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1 Introduction

We consider non-autonomous iterative random algorithms of the form

Xp41 :Xn+7nh[xn799n] , n=0,1,2,---, (1)
where the x,,’s and ,,’s are in IR™, {7, } is a sequence of positive decreasing-
to-zero real numbers such that 3, v, = co, h € C[R™ xR™,R™], and {¢,}
is a sequence of random variables that are distributed according to some given
law. To ensure satisfactory convergence of the algorithm, v, is typically taken
to be (n 4+ 1)~%, where @ < 1 (see [2, 9, 10, 11] for details). Throughout the
paper, we shall consider ~, to be of this form.

We may rewrite (1) in the following way:

Xpt1 = Xy + ’)/nﬁ(xn) + Yn [h(xrw S‘Qn) - E(Xn)]

Xp + Yh(Xn) + 7aén
= Sa(x%n) + én (2)

where
E(Z) = E[h(zv Son) | Yo, 79971—1] ) (3)

for z € R™ and where E symbolises the statistical expectation with respect
to @,.

The subject of stochastic approximation is concerned with characterisa-
tion of the long term behaviour of iterative random algorithms such as (1)
or (2). A myriad of different approaches to this problem have been proposed
[1-10].

A particular issue of topical interest may be posed by the following ques-
tion: Does the algorithm in (2) converge to a unique fized point, independent
of initialisation? Ljung [1] and Kushner et al. [2] addressed this question by
considering the (associated) ordinary differential equation (ODE)

= =hlz(t)], zeR". (4)

Their famous theorem asserts that (2) converges, with probability one (wpl),
to a stable equilibrium of (4) if the latter has exactly one stable equilibrium
point and no other stable structures.

However, if the ODE (4) has multiple stable equilibria (with or without
other stable structures), very little is known about the behaviour of (2). One
of the few papers on this subject is that of Fort and Pages [3]. They estab-
lished and proved a theorem which permitted them to relate the convergence
of solutions of the associated ODE to that of the sequence of iterates gener-
ated by the random algorithm, in the case that the ODE has no pseudocycles
(these include bona fide periodic orbits as well as isolated equilibria). Their
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approach is primarily a development of the original Kushner-Clark theorem
[2]. The proof of their theorem amounts to proving that the sequence of
iterates generated by the algorithm has only one limiting point in the set of
all equilibria of the associated ODE. Furthermore, they showed that if one of
the elements of the above set is a saddle point, then the algorithm will not
converge to it.

The primary focus of the present endeavour is the investigation of ex-
istence (and uniqueness), or lack thereof, of stationary densities associated
with the sequence {x,} generated by random algorithms of the form (2), es-
pecially when the ODE (4) has two stable equilibria. We study the evolution
of densities under the action of the Frobenius-Perron operator corresponding
to the map S,, for both the nonlinear algorithm (2) as well as its linearised
analogue

Xpt1 = X, + ann s (5)
where «a,, = S} (%) = 1+ ’ynﬁl(f() and x is a stable equilibrium point of
(4). Eventually, we hope to use these stationary densities, if they exist, to
compute probabilities of convergence of (2) to any one of the stable equilibria

of (4).
In fact, some work has been done on equations related to (5). Consider
the deterministic linearised one-dimensional algorithm

Xnt1 = (1 = An"Y)x,, , (6)
where A > 0, and o € (0,1). Here A can be identified with —A/(2). We may
rewrite (6) in closed form as

n—1

X, =% [J(1— M) .

k=1

It is then straightforward to show that the long term behaviour of the se-
quence {x,} is characterised by

A nl—a
Xn ~ Xle 1—a
— 0 as n—o.

Let us now perturb (6) by a deterministic forcing term, i.e.

Xnt1 = (1 = An~¥)x,, + n" v, , (7)
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where r, is the forcing term. Chung [3] proved that if r,, — 0 faster than
n~¢, where € > 0, then x,, — 0 as n — oo.

Fabian [4] considered the special case o = 1 of a scalar version of (7), and
proved that z, — 0 as n — oo if and only if n! Yioir; — 0 as n — oo.
His result is consistent with intuition, since n~! >y r; may be interpreted
as the mean of the sequence {ry}7_,. In other words, he demonstrated that
if the mean of {ry}y_, converges to zero, then the iterates z, will likewise
converge to zero as n — oo.

Our ultimate goal is to examine the long term behaviour of the sequence
{x,} when {r,} is replaced by a sequence of random variables {¢, } with some
prescribed probability density function. In this case, it is not guaranteed that
£, — 0 as n — oo. Nevertheless, note that if {£,} is a compactly supported
sequence of random variables, and

Xpt1 = (L= An")x, +n 7, v>a,

then Chung’s result [3] guarantees that x,, — 0 as n — oc.

As with any random process (see [15], [17]), it is not possible to obtain
meaningful convergence results by simply tracking individual trajectories, as
can be done for ergodic transformations. Instead, more meaningful conclu-
sions may be drawn based on an examination of the evolution of densities
of {x,} [5]. The utility of this approach lies in the fact that it takes into
account all possible initial states. An initial probability density function,
fo, 1s defined over all the possible initial states of the algorithm. Then, the
idea is to determine how this prescribed density of initial states evolves over
time. Ultimately, one hopes to find a (limiting) stationary density f. for the
sequence {f,} of densities of {x,}.

The paper is organised as follows. Section 2 develops and articulates the
pertinent mathematical framework. Sections 3 and 4 are detailed studies of
linearised and nonlinear non-autonomous algorithms, respectively. In Section
5, a specific example is considered. Section 6 is the conclusion.
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2 Mathematical framework

2.1 The space Lj(X, A, 1)

Conventionally, most authors (see [12], for example) formulate the analysis
of the sequence of densities {f,}°2, in the space L} of probability density
functions. However, as will be shown in Section 2.3, this space is not al-
ways appropriate. For completeness, we give a brief description of L},. Let
(X, A, 1) be a measure space, where A is a o-algebra in X, and where p is
a measure on A. Consider the set I' of all real-valued functions f which are
absolutely integrable over X, i.e.

o1 < oo
X

where, in most practical applications, p is Lebesgue measure. Note that T
is a linear space, since every finite linear combination of integrable functions
is integrable. Now define the subset I'c C T'by I'o = {f € T' | f = 0 a.e.}.
Then the real valued functional p defined below is a norm on the factor space

['/Ty, where I'/T is denoted by L'(X, A, u):

p:L1—>IR,p(f):/X|f|d/,L,f0ra11fEL1. (8)

It is usual to denote p(f) by || f|l,- L'(X,A,p) is a metric space with the
metric given by

p(f,9)=11f—gl,, forall f.g e L'(X,A, ). (9)

The “conventional” space on which densities are defined is denoted by LE(X, A, u) C
LY(X, A, i), and defined by

Ih(X A = {f | f2z0mmd [ fdu=1} . (10)
X

It is well-known that the space L}, is complete with respect to the L' norm.
Definition 2.1 Any function f € LL(X, A, ) is called a density.

Remark 2.1 Under some conditions, a sequence of densities {fn}o2, which
does not converge in the space LL(X, A, i) can converge in an appropriate
larger space. This necessitates the definition of the space of all objects to
which one can associate a distribution, that includes L} (X, A, p). We will
return to this issue in subsections 2.3 and 2.4.
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2.2 The Frobenius-Perron operator

Suppose that we have a non-singular, measurable transformation 5 : X — X
on a measure space (X, A, ). For our purposes, S shall be defined as the
deterministic part of the algorithm under consideration, and may or may not
be explicitly dependent on time. For example, in equation (5), it is given
by S(xn) = anx,, where S explicitly depends on time. In what follows,
the notion of the Frobenius-Perron operator for deterministic autonomous
algorithms is developed. The generalisation of the results to deterministic
non-autonomous algorithms is straightforward, as is demonstrated in Section
3.1. In that case (non-autonomous), the corresponding operator is dependent
on time. So, instead of getting one operator for the transformation S as is
the case with autonomous algorithms, one obtains a sequence of operators,
{P, , n € IN}, where P, corresponds to the transformation S,(-). Let
f € Lp(X,A, ) be an arbitrary density. The Frobenius-Perron operator,
P : L}, — L}, describes the evolution of f induced by S. In other words, if
f defines the distribution of initial conditions, i.e. points xg € X, then Pf
gives the distribution of points #; = Sxg. Define the action of P on f as

APf(x)M(dx) - /s—1<A> fla)p(de) , for A€ A (11)

This relationship uniquely defines P (see [12] for details). From (11), it may

follows

be shown that P has the following properties.
1. P is a linear operator. That is,
PMfi+Xfe) =M MPfi+ XPfy, (12)
for all fi, fo e L', A, s € R.

2. For f € L,
Pf>0if f>0 on X. (13)
3.
[ PHlda) = [ fle)u(da). (14)
X X
4. If 5, = S5 o n fmes o § and P, is the Frobenius-Perron operator

corresponding to S, then P, = P", where P is the Frobenius-Perron
operator corresponding to 5.
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5. In the special case when X = IR, choosing A = [0, ], we have that

d
Pf(z) = - /S oy T

Note that (13) and (14) imply that Pf is a density.
We now digress for a moment to introduce the Koopman operator (see
[12] for details), which is adjoint to the Frobenius-Perron operator.

Definition 2.2 Let (X, A, i) be a measure space, S : X — X a non-singular
transformation, and f € L>. The operator U : L™ — L™ defined by

s called the Koopman operator induced by S.

As a result of the non-singularity of S, the operator U is well-defined since
fi(z) = fa(x) a.e. implies that fi(S(x)) = f2(S(x)) a.e.. Listed below are

some essential properties of U:
1. U()\lfl —|— )\zfz) = )\1Uf1 —|— )\szz fOI’ ELH f17f2 € LOO, )\1,)\2 € IR,,

2. For every f € L*,
JU ANz < N fllze -

We note that [12] refers to any operator satisfying this property (e.g. P)
as contractive, which is not the usual definition of contractive operators.

3. For every f; € L},, fo € L™,
<Pf17f2> = <f17Uf2> )
so that U is adjoint to the Frobenius-Perron operator.

Definition 2.3 Any function f € L},(X, A, 1) that satisfies Pf = f is called
a stationary density of P.

To illustrate the computation of the Frobenius-Perron operator for autonomous
deterministic algorithms, consider the map

Tpyr = o, , o € (0,1).



8 I. Ncube, S.A. Campbell, and E.R. Vrscay

Here S(x,) = az,, and X = R. For any f € L},, the associated Frobenius-
Perron operator is

d
Pfe) = — | gy T

d %
= %/% flu)du
= Lr),

where [a, 2] C R. In light of this, we obtain

(a4

falz) & P f(a)
= ).

2.3 An example showing the inadequacy of L},

To motivate the need for a broader space of densities that encompasses L},
consider the iteration of a uniform probability density function (pdf)

=1y hehas 15

under the Frobenius-Perron operator defined above. The action of P on f
generates a sequence of densities, {f,}, defined by

fula) < P”f(w>:{ T ) (16)

0 , elsewhere.

Suppose that m < n, and consider the densities f,, and f,. As illustrated in
Fig 1, we wish to compute the L' distance between f,, and f,. We obtain

o= Fulls = [1P"F(z) = P" f(2)]

= 2(1l—a"™)
< 2(l—a")—2 as n— . (17)
Thus, {f.} is not Cauchy in L},. However, the algorithm z,,; = aw,,

a € (0,1), represents the iteration of the contraction mapping f(z) = ax,
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m X

n n m
) Y an an

Figure 1: Iteration of a uniform pdf f under P associated with the map

S(x) = ax, a € (0,1).

which has a unique fixed point £ = 0. Thus, we might expect the Frobenius-
Perron operator to possess a unique invariant density which is not a function
but rather the unit mass measure p with support at « = 0, i.e. the “Dirac
distribution function”, &(z). Thus, L}, is not an appropriate space for the
analysis of evolution of densities under the action of this Frobenius-Perron
operator. What is needed is to view these densities as special cases of distri-
butions.

In view of the above example, we now formally introduce the space of
normalised positive distributions, denoted by El_l_(X) The motivation for
the work in the next section comes from a paper of Forte and Vrscay [16].
Essentially, they look at a similar space, but with more general distributions.
In this paper, we focus on a subset of their space, the space of normalised
positive distributions.

2.4 A suitable metric space of distributions

Let X be a compact and connected subset of R . Distributions are defined as
continuous linear functionals over a suitable space of test functions, denoted
as D(X). The space of distributions on X, denoted by D'(X), is the set
of all continuous linear functionals on D(X). In other words, the set of

F:D(X)— R such that
1. For any sequence of test functions {¢,(¢)}°2, that converges in D(X)



10 I. Ncube, S.A. Campbell, and E.R. Vrscay

to 1(t), the sequence of numbers {F(v,)}52, converges to the real
number F(¢) in the usual sense [18].

2. F(Cﬂ/)l + Cz@bz) = CIF(¢1) + CZF(¢2) ; C1,C2 € quvblqubz € D(X)
The space D'(X) includes the following as special cases:
a. Functions f € L', for which the corresponding distributions are given
by
F(4) = / Fla)(a)de , for all ¢ € D(X) .
X

b. The Dirac distribution, é(# — @), which may be defined in the distri-
butional sense as follows: For a point « € X, F(¢) = t(a), for all
Yp € D(X). This is often symbolically expressed as

Fe) = [ ()i~ a)da .

In this paper, we are interested in the space of normalised positive distribu-

tions, denoted as Dl—l— (X), and defined by
D\(X)={FeD(X)| F(1)=1, and F(y) >0 V¢ € CX(X)}, (18)

where C = {¢ € C®| ¢(x) > 0, v € X}. The physical motivation for
the assumptions F(¢) > 0 and F(1) = 1 is that we wish to interpret the
values of the distributions as probability measures, as is done for integrals of
density functions in Lj,. In fact, note that L},(X) C E/_I_ (X).

In the following analysis involving the space El—l— (X)), we shall restrict our
test functions to a subset of C{°, namely, positive C* functions that are Lip,

on X, viz. D(X) ™ Lipt(X), where

Lipf (X) = {¢ € Lipi(X)| () >0, forall z € X}, (19)
and where
Lipf(X) ={¢: X = R| [¥(21) —(2s)] < d(x1,22), forall @y,2, € X},

The following property is very important in formulating a representation
theory for distributions in Dl—l— (X).
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Theorem 2.1 For any distribution F € E;_(X), there exists a sequence of
test functions f, € Lipf (X), n = 1,2,---, such that for all » € Lipf (X),

n—oo n—oo

lim Fo(4) = 1im/an(x)¢(x)dx

def
= Fy).
This result is a rather simple specialisation of a theorem for the case F €

D'(X), which was stated in [16]. By recourse to the above result, it will be
convenient to express the distribution F € D’ (X) symbolically as

F(e) = [ fla)i(a)de.

even though there may not exist a pointwise function f(x) which defines F'
(e.g. the Dirac distribution). For notational convenience, given f € L},
we will write “f € E/_I_ 7 meaning that one can associate a distribution F €
D' (X) to f. (In the same way, we can write “6 € D/ (X)”, where J is the
Dirac delta function.)

In [16], a metric was introduced over the space D'(X). Following this
treatment, we introduce a metric over the space El—l— (X):

dﬁ;(fag) = SUPyeLipf (X) {| /X(f - 9)($)¢($)d$|} ,forall f.g € D;-(X) :

(20)

A major difference is the use of Lip] test functions in this metric, as opposed

to test functions inside the unit C* ball used in [16]. Our restriction to

normalised positive distributions permits the use of Lipi functions, as we

now show.

Given two test functions t1(x) , t2(x) such that ¢ (x) = a(x) + ¢, where

ceR and f,g € ﬁ;(X), then

/Xf(:z:)%/)z(:z:)dx—/Xg(x)l/ﬂz(x)dx :/Xf(:z:)@bl(:z;)dx—/Xg(x);bl(x)dx_

In other words, the metric will not be affected by translations in the test
functions. This allows us to use Lip; functions as is done for probability
measures [7].

Theorem 2.2 The metric space (ﬁ;(X),d

7, ) is complete.
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Proof

Let {fn}22, be a Cauchy sequence in (E;_(X), dﬁ;)
€ > 0, there exists an N(e€) such that dﬁ; (fu, fm) < €, for all n,m > N(e).
From the definition of dﬁ; in (20), it follows that for any fixed ¢ € Lipf (X)),

the sequence of real numbers {¢,(¢)}22,, where

() = [ Fula)(e)de

. In other words, for any

is a Cauchy sequence on R . The latter is true since, for any ;/N) € Lipf (X),
we have that [t,(¢) — ()] < 5up¢€Lip;r(X)|tn(;/)) —twm(Y)] = dﬁ; (fos frn) <
e, for all n,m > N(e). Let t(¢)) denote the limit of this sequence. Note
that #(y») > 0 for each ¥ € Lipf(X), since {t,(1)}22, is non-negative. By
setting F'(v)) = t(1), we define a continuous linear functional F on Lipf (X).
Furthermore, since t,(1) = 1, it follows that #(1) = 1. Therefore F(1) = 1,
implying that F' € E;_(X) This procedure can be easily extended to all C°
test functions on X by noting (via the Mean Value Theorem) that M~ x ¢ €
Lipy (X), where M = ||¢"||o. This completes the proof. O

We now illustrate the use of the metric space (Dl_l_(X), dﬁ;) in the investiga-
tion of the Frobenius-Perron operator P corresponding to the simple linear
map S(x) = ax, a € (0,1). Note that P will now have to be a mapping
from E;_(X) to itself. We proceed in a manner analogous to that described
in Section 2.2, with particular reference to the example considered in that
section. Now, for any f € El—l— (X), the distribution ¢ = Pf is defined by the
linear functional

Q) = [ ale)i(a)de
= [ (PH@p @)

X

= a7 [ A

(a4

= [ fw)(ay)dy . (21)
where ¢ € D(X). In the penultimate line, X, o {ye X | y=5(x), = €
X}.

Theorem 2.3 P is contractive in (D;_(X),dﬁ;).
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Proof .
Suppose that ¢» € Lipf (X), and define ¢/(y) = a1 (ay). Then

() =d(y)| = a'fp(az) - P(ay)|
S |l’ - y| )

which implies that ¢ € Lipf (X). In addition, define
L ={ € Lip{ (X)| ¥(x) = a "¥(ax), for some ¢ € Lipf(X)}.
Then, (20) yields
A, (PF.Pg) = supyeryr ol [ 1f = gllw)stay)dyl}
= supger{al [ IF = gllw)i(v)ayl}

<o mp J L = gl w)dyl} . since LC Lipt(X)

yeLipt
= ady (£,9). 22)
which gives the desired result. O

This result resolves the difficulty encountered in Section 2.3. By Banach’s
Fixed Point Theorem, there exists a unique fixed point of the operator P in

the metric space (D/_I_ (X), dﬁ; ). Therefore our sequence of densities converges

when viewed in the space of distributions. Together, theorems 2.2 and 2.3
imply that there exists a unique f. € D;_(X) such that

1. Pf., = f., and

2. dﬁ;(P”f, f«) = 0, as n — oo for any f € ﬁ;(X).
The last statement follows from the observation that
iy (P, £.) = dy, (P(P"™ ), P(P"™' £.)) < a"dpy (£.£.) =0, as n = 00

We now show that f. = d(«), the Dirac delta “function”. Let F' be the Dirac
distribution, i.e.

(o) = [ d()i(a)de
= (0).
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Then, from (21), @, the distribution associated with the Frobenius-Perron
operator, is

Q) = [ swtay)dy
— ().

which gives the desired result.

3 Densities of Linear Algorithms

The previous section has given us a complete description of the long term
behaviour of the linear map

Tpyr = oy, a € (0,1) (23)
where S(x,,) = axy,. The main thrust of this section is to investigate the
long term behaviour of sequence of densities {f,} for two generalisations
and noise-driven versions of (23). The analysis in this section suggests that
the sequence {f,} does converge to elements outside of L},, and hence the
need for a broader space El_l_(X) that includes L},. However, in the rest
of this paper, we shall formulate the analysis of {f,} in L},, following the
treatment of Mackey and Lasota [12]. Analysis in the space of distributions
E;_(X) of algorithms more complicated than (23) is difficult and beyond the
scope of this paper. Besides, it appears that the space L}, is sufficient for at
least a preliminary study of random processes: one does get some indications
(albeit heuristic) that, in the limit as n — oo, the sequence of densities is
concentrated in arbitrarily small neighbourhoods (as is illustrated on page
11 of [12]).

The most general linear algorithm that we will consider is of the form

Tpgl = Qply + ann > (24)

where {{,} is a sequence of i.7.d. random variables. Following Section 1,
an =1+, (2) < 1, where & is a stable equilibrium point of the ODE

@ =h(z).
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The parameter +, is called the gain of the algorithm (also referred to as
the learning parameter in neural networks literature) and has the properties
mentioned in Section 1, viz.

Yo — 0 as n — oo, and Z’yn:oo.
Below, we study the following linearised (see Section 1 for details) variations
of algorithm (2):
1. Tpr1 = ap, , and

11 Tpgl = Qply + P)/ngn .

3.1 Algorithm (i)

Applying result 5 in Section 2.2, it can be shown that the n'* iterate of the
density f(x) is given by

Pof(x) = oy flogte), (25)

where P, is the n'® Frobenius-Perron operator. Note that P, acting on f con-
tracts it in the x direction and expands it in the y direction. In other words,
the RHS of (25) gets more “spiked” around the origin, as n — oo. Each a,,
gives a different operator, leading to a sequence of operators { Py, Py, ..., P, }.
Now, iterating these operators, (25) becomes

PPyt Puf(z) = — f< v ). (26)

Oy .. O Oy .. O

Consider an arbitrary bounded interval [—A, A] C R, where A > 0. Then

A 4
[AﬂRHwHﬂ@M:/;A fla)de , (27)
which approaches [ f(x)dx =1 as n — oo. In other words, for any A > 0,
the RHS of (27) can be made as close to unity as desired by taking n large
enough. This suggests that the sequence of densities { f,,}52, converges to the
Dirac delta function é(x), where the convergence is understood in the sense of
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distributions. We illustrate this in the following way: Suppose f(z) = fo >0

for « € [—21%, i], and zero elsewhere. Then
_ 9%1...0pn OF...Qp
P, Plf(x):{()’fforxg[ 2fo 7 2fo ]’
a1...0p  Q...0pn
ﬁ,foer[—lzT,lzT].

For any A > O‘lz"f'oc"", the integral in (27) has value 1. This is obvious since the

P, map normalised distributions to normalised distributions. Since —fo— —

Ky X

oo as n — 0o, this suggests that {f,}>2, converges to §(x). To close, note

that (¢) may be re-expressed as
Tpt1 = Ty + P)/nﬁl(i?)xn 5

giving the associated ODE
2= 2R'(2), (28)

where A'(2) < 0. We will return to this ODE in Section 4, where, in addition,
we shall give an interpretation of the above results.

3.2 Algorithm (ii)

It is difficult to determine the Frobenius-Perron operator for algorithm (ii)
directly from the definition. Instead, we will follow the procedure used in [6]
and [8], which uses the Laplace transform to study this operator. Let F,(p)
be the Laplace transform of the pdf of the z,,, i.e.

Falp) = (ﬁofn)(p)
= /0 falx)e P dx
= /OOO P.f(x)e Pdx
('CPnf)(p) )

and G(p) be the Laplace transform of the pdf of the &,. Then, F,(a,p) is
the transform of the pdf of the a,x,, and G(v,p) is the transform of the pdf
of the v,¢&,. Following [6] and [8], we then have that

Fn+1(p) = Fn(anp)G(’an) . (29)
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Now, (29) may be expressed in closed form as

n—1 n—1 n—1
Fu(p) = Fo (p 11 Oéj) II¢ (’ykp 11 ozz) : (30)
Agssume that the pdf of the ¢ is given by the Dirac delta function

faal) = 8= — w0)
Then the pdf of the H;‘;& oo 18

nl Z— Zg Hﬂ:—(} Oéj)
; 0 J . 31
(]1;[0 a]) ( 15 a; (31)

The Laplace transform of (31) is then

n—1 -1
[ee) T n—1 .
(T a;| 6| mmr— — 20| do = e Ilizo i, 32
/0 e (j:oa]) (H”_l%‘ xo) e %)

J=0

Equations (30) and (32) give

n—1 1
R (p I ) =il 3
7=0

Whence, (30) reduces to

n—1 n—1 n—1
Fu(p) =I5 T 6 (mH ai) ' (34)

We shall choose a pdf of v,¢, such that the product in (34) is easily com-
puted. Following [6], one possible form, which allows Gaussian and other
more general distributions, has Laplace transform

Gip)=e" , BeR , B<0, (35)
which yields

(e e (T, @)™y
6 [ T ) = Ot (i)'

i=k+1
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Therefore, assuming that (35) holds, we get

3

H G (’Ykp H ozz) = exp{p" ivk (_1:[1 ai) }. (36)

i=k+1 k=0

Substituting (36) back into (34) yields

Fu(p) = exp{— ponaﬂrﬁp iv (l:[ ozz) } (37)
k=0 i=k+1
The density of x,, is thus given by
fala) = L7 exp{—pxo H a; + 3p" ka ( i a,») e (88

k=0 i=k+1

where £7! denotes the inverse Laplace transform. For n = 2, equation (38)
becomes

fn(l') = 0.5 T - U(l'_l'onl:[laj) %
{5 ho R (H?:_k1+1 Oéz) } =0
exp{ ( ol a]) )2} ) (39)

B0 (H k-|—1a
where U is the Heaviside step function. It is straightforward to show that

n—1

Hozj—>0asn—>oo. (40)

J=0
Let us now examine the quantities in the denominator of (39), viz.
2
def =
52% ( H Oéi) . (41)
i=k+1

It may be shown that

(H ai)zwxp{l% =1 = 277}

i=k+1 —a
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where we have set ; = =% a € (0,1), and b = = R'(#) < 0. Consequently,

we have that

2b

n—1
- i,
k=0 -

2b ny 2b
= ﬁexp{l_a(n—l }Z’ykexp{—l—(k—l—l) }

k=0

-1 e 1

The leading behaviour of the partial sum on the RHS of the preceding equa-
tion is found by examining the corresponding integral

n—1
In déf/ (l‘ + 1)—2a exp {_1 2b (l‘ 4 1)1—oz} dx 7
0 _

(a4

where, without loss of generality, we have set g o (k + 1)~*. Integrating
I, by parts yields

which implies that

2b Ca n-¢ 2b Ca
T, ~ ﬂexp{l_a(n—l)l }X{— 5 exp(—l_ozn1 )}

p

= —%n_o‘—ﬂ) as n — oo . (42)

We may express (39) as

2
n—1
(x_xo Hj:O O‘J)

1
0.5><{Tln}2 X exp § — 7 ;x> o]l o

fale) = 0.5
0.5 x {F}" , x= o [[}5 Ooz]
0 , :1;<:1;0H] o%

Furthermore, for x > xq H;‘;& o, equation (42) implies that

lim fo(z) =

n—oo
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On the other hand, when x = ¢ H;‘;& o, we have that

A3, fol@) = 00
The above analysis suggests that {f,,}22, converges, in the sense of distribu-
tions, to &(x).

3.3 Closing remarks

Algorithm (ii) may be expressed in the form

Tptl = Tn + P)/nh/(i?)xn + P)/ngn )

giving the associated ODE B
Z=zh(2),

where h'(2) < 0. It is straightforward to show that the ODE solution is given
by )
z(t) = Z(O)eth/(”}) —0, as t = o0,

thus 2 = 0 is stable equilibrium of this ODE. Therefore from the results in
Sections 3.1-3.2, we conclude that the dynamical behaviours of the ODE so-
lutions and the sequence of densities are in accord for both algorithms (i) and
(ii). For these algorithms, the stationary density of {x,}°%, is concentrated
about z = 0, the stable fixed point of the associated ODE. Note that the
presence of the random perturbation in algorithm (ii) seems to have little
effect on the long term behaviour.

We have derived stationary densities of linearised algorithms of the gen-
eral form given by algorithm (ii). Note that the stationary densities so derived
are localised, about #. To understand the full stationary density of {z,}°2,
one needs to piece together the information from the various local station-
ary densities which correspond to different stable equilibria of the associated
ODE. In algorithm (ii), if we assume that &, is characterised by a pdf of the
form

G(p):eﬁp2, geR,

then we obtain §(x) as the local stationary density. However, for the full sta-
tionary density, it is possible that different masses may be associated with
each of the stable equilibria. The problem that remains is to quantify masses
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that are associated with each localised §(x) distribution. If achieved, this
would give an answer to the question: To which one of the stable equilibria
is the algorithm most likely to converge? One way to approach this problem
is through analysis of the Frobenius-Perron operator of the nonlinear algo-
rithm directly. The next section will provide a theoretical framework for this
analysis. Section 5 will show how this analysis may be applied to a specific
algorithm, with the aid of numerical computations.

4 Densities of Nonlinear Algorithms

Consider an algorithm in the form

where S explicitly depends on n (refer to equation (2) to see an example of
such an S). As usual, the noise amplitude is damped and {¢,} is an i.4.d.
sequence of random variables with a common density g. We suppose that
the Frobenius-Perron operator associated with S,(+) is P,. In addition, we
denote the noise term by

Zn = Ynbn - (44)
The density of z, is given by
1 =z
Gplx)= —g(—) . 45
()= o) (4

Suppose that f, € L} (X) is the density of z,,. From (43), we see that @,
is the sum of two independent random variables. Note that S, (x,) and z,
are independent since in calculating x4, ..., x,, we only need &, ..., &,—1. Let
w : IR — R be an arbitrary, bounded, measurable function. Then, the
mathematical expectation of w(w,41) is

w(znp1)] /IR 2) fusr(z)da . (46)

Furthermore, using (43) and the fact that the joint density of (,,z,) is
L fn( )g ( ) we have that

Elw(za)] = /]R S S 0) + ) gy . (47)

n
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Now using the change of variables © = S,(y) + z, y = y, the integral in (47)
is transformed to

E[w(wns1)] = /IR /IR £ gy (48)

n

Equating (46) and (48) yields

Ji, @it} = f wl {% Je fAy)g(“Ti”(”)dy}dx,

which gives

Sn(y)
Funal) = = fo Fulwlat ==y (49)
From (49), define the operator P, : L}, — L}, by
Sn(y)
dy , 50
~ o I T &

for f € L}. Suppose that S,(-) is non-singular. Therefore the Frobenius-
Perron and Koopman operators, P, and U, respectively, corresponding to
Sa(+) exist. Furthermore, let

hna(y) g(“';n 7. (51)

Then (50) and (51) yield

Puf(e) = = fo F)ha(S, ()
= 7, <f, Unhng) , since by o (Sn(y)) = Unhn 2 (y)
= . YPuf, hna) , since P, and U, are adjoint operators

= = g DRy (52)

n

Using the change of variable = = ¢, equation (52) becomes

- /IR G(#)Puf(x — Yut)dt . (53)
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Now, suppose that P, is such that

P||||1Pasn—>oo, (54)

where P is a limiting operator. With this in mind, the following issue arises:

Does it follow that P,, ” I p asn — 00 ¢ This issue is addressed by Theorem
4.1 below which is proved with the aid of the following lemma [12].

Lemma 4.1 For every f € L', I CIR bounded or not,
lim [ [f(e +h) = fla)lde = 0.

The proof of this result may be found in [12].
Theorem 4.1 For the system defined by (43),

limy oo |Pnf — Pafli =0, for all f € Lp(X),

where P, is the Frobenius-Perron operator corresponding to S,(-) and P, is
the operator corresponding to (43).

Proof
Write

Pofle) = Pf(x) = [ o/ {Pf(x = 38) = Pufla)}dt

Pick an arbitrarily small § > 0. Since ¢ is an integrable function on IR, there
must exist an r > 0 such that

[ oy, (+

To compute an upper bound for || P, f — P,f||:, we proceed as follows.

1Pof — Puflh < /R JR 9W)|Paf(x = yny) — Puf(a)|dady
e L+ 1,

where

[ /|| 9() | Puf(z = 7ay) — Paf(2)|dyde .
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and
2 o [ 9P =0y = Puf()ldyde

We consider each of these integrals in turn. First, since P, f is integrable,
Lemma 4.1 implies that there exists an N > 0 such that

/IR | P f(x — vny) — Pof(a)|de < é , for alln > N and for |y| < r.

Hence

) ) )
<2 <2 .
L<3 |y|§rg(y)dy <3 /]R g(y)dy 5 (55)

For I, we use the triangle inequality to write

I, < /IR /|y|>r g(y)P.f(x dyd:z;—l—/ /|>T VPof(x — vyoy)dydx . (56)

Using the change of variables v = y and z = # — ~,y, one obtains

/]R /ym P.f(x —yny)dyde = /]R /|U|ZT9(U)Pnf(Z)dvdz
g(v)dv x /IR Pof(z)d=

g(v)dv (since /IR P.f(z)dz=1)

I
——

lv[>r

v

T

(by assumption (%) above) , (57)

Il

and

/]R /y|>r Pof(a)dyde = / dyx/ P f(x)de
5

< (58)
Hence, combining (56), (57) and (58) gives
§
L<s. (59)
Therefore, (55) and (59) imply that
Jimn [[Pf — Puflli =0
O

A Corollary of the preceding theorem is stated and proved below.
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Corollary 4.1 Suppose that S,(-) and g are given and that we have a se-
quence {f.} generated by fni1 = P, fn and such that f, — f. asn — co. In
other words, given an arbitrary € > 0, there exists an N such that

[ = felli < 5 for alln > N . (60)

Furthermore, suppose that P,, the Frobenius-Perron operator associated with
Sal+), s such that P, — P as n — oo, where P is a limiting operator. Then
T« 18 a stationary density for P, viz. Pf. = f..

Proof of Corollary
Write

This gives

< fasr = Bl 1Pl fe = fa)lh
< e, foralln >N,

Hﬁnf* - f*”l

which implies that
|Pnfe— felli — 0 asn — oc. (61)

Now, from (54) and Theorem 4.1, we get that
|Pofi — Pfili = 0 and ||Pnfe — Pufilli = 0asn — oo

This leads to
||?nf*—Pf*||1 —0asn — oo,

which, in combination with (61), gives P f. = f.. O

To summarise, we have shown how to calculate the Frobenius-Perron
operator P, of the nonlinear, nonautonomous random algorithm (43), see
equation (50). We further showed that if P,, the Frobenius-Perron operator
of the nonautonomous map S,(-), converges to P as n — oo, then

1. P, also converges to P as n — oo

2. the limit of a convergent sequence of densities generated by P, is a
stationary density of P
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Unfortunately, this result tells us nothing about a specific f.. In fact, in the
particular case given by (43), f. is not unique since P is the Frobenius-Perron
operator associated with the identity map I.

In the next section we will show how to apply this theory to a specific
example of algorithm (43). As the analysis is not tractable, we will use
numerical computations to study the convergence of the densities generated
by the Frobenius-Perron operator.

5 Particular example for which the associ-
ated ODE has multiple equilibria

5.1 Introduction

Counsider the deterministic non-autonomous algorithm

Tptl1 = T + F)/nh(xn) déf Sn(xn) ) (62)

where we assume that

h(zn) = —xp(2? + 22, +0.5) .

The associated ODE is thus given by
. 2 def
& =—x(z"+22+05) = g(x).

This ODE has two stable equilibria, 27 = 0 and 25 = —1 — %\/5 ~ —1.707,
and a single unstable equilibrium, viz. 25 = —1 + %\/5 ~ —0.293. The
multipliers of the stable equilibria are given by ¢'(0) = —0.5 and ¢'(—1.707) =
—1—/2 &~ —2.414, implying that —1.707 is the relatively more attractive of
the two. The graph depicting (62) is shown in Fig 2.

The following question arises: to which one of x% or a3 is {x,} likely to
converge as n — oo, given an arbitrary starting value xq?
Note that with the given h, we have that S, : [0,23] — [0,23]. Thus, we
focus on the dynamics inside the box outlined in Fig 2. The Frobenius-
Perron operator associated with the transformation 5, is formulated below.
Pick an interval [¢,0] C [-1.707,0] so that the counter-image of [x, 0] under
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X+l
1.707 -0.293 o
} | 7 X n
: 0
: Sn( Xp)
l
|
|
|
|
|
|
|
:
'
,,,,,,,,,,,,,,,, - -1.707

Figure 2: z,4, with a cubic h

Sy 1s given by

SH[x,0]) = [g1n(2),0]U [gan(2), =1 4 (290)7""/2 4 7] U
[g3.0(2), =1 = (292)7""V/2 4 7], (63)

where ¢; ,(x), ¢ = 1...3 are the three solutions of the equation = = 5, (y).
Following [12], the Frobenius-Perron operator corresponding to S, is defined

by

d
Pufle) = %/s#([x,o])f(u)du

= 2 fgin(@))gju(x) - (64)

This tells us how 9, transforms a given density f into a new one P, f. To see
how (64) works, pick an initial uniform density f(x) = 2/(2 + v/2) ~ 0.586
for € [—1.707,0], and zero elsewhere. Then (64) becomes

P,f(x)=10.586 ig;n(x) , for x € [-1.707,0] . (65)

=1



28 I. Ncube, S.A. Campbell, and E.R. Vrscay

Substituting this expression for P, f in place of f on the RHS of (64) yields

PP, f(x) = 0.586 Z {ig]1 gral }g,;z(x) . (66)

Similarly, we obtain that

P3P, P f(x) = 0. 5862 Z Zgﬂ 9r,2(91,3(7))) g1 2 (91.3(2)) g1 5() -

I=1 k=1 j=1

Given an initial density f € L}, we seek to determine lim,, o, Py,... Py f. This
limit, if it exists, gives the sought-after stationary density. With this in mind,
we return to the cubic equation @ = S,(y), which gives

1 x
3 2
v +2+ —(wm—2)y+—=0. 67
2%( ) Tn (67
We wish to find the three roots of (67), viz. g1n(2), g2n(2), and gs.(x). We
may write (67) as
v’ +ary’ +ay+as=0,

where ap = 27 a9y = L(’yn — 2) and as = 2. Let Q = %(3@2 — Cl%), R =

2vn ’Yn
L (9ara;—27az—243), S = (R+,/(Q3 + R2))5, and T = (R—/(Q3 + R?))s.
Furthermore, let D = Q3 + R? be the discriminant. Now, it may be shown
that, for @ € [—1.707,0], we have that D < 0 if and only if
(1458 + 972 + 3787,,)% < (62.5 + 22 + @ + % :
Tn Tn Tn

Clearly, for any fixed « € [—1.707,0], the LHS of this inequality approaches
a fixed positive real number as n — oo. On the other hand, the RHS of the
inequality approaches 400 as n — co. Therefore, there will be a “cross-over”
value, vy say, for which the above inequality holds for all n > N. From the
definitions of ¢} and R above, we have that

R
—Q3

= B(Tyn + 18 + 272) |

where

B, 05 77713 — 07 as n — oo. (68)
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Since there exists an N such that D < 0 (for « € [—1.707,0]) for all n > N, it
is well-known [1] that all the roots of (67) are real and distinct for all n > N.
These roots are given by

2
" = — —)— =, 69
() 50 oy - 2 (69
def 2 |64 dVn 6 27 2
" = — -+ —)— -, 70
T e (70
and
def 216 4+ 5vn 8 4dr 2
" = — -+ —)— =, 71
() 3 [T con (4 4T (7
where ;
g arccos{ Bn(Tvn + 18 4+ 272)} . (72)

It may be shown that only g¢s,(x) maps the closed interval [—1.707,0] to
itself, for all n. Hence, g3 ,(x) is the only root we need to use in evaluating
the Frobenius-Perron operator corresponding to S,. From (64), the sought-
after operator is given by

Pof(x) = fgs.n(2))gs0(2) , (73)

for an arbitrary initial density f € L},. We choose an initial pdf given by:
f(z) = 0.586 for x € [—1.707,0], and zero elsewhere. Then (73) becomes

Hence we get the following iterates

P2P1f(=’1?) = 0-5869:/3,1(93,2($))9§,2($) )

and
P3Py Py f(x) = 0.58695 1 (93,2(93,3(2))) 5 2(93,3(2)) g5 5() -

In a similar way, higher iterates of P,...P;f(x) may be computed. Now, an-
alytically determining lim, o Py,...P;f(2) is intractable. However, a numer-

ical approach is feasible. Fig 3 shows P f(x), PyPyf(x), and PyP3s PP f(x)

respectively, for © € [—1.707,0]. The learning parameter used is v, =

(n + 3)7%%9. The plots suggest that P,...P,f(z) converges, in the distribu-



30 I. Ncube, S.A. Campbell, and E.R. Vrscay

-16 -14 -12 -1 -08 -06 -04 -02 0 -16 -14 -12 -1 -08 -06 -04 -02 0 -16 -14 -12 -1 -08 -06 -04 -02
X X X

Figure 3: (a) Pif(x) (b) P2Pif(x) (¢c) PaPsPy Py f(x)

tional sense, to two Dirac distributions centred at the two stable equilibria as
n — oo. It should be noted that these two Dirac distributions emerge at dif-
ferent rates. The one located at —1.707 has a relatively bigger mass compared
to the one located at the origin. This distribution of mass is clearly related to
the magnitudes of the multipliers of the two stable equilibria. However, it is
not clear how one might go about actually quantifying these masses. Finally,
note that these numerical results validate the idea of linearising h(x) about
each stable point before deriving the local densities, as previously done.

5.2 A stationary density for the perturbed operator
P,?

This section investigates the dynamical behaviour of the perturbed non-
autonomous system

where S, () = T+ ynh(2,) and h(z,) is as defined in the previous example.
As usual, assume that {{,} is a sequence of i.i.d. random variables, each
with density g. The density of the random variable ~,,&, is v, 'g(v, ). The

0
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Frobenius-Perron operator associated with (75) is given by [12]

Pufte) =7 fy Fno(™ =y, (70

where f € L}, is an arbitrary initial density of all the possible initial states
of (75). From (76), we may find Py f, PyP1f,....,P,P,_1...P1f. The issue is
to characterise

lim ?n?n—l---?lf 5 (77)

n—oo

provided that such a limit exists. Now assume that

—
[N

glz) = ——=e (78)

a mean zero and unit variance Gaussian distribution. Furthermore, assume
that the initial density f is given by

ro={5 ek ™

5.2.1 Computation of P,P,_;..P,f

The analytic computation of the iterates P,...P; f, for n > 1, is not usually
possible. However, a numerical approach to this computation is feasible.
Nonetheless, the latter approach is not that straightforward and easy, as it
involves the evaluation of iterated integrals of increasing complexity. We
now outline one possible way of performing the numerical computations of
iterates of the operator P,. First, compute

x = Si(y)

Pif(e) =7 [ el )y . (80)
Ay 7
where A; = [—15,15] C R. Then approximate (80) by a polynomial, using

the MAPLE interp function. This polynomial has a finite support. The
choice of the size of this support is arbitrary. Denote this polynomial fit by
wy(x). Next, compute

Pofe) =53 [ Fo(m2ay

Ay Y2
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which gives

PP f(a) 5" [ (gl 22y (s1)

Ay Y2
In a similar way, compute P3P,P,f, P4P3P,Pf, etc. Even after the poly-
nomial fits have been determined, the (symbolic) numerical integration of
iterates of the perturbed operator is still relatively intensive and consumes
a substantial amount of CPU time. Figs 4-5 show the first four of these

iterates. The learning parameter used is v, = (n 4 4)79999,

r0.7 r0.7
Fof6\ Lo
| \ I |
Hos | N |ros)
{ | [\ | |
| |
~ | | |
/ | [\ / |
[Foa | [\ | toa|
y | | / y
7 los [ \ / 03 |
| N4 |
\ | |
to2 | | to2 |
tox | | to1 |
N
-2 -1 0 1 -2 -1 0 1
X X

Figuie 4 (a) Pyf(x) (b) P.Py f(x)

5.3 Comments on numerics

The plots in Figs 4-5 suggest that the stationary density of the sequence
of perturbed operators consists of two Dirac distributions, py and py say,
centred at £y = —1.707 and xy = 0 respectively, the two locally asymptoti-
cally stable equilibria of the associated ODE. We may express the stationary

density as p e t1 + o, where the component Dirac masses are

my & sup {/OO ) (t — $1)dt} sup {9 (1)},

YeD(X YeD(X)
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Figure 5: (EL) ?3?2?1]((1') (b) ?4?3?2?

H
~
~—~
S
pa—

and

e s {7 ptylt - wdt) = s (o)}

$eD(X) L/ —oo $eD(X)

such that m; + my = 1, and where D(X) is a suitable space of test func-
tions, for example D(X) = Lipf (X). In this example, it is not immediately
obvious what the values of m; and my will be, primarily as a result of the
difficulty of constructing the set of functions {v| v € Lip{(X)}. Also, as
previously discussed in Section 2.4, analysis in the space El—l— (X) is difficult.
Finally, the result in Section 5.2 is in accord with the one found in Section 5.1,
thereby justifying the idea of linearising h about a stable equilibrium prior
to performing a local analysis of the stationary density. The local stationary
densities obtained before, via the linearisation procedure, are Dirac distribu-
tions centred at the stable equilibria of the associated system of ODEs.

6 Discussion and Conclusions

This paper has primarily been concerned with a systematic study of densities
of both linear and nonlinear algorithms (see Sections 3 and 4, respectively).
Our results suggest that densities of the linearised algorithms studied here
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do reproduce the same local characteristics as the densities of the nonlinear
equations from which they are derived.
We recall that Mackey and Lasota [12] studied algorithms of the form

Ty = S(an) + €&, 0<ek 1,

where S(x,,) is not explicitly dependent on n, and where {{,} is a sequence
of ¢.1.d. random variables. Our work in this direction is new, because we
look at more general algorithms, i.e.

Tpt+1l = Sn(xn) + F)/nfn )

where now S, (x,) is explicitly dependent on n, and {v,} is a decreasing-
to-zero sequence of positive real numbers such that 3, v, = oo. Thus, our
proof of Theorem 4.1 is new, and more general than that in [12]. Finally, it
is important to emphasize that the numerical experiments performed in this
paper were indispensable, providing insights into a difficult problem.
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