h

with density g. The density of the random variable 


n

�

n

is 


�1

n

g(


�1

n

x). The
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Frobenius-Perron operator asso
iated with (75) is given by [12℄

P

n

f(x) = 


�1

n

Z

IR

f(y)g(

x� S

n

(y)




n

)dy ; (76)

where f 2 L

1

D

is an arbitrary initial density of all the possible initial states

of (75). From (76), we may �nd P

1

f , P

2

P

1

f ,...,P

n

P

n�1

:::P

1

f . The issue is

to 
hara
terise

lim

n!1

P

n

P

n�1

:::P

1

f ; (77)

provided that su
h a limit exists. Now assume that

g(x) =

1

p

2�

e

�

1

2

x

2

; (78)

a mean zero and unit varian
e Gaussian distribution. Furthermore, assume

that the initial density f is given by

f(x) =

(

1

3

; x 2 [�2; 1℄

0 ; elsewhere :

(79)

5.2.1 Computation of P

n

P

n�1

:::P

1

f

The analyti
 
omputation of the iterates P

n

:::P

1

f , for n > 1, is not usually

possible. However, a numeri
al approa
h to this 
omputation is feasible.

Nonetheless, the latter approa
h is not that straightforward and easy, as it

involves the evaluation of iterated integrals of in
reasing 
omplexity. We

now outline one possible way of performing the numeri
al 
omputations of

iterates of the operator P

n

. First, 
ompute

P

1

f(x) = 


�1

1

Z

A

1

f(y)g(

x� S

1

(y)




1

)dy ; (80)

where A

1

= [�15; 15℄ � IR . Then approximate (80) by a polynomial, using

the MAPLE interp fun
tion. This polynomial has a �nite support. The


hoi
e of the size of this support is arbitrary. Denote this polynomial �t by

w

1

(x). Next, 
ompute

P

2

f(x) = 


�1

2

Z

A

1

f(y)g(

x� S

2

(y)




2

)dy ;



32 I. N
ube, S.A. Campbell, and E.R. Vrs
ay

whi
h gives

P

2

P

1

f(x) � 


�1

2

Z

A

1

w

1

(x)g(

x� S

2

(y)




2

)dy : (81)

In a similar way, 
ompute P

3

P

2

P

1

f , P

4

P

3

P

2

P

1

f , et
. Even after the poly-

nomial �ts have been determined, the (symboli
) numeri
al integration of

iterates of the perturbed operator is still relatively intensive and 
onsumes

a substantial amount of CPU time. Figs 4-5 show the �rst four of these

iterates. The learning parameter used is 


n

= (n+ 4)

�0:999

.
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Figure 4: (a) P

1

f(x) (b) P
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f(x)

5.3 Comments on numeri
s

The plots in Figs 4-5 suggest that the stationary density of the sequen
e

of perturbed operators 
onsists of two Dira
 distributions, �

1

and �

2

say,


entred at �x

1

= �1:707 and �x

2

= 0 respe
tively, the two lo
ally asymptoti-


ally stable equilibria of the asso
iated ODE. We may express the stationary

density as �

def

= �

1

+ �

2

, where the 
omponent Dira
 masses are

m

1

def

= sup

 2D(X)

�

Z

1

�1

 (t)�

1

(t� �x

1

)dt

�

= sup

 2D(X)

f (�x

1

)g ;
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Figure 5: (a) P
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2
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P

1

f(x)

and

m

2

def

= sup

 2D(X)

�

Z

1

�1

 (t)�

2

(t� �x

2

)dt

�

= sup

 2D(X)

f (�x

2

)g ;

su
h that m

1

+ m

2

= 1, and where D(X) is a suitable spa
e of test fun
-

tions, for example D(X)

def

= Lip

+

1

(X). In this example, it is not immediately

obvious what the values of m

1

and m

2

will be, primarily as a result of the

diÆ
ulty of 
onstru
ting the set of fun
tions f j  2 Lip

+

1

(X)g. Also, as

previously dis
ussed in Se
tion 2.4, analysis in the spa
e D

0

+

(X) is diÆ
ult.

Finally, the result in Se
tion 5.2 is in a

ord with the one found in Se
tion 5.1,

thereby justifying the idea of linearising

�

h about a stable equilibrium prior

to performing a lo
al analysis of the stationary density. The lo
al stationary

densities obtained before, via the linearisation pro
edure, are Dira
 distribu-

tions 
entred at the stable equilibria of the asso
iated system of ODEs.

6 Dis
ussion and Con
lusions

This paper has primarily been 
on
erned with a systemati
 study of densities

of both linear and nonlinear algorithms (see Se
tions 3 and 4, respe
tively).

Our results suggest that densities of the linearised algorithms studied here
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do reprodu
e the same lo
al 
hara
teristi
s as the densities of the nonlinear

equations from whi
h they are derived.

We re
all that Ma
key and Lasota [12℄ studied algorithms of the form

x

n+1

= S(x

n

) + ��

n

; 0 < �� 1 ;

where S(x

n

) is not expli
itly dependent on n, and where f�

n

g is a sequen
e

of i.i.d. random variables. Our work in this dire
tion is new, be
ause we

look at more general algorithms, i.e.

x

n+1

= S

n

(x

n

) + 


n

�

n

;

where now S

n

(x

n

) is expli
itly dependent on n, and f


n

g is a de
reasing-

to-zero sequen
e of positive real numbers su
h that

P

n




n

= 1. Thus, our

proof of Theorem 4.1 is new, and more general than that in [12℄. Finally, it

is important to emphasize that the numeri
al experiments performed in this

paper were indispensable, providing insights into a diÆ
ult problem.
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