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Online combinatorial auctions

» A set N of agents and a set M of items. Items need to be allocated to agents.
» Agent j has a distribution F; over monotone, subadditive valuations

» Agents arrive in adversarial order. On arrival, v; ~ F; is revealed and we must
irrevocably allocate a set A; of remaining items.

v 2M — R4, vi(SUT) <vi(5)+ vi(T).

» Each item can be allocated at most once.
Objective

Maximize social welfare:

ieN
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Main result

Theorem
For every € > 0, online subadditive combinatorial auctions admit a polynomial-time
(6 + &)-factor prophet inequality.

Equivalently, the algorithm constructs an online allocation satisfying

1
JEL |2 vilA)| z g5 E 1D vi(OPT(v))
vi LieN vi | LieN

Polynomial time with sample access to F; and demand-oracle access to v;.
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Prior Work

» Feige (2006): Gets a %Jre—approximation for the offline setting.

» Valuations v, ..., v, are known. Need to output a social welfare maximizing
allocation.
» Dutting-Kesselheim-Lucier (2020): Get a W
online setting.
» Runs in polytime.
» Correa-Cristi (2023): Get a 6}r6—prophet inequality.
» Existential result (via a fixed-point theorem).

-prophet inequality for the
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First: the offline problem

» All valuations (vi, ..., v,) are known in advance.
» Choose pairwise-disjoint sets (Ay, ..., An).

» The goal is
(Ap).
AL ANCM 2 vilA)

ANA=0 (i #) ieN
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The configuration LP

max Z Z X svi(S)

s.t.

ieN SCM
D xis =1
SCMm
> 2 xis<l1
ieN SCM

JES
X,'75 S {0, 1}

VieN,

Vje M,

6/26



The configuration LP

max Z Z X svi(S)

s.t.

ieN SCM

ZX,"SZ].

SCMm

szi,sél

i€EN SCM
jes

Xj,s Z 0.

VieN,

Vje M,

6/26



The configuration LP

max Y > xisvi(S) Distributional view

ieN SCM For each agent i, x; is a distribution
st Y xis=1 VieN, over sets W; C M.
scm . .
For every item j,

Y3 xs<1 Vj e M,
ieN SCM Pr |'J c VV,] S 1.

jes 2.yt

ieN

xjs > 0.

In words: the total fractional demand
for an item is at most one.
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ieN SCM

ZX,"SZ].

SCMm

szi,sél

i€EN SCM
jes

xjs > 0.

VieN,

Vje M,

Distributional view

For each agent /, x; is a distribution
over sets W; C M.

For every item j,

Pr [je W] | <1.
WiNrXi[j < I] o
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6/26



The configuration LP

max Z Z x:.svi(S) Distributional view

ieN SCM For each agent i, x; is a distribution
st Y xis=1 vieN, over sets W; C M.

SEM For every item j,
> D xs<1 vj €M,
ieN SCM Prje W]<L

JjES — Wi~x;

ieN

Xj,s Z 0.

In words: the total fractional demand
for an item is at most one.

Solvable in polynomial time given demand oracles.

Can we round a fractional solution into a high-welfare allocation?
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A simultaneous item-bidding auction

Each agent i submits
b = (by)jem € RY.

Each item goes to its unique highest
bidder:

Ai=<jeM:b; > by; ¢ .
{J T Ny EJ}

» The sets (A;)icn are automatically
disjoint.
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A simultaneous item-bidding auction

N ={1,2,3},

Each agent i submits . ‘ @ .

by = (6.4,2,8,1)

bj = (bj)jem € RY

Each item goes to its unique highest
bidder:

A; —{jGM b > maﬁ}b@}

» The sets (A;)icn are automatically
disjoint.
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A simultaneous item-bidding auction

» More generally, agent i may randomize using a distribution D;.
» So each agent / samples b; ~ D;.

» Assign to each agent the set

Ai=<jeM: b; > by; 7.
{J 77 N ZJ}

How might the agents strategize so that the final allocation
(A1, ..., Ap) has high social welfare?
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A mirroring trick

Let S C M.
Let p,q € Zi be independent and identically distributed. Define

A={j€S:p>ql, B={je€S:q>p}
Subacii
Since AUB =S, Since p and q are i.i.d.,

v(A) + v(B) > v(S). E[v(A)] = E[v(B)].

2E[(A)] = E[V(A) + V(B)] = W(S) = | Epglv({j € S py > qi})] > 4(5)
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The mirroring strategy

Fix agent i and D_;. The strategy

M,’(D,,'): ,‘. ‘

1. Samples an interest set
W ~ (xi,s)scm-

2. Samples b, ~ D, independently for :
every { £ |.
3. Returns J 0 0
by = {1 + maxg; by, _j e W,
0, jgw. W = {a,c,e)}
U= 2
On W, bid according to a fresh sample of @j‘ hq,:{(l.“” ;;3

the competition.
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Mirroring captures half of the LP value

Let by ~ D, be the opponents’ actual bids and bé ~ Dy the

fresh samples used by the mirror. Conditional on W, bl enlvez S eies

To sample from M;(D_;):
Ai = {J €M: b; > ngilx béj} 1. Sample W ~ x;.
. , 2. Independently sample bz ~ Dy
= {J c W r‘?ax b@j > nzax bgj} . for every £ # i.
i,_/ i,_/ 3. Return
Pi qaj

b — 14+ maxyy; sz, jew,
Y 0, j¢wW.
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Mirroring captures half of the LP value

Let by ~ D, be the opponents’ actual bids and bé ~ Dy the

fresh samples used by the mirror. Conditional on W, bt enives S eiesy

To sample from M;(D_;):
Ai = {J €M: b; > nZ;é]:X béj} 1. Sample W ~ x;.
. , 2. Independently sample bz ~ Dy
= {J c W r?axb@- > nzaxbgj}. for every £ # i.
i,_/ i,_/ 3. Return
Pi qaj
. . . . . r
The two maxima are i.i.d. on A;. The previous claim gives by = {1 + maxgi by, jE W,
0, jEw.

E[V,'(A,') ‘ W] Z %V,(W)

Averaging over W ~ x;,

E[vi(A)] > % Z xi,svi(S)

SCM
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What if every agent mirrors?

Bid distributions (D4, ..., D,) are mutually mirroring if

D L Mi{(D_;) Vi€ N.
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What if every agent mirrors?

Definition

Bid distributions (D4, ..., D,) are mutually mirroring if

D L Mi{(D_;) Vi€ N.

If all agents use mutually mirroring distributions, then

Z V,'(A,')] Z %Z Z X;’5V,'(S) = %LP

ieN ieNSCM

E

Existence

The mutually mirroring equations form a fixed-point problem. The fixed-point can be
shown to exist by Brouwer's fixed-point theorem.

Can we sample mutually mirroring bids in polynomial time?
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Unrolling the fixed point

Mutually mirroring distributions satisfy D; g M;(D-)) VieN.
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Unrolling the fixed point

Mutually mirroring distributions satisfy D; g M;i(D-))

» If | had samples b ~ Dy, for £ # i, | can sample
W ~ x;, then set

b — 1+ maxgx; bgj, jew,
() jEw.
» How can | simulate samples b, ~ D;?

» If agent ¢ had samples b} ~ Dy for k # ¢, then he
does the same mirroring thing. ..

» And so on...

Vie N.

@ o
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The recursive algorithm

Mirroring strategy M;(D—;):

SimBids(i, 5) 1. Sample an interest set W ~ x;.
1. If S = @, return the all-zero vector. 2. Sample b ~ Dy independently for
every { £ i.

2. Sample an interest set W ~ x;.
3. Return
3. For every ¢ # i, recursively compute

1+ maxey by, jEW,
by = J

by < SimBids(¢, S N W). 0, jgw.

4. Return b; € Zf_ with

Y Intended Meaning: SimBids(i, S) returns a
by = 1+ maxe; blf’ jesnw, bid sampled from D;, restriced to items in S.
0, JESNW.
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SimBids(i, 5) 1. Sample an interest set W ~ x;.
1. If S = @, return the all-zero vector. 2. Sample b ~ Dy independently for
every { £ i.

2. Sample an interest set W ~ x;.
3. Return
3. For every ¢ # i, recursively compute

b — 1+ maxyj sz, jew,
by < SimBids(¢, S N W). V=

0, JEw.

4. Return b; € Zf_ with

Y Intended Meaning: SimBids(i, S) returns a
by = 1+ maxe; blf’ jesnw, bid sampled from D;, restriced to items in S.
0, JESNW.

Lemma

If Dj is the distribution returned by SimBids(i, M), then (Dx, ..., D) are mutually mirroring.

Proof: By induction.

14/26



Unrolling the recursion

SimBids(i, S)
1. If S = &, return the all-zero vector.
2. Sample an interest set W ~ x;.
3. For every £ # i, recursively compute

by < SimBids(¢,S N W).
4. Return b; € Z;Sr with

by — 1+ maxg; béj, jesnw,
o, jE€Snw.

L AN -2
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Unrolling the recursion

6 & 6 o (e Hi—o — son
SimBids(/, S) :

1. If S = &, return the all-zero vector.
2. Sample an interest set W ~ x;.
3. For every £ # i, recursively compute

by < SimBids(¢,S N W).

4. Return b; € Zi with

by — 1+ maxg; béj, jesnw,
o, jE€Snw.

Stop when intersection of interest sets on root-to-leaf path becomes ()
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Why should the recursion terminate?

At first glance, the recursion can simulate an agent again:

SimBids(i, M) — SimBids(¢, W) — SimBids(i, W N W,).
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Why should the recursion terminate?

At first glance, the recursion can simulate an agent again:
SimBids(i, M) — SimBids(¢, W) — SimBids(i, W N W,).

The progress is that bids are needed only on the smaller set W N W,.

Branching Repeated Intersections

Each internal node creates up to n — 1 Repeated intersections remove items and
new recursive calls. eventually reach &.
Intersections dominate when distributions (xi, ..., x,) come from configuration LP.

> xis<LVjeM

iEN S:jeS
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Quick detour: branching processes

A branching process B begins with a root.
Every node independently creates child £ with Prfan i-child appears] = p;

3

probability py.

Zy=1

Zy=0 —  the process dies out
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Quick detour: branching processes

A branching process B begins with a root.
Every node independently creates child £ with
probability py.

Let Z; be the number of nodes at depth t. If
dp<i-e,
LeN
then
IE[Zt ‘ Zt—l] < (1 - 5)Zt—17
= E[Z] < (1 —¢).

Zy=0

Prfan i-child appears|
L]
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Quick detour: branching processes

A branching process B begins with a root.
Every node independently creates child £ with
probability py.

Let Z; be the number of nodes at depth t. If

Ype<i-e,

LeN
then
E[Z; | Zt-1] < (1 —€)Z;-1,
e E[Z] < (1 —¢).
Therefore
E[V(B)] =) E[Z]
t>0
. 1
<> (1-e)f=-.
t>0 <

Zy=0

Prfan i-child appears] = p,

17/26



Proof of termination

For j € M, let B; := subtree containing nodes u for which every s in the root-to-u
path satisfies j € W;.

e ® © 6 By={u:jeH)
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Proof of termination

For j € M, let B; := subtree containing nodes u for which every s in the root-to-u

path satisfies j € W.

» Obs 1. Every internal node belongs to ¢ e o By = fuij e 1)

at least one B;.
> Let Kij = Perx,—U S W] = 2591' Xi,S

» Obs 2. Each B; is distributed as per a
branching process with parameters

(KJ]_J', NN Iinj).

» Config LP constraint:

ZZX,’75:ZI€US1*€, VjeM

ieN §3j ieN

Hence E[|V(B;)[] < % = E[|V(T)I] < %
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1. We looked at the offline setting
2. Simple auction: b; ~ D; for all i € N, and

Ai={j € M : b > max by}

Agent i plays according to mirroring strategy M;(D_;): gets % of her LP value.
Mutually Mirroring. All players simultaneously mirror each other.

This can be cast as a fixed-point: Existence shown by Brouwer’s theorem.
Unrolling that fixed point yields a recursive algorithm.

Branching process style analysis shows that the algorithm terminates in polytime.

O N A Ww

Final allocation is a polytime (2 + ¢)-approximation to the configuration LP.

But this offline result was already known
Feige (2006) shows how to round the configuration LP with an approximation of 2 + €.
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The emerging picture

Existence

Polynomial time

Offline

Online

Mutually Mirroring
fixed point
- %-approximation

Correa—Cristi (2023)
%—prophet inequality
by a fixed point theorem

l

h 2

Feige
(2006)
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Recall the online setting

» Each agent i has a known distribution F; over monotone subadditive valuations.
» Agents arrive in adversarial order.
» On arrival, v; ~ F; is realized and observed.

» The allocation A; must be chosen irrevocably from the remaining items.

Prophet benchmark
Compare the online welfare with the expected offline optimum:

v@}_ lz v,-(A,-)] versus .,LE]: [Z v,-(OPT,-(v))] .
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The Correa—Cristi online auction

Now, agent's strategy is a function from possible valuations to distributions over bids.

D; : supp(Fi) — A(ZY).

Correa-Cristi Online Auction
1. Before arrivals, independently sample

VéN]:g, bZNDg(Vé) Vel e N.

2. When i arrives, observe v; and draw b; ~ D;(v;).

3. Allocate
A = {j € M : jis available, and bj; > ?eal\>l< béj}.
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Online mirroring

Fix the realized valuation v;. To sample from M;(Ds,...,Dp)(vi):
1. Sample an interest set W from an appropriate LP.
2. Sample vy ~ Fy, and Bg ~ Dy(v) for all £ € N.
3. Return R
b,’j _ {1 + maxgepn bgj, jE w,
0, j¢Ww.

Lemma

An agent using this mirroring strategy receives at least % of her LP value.
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Online strategies are mutually mirroring if
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Efficient sampling
The online fixed point can also be unrolled. This results in a recursive sampling
procedure that makes at most nm/e recursive calls in expectation.
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Open directions
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Open directions

1. Can we obtain posted prices?

A posted-price mechanism fixes item prices p. When agent i arrives, she gets

A; = argmax < vi(S) — Z pj

jes

2. What are the limits of mirroring?

Mirroring handles both offline and online combinatorial auctions. Could it apply to other
problems with subadditive objectives? What about general setting where one has multiple
copies of each item?

3. A general framework for subadditivity?

submodular = greedy methods
X0S — supporting additive functions

subadditive = mirroring?
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Thank youl!

Questions?



