THE MODEL THEORY OF COMPACT COMPLEX SPACES
RAHIM N. MOOSA'

The usual model-theoretic approach to complex algebraic geometry is to
view complex algebraic varieties as living definably in the structure (C, +, x).
Various model-theoretic properties of algebraically closed fields (such as quan-
tifier elimination and strong minimality) are then used to obtain geometric
information about the varieties. This approach extends to other geometric
contexts by considering expansions of algebraically closed fields to which the
methods of stability or simplicity apply. For example, differential algebraic
varieties live in differentially closed fields, and difference algebraic varieties in
algebraically closed fields equipped with a generic automorphism. Another
approach would be to consider the variety as a structure in its own right,
equipped with the algebraic (respectively differential or difference algebraic)
subsets of its cartesian powers. This point of view is compatible with the the-
ory of Zariski-type structures, developed by Hrushovski and Zilber (see [21]
and [41]). While the two approaches are equivalent (i.e., bi-interpretable) in
the case of complex algebraic varieties, the latter point of view extends to
certain fragments of complex analytic geometry in a manner that does not
seem accessible by the former.

Zilber showed in [41] that a compact complex analytic space with the struc-
ture induced by the analytic subsets of its cartesian powers is of finite Morley
rank and admits quantifier elimination. Since then, there have been a number
of papers investigating various aspects of the model theory of such structures,
as well as possible applications to complex analytic geometry. The most no-
table achievement has been a kind of Chevalley Theorem due to Pillay and
Scanlon [35] that classifies meromorphic groups in terms of complex tori and
linear algebraic groups. It has become clear that compact complex spaces
serve as a particularly rich setting in which many of the more advanced phe-
nomena of stability theory are witnessed. For example, the full trichotomy for
strongly minimal sets (trivial, not trivial but locally modular, and not locally
modular) occurs in this category. It also seems reasonable to expect that a
greater model-theoretic understanding of compact complex spaces can con-
tribute to complex analytic geometry, particularly around issues concerning
the bimeromorphic classification of Kdhler-type spaces.
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In this article, I hope to give both an introduction to, and a survey of, the
model theory of compact complex spaces. Notions from complex analytic
geometry that are of particular interest will be explained in some detail, and
this is partially responsible for the length of the article. Formal proofs will
generally be omitted, but I will make some attempt to motivate the results and
provide information about the techniques employed in obtaining them. While
most of the material I have included has already appeared (or is to appear)
elsewhere, I have also taken this oppurtunity to describe some of the results
obtained in my thesis [25] which is still being prepared for publication.!

Here are some of the topics that are covered. I begin with a brief introduc-
tion to the basic objects of study in Section 1, followed by a summary of the
first results in the model theory of compact complex spaces (Section 2). In
Section 3, I discuss how the work of Hrushovski and Zilber on Zariski ge-
ometries applies to this category in order to establish a dichotomy for strongly
minimal sets in terms of their relationship to projective space.> The notion of
a meromorphic group and the classification theorem of Pillay and Scanlon are
presented in Section 4, together with the results of Kowalski and Pillay on the
socle of a commutative meromorphic group. A somewhat detailed discussion
of Douady spaces and their relationship to issues of saturation for compact
complex spaces, as it appears in my thesis, is given in Section 5. In Section 6, I
explain how the model theory of elementary extensions of a compact complex
space can be related to various notions about families of analytic sets from
complex analytic geometry. Finally, in Section 7, I give an analogue of the
Riemann Existence Theorem for elementary extensions (also from my thesis).
Several examples and open questions are dicussed along the way.

The emphasis given to the various topics in this article may very well have
more to do with my own knowledge of them rather than their relative worth.
Moreover, this is an active area of research, and I have probably not discussed
all the work that has been done. One obvious omission is the work of Pe-
terzil and Starchenko on complex analysis in o-minimal structures ([27] and
[28]). whereby—despite my comments at the beginning of this introduction—
complex analytic spaces can be viewed as living in an ambient enriched field
(Run). though outside the stable/simple context.

Acknowledgements. I am grateful to Anand Pillay for his guidance during
my tenure as a graduate student of the University of Illinois at Urbana-
Champaign. I also thank Thomas Scanlon with whom I have had several
discussions that were helpful in preparing this paper. Finally, I am indebted
to Matthias Aschenbrenner, Anand Pillay, and the referee for their comments
on an earlier draft.

IPlease see Note added in proof at the end of the article.

ZRecent work of Pillay [32], based on results of Campana [2] and Fujiki [11], gives a direct
proof of the dichotomy that does not involve Zariski geometries. I have included a brief appendix
on these methods.
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81. Complex analytic spaces. In this section I will introduce complex ana-
lytic spaces and some of the basic notions associated with them. While I will
sometimes use the language of sheaves and ringed spaces, only a rudimentary
understanding of these objects will be assumed. More detailed introductions
to the theory of complex analytic spaces can be found in [16] (for a classical
treatment) and [38] (for a modern treatment).

Just as algebraic geometry is essentially concerned with the zero sets of
polynomials, the fundamental objects of study in complex analytic geometry
are controlled by the zero sets of holomorphic functions. Let D be a domain in
C" (some n > 1), and suppose that f1. f2..... fm are holomorphic functions
on D. Then the set of common zeros, V' = V (f1..... fm).iscalled an analytic
set in D. If we let Op denote the sheaf of germs of holomorphic functions
on D, then the quotient of Op by the ideal sheaf generated by f1,.... fm
equips V' with a structure sheaf. Note that this sheaf may not be reduced—it
may contain nilpotent elements. However, if we let Zy C Op denote the
ideal sheaf of all holomorphic functions vanishing on V', then the quotient,
Oy = Op /Iy, gives rise to a reduced sheaf structure on V. Each section of
Oy can be naturally identified with a unique continuous C-valued function
on V', and is called a holomorphic function on V. If W is another analytic
set in some domain, then a holomorphic map (respectively biholomorphic map)
from V to W is a morphism (respectively isomorphism) between the ringed
spaces (V. Oy ) and (W, Oy ).

Complex analytic spaces are ringed spaces that are locally modeled after
analytic sets in domains of C" (various n). This can be expressed as follows:
a second countable Hausdorff topological space X is a (reduced) complex
analytic space if there exists an open cover {X,} of X, such that for each «
there is a homeomorphism ¢,: X, — V,, where V, is an analytic set in a
domain of C"; and such that for all o and f for which X, N X # @, the
induced transition function

bpba ' da(Xa N Xp) — ¢p(Xa N Xp)

is a biholomorphic map between analytic sets in domains of C" and C"
respectively. We obtain a reduced sheaf structure on X by pulling back the
Oy, ’s and using the transition functions to glue them together. This structure
sheaf is denoted by Oy, and its sections are the holomorphic functions on X .
If we allowed nonreduced sheaf structures on the V,’s (as described in the
above paragraph), then we would obtain the general notion of a complex
analytic space (i.e., not necessarily reduced). However, since the model-
theoretic perspective is essentially set-theoretic, and not sheaf-theoretic, I will
usually only consider reduced complex analytic spaces and deal explicitly
with nonreduced spaces as they appear. Again, if X and Y are complex
analytic spaces, then a holomorphic map (respectively biholomorphic map or
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isomorphism) between X and Y is a morphism (respectively isomorphism) of
the ringed spaces (X, Oy) and (¥, Oy).

Suppose X is a complex analytic space, and x € X. The (complex) di-
mension of X at x, denoted dim, X, is the least d > 0 such that there exists
a finite-to-one holomorphic map f: U — D, where U is a neighbourhood
around x in X, and D is a domain in C¢. If X is connected then dim, X is
constant for all x € X, and we let the dimension of X (denoted by dim X) be
this quantity. We say that X is smooth at x if there is a neighbourhood about x
that is biholomorphic with a domain in C?, in which case d = dim, X. A
complex manifold can then be described as a complex analytic space that is
smooth at every point.

Given a complex analytic space X, we will be interested in those subsets of X
and its cartesian powers (which are again complex analytic spaces) that are
given locally by holomorphic functions. A subset A C X is analytic if for all
X € X thereis a neighbourhood U of x in X, and finitely many holomorphic
functions on U, f1...., fn. such that 4 N U is the set of common zeros
of f1..... fmin U. Note that an analytic subset of X is closed and inherits
from X the structure of a complex analytic space in its own right. The analytic
subsets form the closed sets of another topology on X that is coarser than the
underlying complex topolgy. I will refer to this as the Zariski topology. and
use the terms “Zariski closed set” and “analytic set” interchangeably. We say
that X is irreducible to mean that it is irreducible in the Zariski topology: it
cannot be written as the union of two proper analytic subsets. In fact, if X is
irreducible and A C X is a proper analytic subset, then A4 is nowhere dense.
If X is irreducible and P is a property of points in X, then I will say that P
holds for general x € X if it holds in some nonempty Zariski open subset.

Suppose X and Y are irreducible complex analytic spaces. A holomor-
phic map, f: X — Y, is a modification if it is proper, surjective, and there
exist proper analytic subsets A C X and B C Y such that f restricts to a
biholomorphic map from (X \ 4) to (Y \ B). By a meromorphic map from X
to Y (written g: X — Y) I will mean a multivalued map whose graph,
I'(g) C X x Y is an irreducible analytic set, such that the first coordinate pro-
jection map I'(g) — X is a modification. Off a proper analytic subset of X,
I'(g) is the graph of a well-defined holomorphic map to Y. Note that a mero-
morphic map g: X — Y is a holomorphic map (everywhere) exactly when
I'(g) — X isanisomorphism. Forany y € Y, X, will denote the set-theoretic
fibre of g above y—that is, the analytic set given by {x € X: (x.y) € I'(g)}.
In the case when g is holomorphic, this is just the pre-image g~ '(y). If the
second coordinate projection I'(g) — Y is surjective, then the meromorphic
map g is called surjective. If T(g) — Y is also a modification, theng: X — Y
is called a bimeromorphic map. (Bi)meromorphic maps are the analogue in
complex analytic geometry of (bi)rational maps in algebraic geometry.
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For ease of notation, by a complex variety 1 will mean a reduced irreducible
complex analytic space.®> For much of this article I will restrict my attention
to compact complex varieties. Part of what makes compact complex varieties
accessible to model-theoretic analysis is that in this case the Zariski topology
is rather well behaved. If X is a compact complex variety then every Zariski
closed setin X can be written uniquely as an irredundant union of finitely many
irreducible Zariski closed subsets, which are called its irreducible components.
We can then define the dimension of a Zariski closed set in X to be the
maximum of the dimensions of its irreducible components. Moreover, if
A C X is a complex subvariety and B C A is a Zariski closed set, then
dim B = dim 4 if and only if B = A. This yields a descending chain condition
on Zariski closed sets, showing that the Zariski topology on X is noetherian.
It would not be too inaccurate to describe the model-theoretic point of view as
being that of ignoring the underlying complex topology on X and considering
only the structure induced by the Zariski topology.

I will conclude this section with a few familiar (and not so familiar) examples
of compact complex varieties. First of all, consider the algebraic case. I will use
P,(C), or just P, to denote projective n-space viewed as a compact complex
variety. Chow’s Theorem states that every analytic set in projective space is
algebraic (i.e., given by homogeneous polynomials). Hence, for projective
space, the analytic Zariski topology defined above coincides with the usual
algebraic Zariski topology. A projective variety is a compact complex variety
that is biholomorphic to a closed subvariety of P, for some n > 0.

More generally, a Moishezon variety is a compact complex variety that is
bimeromorphic to a projective variety. In classifying compact complex vari-
eties one is often only interested in bimeromorphic equivalence classes. From
this point of view, Moishezon varieties are part of the “algebraic universe”.
It is a nontrivial fact that a Moishezon variety can also be characterised as a
compact complex variety that is the holomorphic image of a projective variety.

Recall that a real 2n-dimensional lattice of C" is an additive subgroup of
the form A = {m1a1 + -+ mypu0n, ‘ mi,...,my, € Z}, where (Otl, - ,azn)
is an R-basis for C". An n-dimensional complex torus is a quotient of C" by
a real 2n-dimensional lattice, equipped with the induced analytic structure.
Complex tori are compact complex manifolds, and, depending on the choice
of the lattice, may give rise to non-Moishezon varieties. The group structure
induced on a complex torus from C” is holomorphic.

Finally, let me briefly mention a class of compact complex varieties that
will eventually play an important role in this article. A Kdhler manifold is a
compact complex manifold that admits a Hermitian metric whose associated

3This terminology differs from the one I used in my thesis [25], where a “complex variety” was
assumed to also be compact. In doing so I was following Ueno [40], but now agree with those
who objected to that convention.
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differential 2-form of type (1, 1) is closed. A compact complex variety is said
to be of Kdihler-type if it is the holomorphic image of a Kdhler manifold.
While these definitions may not be particularly enlightening, certain relevant
properties of the class of all Kéhler-type varieties, referred to as the class C,
will become clear later. For now, I only mention that the class C contains
all Moishezon varieties and complex tori, and is closed under taking carte-
sian products and bimeromorphic equivalence. Kéihler-type varieties have
been extensively studied (see, for example, Fujiki [12]). mainly because many
methods from algebraic geometry are applicable to them.

§2. Basic model-theoretic properties. A compact complex variety can be
viewed as a structure in the sense of model theory by taking the Zariski closed
subsets of all its (finite) cartesian powers as the basic relations. In order
to deal with several compact complex varieties at once, it is convenient to
consider the many-sorted structure .4 where there is a sort for each compact
complex variety, and where the relations are now the Zariski closed subsets of
the cartesian products of the sorts. I let £ denote the corresponding many-
sorted language consisting of predicates for these relations. In this section I
will survey some of the first results on the model theory of A.

Clearly, a quantifier-free definable set in A will be a (finite) boolean com-
bination of Zariski closed sets. A4 priori, arbitrary definable sets are obtained
from Zariski closed sets using the usual boolean operations together with the
coordinate projection maps. That projection maps turn out to be unnecessary
is the first indication that Th(.A) is well-behaved:

THEOREM 2.1 (Lojasiewicz [24], Zilber [41]). Th(A) admits quantifier elim-
ination; every definable set is a boolean combination of Zariski closed sets.

Two classical results of Remmert are responsible for quantifier elimination.
The first is Remmert’s Proper Mapping Theorem which states that the image
of an analytic set under a proper holomorphic map is again analytic.* In the
compact case properness comes for free, and so we have that the holomor-
phic image of a Zariski closed set is Zariski closed. Quantifier elimination
says something slightly different, that the holomorphic image of a Zariski
constructible set is Zariski constructible. Nevertheless, Theorem 2.1 can be
deduced from the Proper Mapping Theorem using an inductive argument that
involves the following fact (also due to Remmert) about how the dimension
of an analytic set varies in families:’

Fact 2.2 (Dimension Formula). Suppose X and Y are compact complex
varieties and f: X — Y is a surjective holomorphic map. Then there exists
a nonempty Zariski open set U C Y, such that for all y € U and x € X,

4A proof of this can be found on page 162 of [16].
5See Chapter 3 of [7]
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dim, X, = dim X — dim Y. In particular, each irreducible component of a
general fibre of f is of dimension dim X — dim Y. Moreover, this is the least
dimension of any fibre of .

The above fact is of independent interest and implies the definability of
dimension; if S is a definable set and {F;: s € S} is a definable family of
Zariski closed sets parametrised by S, then for each n > 0, the set

Un)={s€S: dimF, =n}

is a definable subset of S. As we will see later, it is the definability of dimension
in A that allows for a well-behaved notion of dimension for definable sets in
elementary extensions of A.

Suppose F is a definable subset of some compact complex variety X. By
quantifier elimination, F has a unique irredundant expression of the form:

FZ(S]\T])U(Sz\Tz)U---U(Sk\Tk>

where each S; is an irreducible Zariski closed subset of X and T; is a proper
Zariski closed subset of S;. The Zariski closure of F, denoted by F. is then
S1U---USk. Isay that F is irreducible if k = 1, which is equivalent to F being
irreducible. For each i, S; \ 7T; in the above expression is called an irreducible
component of F. By the dimension of F 1 mean the dimension of F, and
denote it by dim F. Note that the dimension of a definable set is equal to the
maximum of the dimensions of its irreducible components.

A natural consequence of quantifier elimination is that every definable map
is “piecewise meromorphic”:

COROLLARY 2.3. Suppose f: A — B is a definable map between definable
sets. Then A = A1 U ---U A,,, where each A; is a Zariski open subset of a
compact complex variety X;, and such that the restriction of [ to each A; is
holomorphic on A; and meromorphic on X;.

This may require some explanation. Suppose X and Y are compact complex
varieties, U is a nonempty Zariski open subset of X, and f: U — Y isa
holomorphic map. I will say that f is meromorphic on X to mean that there
exists a meromorphic map from X to Y that agrees with f on U. It should be
clear that in this case f is definable. The above corollary says that all definable
maps are of this form, after a finite decomposition of the domain.

Quantifier elimination also yields a correspondence between complete types
and irreducible Zariski closed sets. Suppose x is a (finite) tuple of variables
corresponding to a certain cartesian product of sorts from A, say X, and
p(x) is a complete type over the empty set in these variables. By quantifier
elimination and the noetherianity of the Zariski topology, there exists a unique
irreducible Zariski closed subset F C X, such that p(x) is determined by the

®Notice that this is equivalently to p(x) being over A, since every point of a compact complex
variety, being itself a Zariski closed set, is named in L.
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formulae stating that “x € F and x ¢ G for any proper Zariski closed subset
G C F”. Conversely. if F is any irreducible Zariski closed subset of X, then
the collection of formulae stating that “x € F and x ¢ G for any proper
Zariski closed subset G C F” is consistent and determines a complete type.
This type is often referred to as the generic type of F over the empty set. If F
is an irreducible definable set, then by the generic type of F 1 will mean the
generic type of its Zariski closure F.

Every element of 4 is named in £. In particular, A is not even w-saturated.
Hence in order to evaluate complete types, one is forced to pass to elementary
extensions of A. However, using quantifier elimination and the fact that
no complex variety can be written as a countable union of proper analytic
subsets (this is a consequence of the Baire Category Theorem), the following
weakening of saturation can be obtained:

THEOREM 2.4 (Zilber [41]). A is wi-compact; the intersection of any count-
able collection of definable sets is nonempty as long as all of its finite subcollec-
tions have nonempty intersection.

For an w;-compact structure it is not necessary to consider elementary
extensions in order to decide whether the structure is of finite Morley rank.
Moreover, if this is the case, the Morley rank of the definable sets can be
computed directly inside the given model.” That is, the following definitions
are valid for an w;-compact structure M:

(a) For F adefinable setand n € w. RM(F) > n can be defined inductiveley
as follows:

— RM(F) > 0iff F is nonempty:
— RM(F) > n + 1iff there are disjoint definable subsets (F;);c,, of F

with RM(F;) > nforalli € w:
(b) M is of finite Morley rank if for any definable set F, there exists n € w,
such that RM(F) is not greater than or equal to # + 1; in which case the
minimal such number is the Morley rank of F and is denoted by RM(F).

Using quantifier elimination and Theorem 2.4, Zilber shows:

THEOREM 2.5 (Zilber [41]). Th(A) is of finite Morley rank. Moreover, for
definable sets in A, Morley rank is bounded by dimension.

The methods of stability theory are therefore applicable to the structure .A.
One useful consequence is uniform definability of types.® This allows us to
assume, in a uniform manner, that the parameters for a given definable set
come from the sort in which the definable set itself lives. More precisely,
suppose ¢(x, y) is an L-formula where x is an n-tuple of variables belonging
to a sort X and y is an m-tuple of variables belonging to a sort Y. Then
there exists an £-formula y (x, z), where z is now an m’-tuple of variables also

7For example, see Proposition 0.16 in [25].
8See I11.1.24 of [1].
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belonging to the sort X, such that forall¢ € Y thereisad € X '”/, such that
¢(x.c) and w(x. d) define the same subset of X".

REMARK 2.6. The notion of a Zariski-type structure, as described by Zilber
in [41], provides a framework in which to study compact complex varieties.
Indeed, all the basic model-theoretic properties that I have discussed thus far
can be deduced from the fact that the sorts of A are Zariski-type structures.
As I will not be adopting this point of view, I omit a discussion of these axioms
here, and instead refer the interested reader to the aforementioned article.

Every compact complex variety can be obtained as the holomorphic im-
age of a compact complex manifold. Indeed, by resolution of singularities,
every complex variety is the image of a complex manifold under a modifica-
tion. It follows that a compact complex variety is interpretable in a compact
complex manifold; it can be obtained as the quotient of a compact complex
manifold by a definable equivalence relation. Hence, even if we had begun by
only considering the smooth case, arbitrary compact complex varieties would
have appeared naturally as imaginary sorts. Moreover, having allowed all
compact complex varieties as sorts of A, the process of taking quotients of
definable sets by definable equivalence relations does not produce anything
more:

TuaeoreM 2.7. Th(A) admits elimination of imaginaries.

In [31] Pillay describes how a result of Grauert can, in principle, be used
to obtain Theorem 2.7. Grauert’s result concerns definable equivalence rela-
tions that satisfy certain geometric conditions—what are called “meromorphic
equivalence relations”. In [14] Grauert shows that the quotient of a compact
complex manifold by a meromorphic equivalence relation exists (at least gener-
ically) in the category of compact complex varieties. In my thesis [25], I have
provided the details of how quantifier elimination and the dimension formula
can be used to show that all definable equivalence relations are essentially
meromorphic, and then to conclude from this that Th(.A) admits elimination
of imaginaries.

The projective line over Cisasortin A. I willuse P"(C), or just P”, to denote
the nth cartesian power of P(C) (to be distinguished from projective n-space
which is denoted by P, ). Note that IP" is a projective variety (this is witnessed
by the Segre embedding). By quantifier elimination for A together with Chow’s
theorem, every definable subset of P” is given by a boolean combination
of algebraic subsets. Since every algebraic set is naturally interpretable in
(C, +. x). the full structure induced on P(C) by A, isinterpretablein (C, +, x).
On other hand, after fixing an identification of C with a Zariski open subset of
P(C), the complex field (C, +, x) is definable in P(C). Hence the full structure
induced on the sort P(C) by A is bi-interpretable with the pure algebraically
closed field (C, +, x).
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83. Strongly minimal sets and Zariski geometries. Recall that in an w;-
compact structure, a definable set is strongly minimal if all of its definable
subsets are either finite or cofinite.” In A, the first examples of strongly minimal
sets are the compact complex curves (i.e., irreducible 1-dimensional Zariski
closed sets). The Riemann Existence Theorem says that these are exactly
the projective curves. However, part of what makes the model theory of A
interesting is that there are higher dimensional examples of strongly minimal
sets. Recall that a complex torus of dimension n > 0 is a compact complex
manifold that can be obtained as the quotient of C" by a 2rn-dimensional
latttice A € C". T will say that the complex torus M = C"/A is generic,
if A is generated by complex numbers (a; + b1i).....(az, + by,i). where
{ai,....am.b1,...,by,} C R are algebraically independent over Q. Generic
complex tori have no proper infinite analytic subsets, and are therefore strongly
minimal in 4. Note that this also yields a family of examples where Morley
rank and dimension differ—the Morley rank of a strongly minimal set is 1
while the dimension of M above is 7.

Recall the notion of (model-theoretic) algebraic closure: a tuple b is in
the algebraic closure of a set A (denoted b € acl 4) if b belongs to a finite
definable set with parameters from 4. The algebraic closure relation on a
strongly minimal set gives rise to a pregeometry with an associated notion of
independence and dimension, that I will refer to here as acl-independence and
acl-dimension, respectively. Strongly minimal sets can then be studied in terms
of the behaviour of this relation. For example, there is a natural dividing
line among the strongly minimal sets that serves to isolate those on which acl-
independence behaves in an essentially “linear” fashion. More precisely, recall
that a strongly minimal set X is locally modular if the following condition holds
after passing to a sufficiently saturated elementary extension of the ambient
structure, and possibly adding names for finitely many parameters: for all
algebraically closed sets A, B C X, A is acl-independent from B over 4 N B.
Equivalently,

acl-dim(A4 U B) = acl-dim(4) + acl-dim(B) — acl-dim(4 N B).

In [29], Pillay gives a direct proof that strongly minimal complex tori (for ex-
ample, generic complex tori) of dimension greater than 1 are locally modular.
On the other hand, it is not very difficult to see that a projective curve is not
locally modular.

In [31]. Pillay points out that every strongly minimal set in .4 that is not
locally modular is essentially algebraic. This follows from the deep results
of Hrushovski and Zilber [21] on Zariski geometries, and it is worth the
digression to give a brief description of this abstract setting. Recall that a

9In the absence of w;-compactness one must reformulate this condition to hold uniformly in
the parameters.
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topological space is noetherian if it satisfies the descending chain condition on
closed sets. In a noetherian topological space, the noetherian dimension of a
closed set, denoted by Ndim, is the maximal length of a chain of irreducible
closed subsets. A Zariski geometry on a set X is a noetherian topology on X"
for each n > 1, such that the following conditions hold:

Z0. If f: X" — X" is given by f(x) = (f1(x)..... fm(x)), where each
fi: X" — X is either a coordinate projection or a constant map, then f
is continuous. Moreover, the diagonals x; = x; are closed in X".

Z1. Suppose m: X" — X is the projection map onto the first k coordinates,
and C C X" is a closed set. There is a proper closed subset F C cl(nC)
(where cl denotes topological closure), such that cl(zC)\ F C nC.

Z2. Suppose C C X" x X is closed, and denoteby C, = {x € X: (a,x) € C}
the fibre of C above a € X". Then there exists m > 0, such that for all
a € X", either C, or X \ C, is of size at most m.

Z3. Suppose F C X" is an irreducible closed set and A;; is the diagonal
x; = xjin X". Then every irreducible component of F NA;; has noetherian
dimension at least Ndim(F) — 1.

For example, if K is an algebraically closed field and C is a smooth algebraic
curve over K, then C equipped with the usual Zariski topology on its cartesian
powers is a Zariski geometry. Indeed, the main purpose of [21] is to isolate
topological and geometric conditions that characterise this example.

Suppose X is a Zariski geometry. Then we can view X as a structure
by taking the closed subsets of X" as the basic relations. Equipped with this
structure, X admits quantifier elimination and is strongly minimal (this follows
from Z1 and Z2). One of the main theorems in [21] is that if X is in addition
not locally modular, then there is an algebraically closed field K interpretable
in X. Moreover, there is a finite-to-one surjective map f: X — P(K), such
that foreach n > 1, f: X" — P(K)" is continuous and maps constructible
sets to constructible sets (where the topology on P(K )" is taken to be the usual
Zariski topology). This says that X is rather close to being a smooth algebraic
curve over K.

How does this theory apply to the structure A? Suppose X is a strongly
minimal set in A that is given as a nonempty Zariski open subset of a compact
complex variety X. For each n > 1, we have a noetherian topology on X"
coming from the relatively Zariski closed subsets (intersections of Zariski
closed sets in X" with X"). Notice that X equipped with these subsets of its
powers is exactly the induced structure on X from A. Now assume, moreover,
that X is smooth. That is, the analytic structure on X inherited from X is
smooth. It is pointed out in [20] that X together with this Zariski topology
on each of its cartesian powers, is a Zariski geometry. It follows that if X is
not locally modular, then there is an algebraically closed field interpretable
in X. By elimination of imaginaries, this field is definable in .A. However, the

https://doi.org/10.1017/9781316755860.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781316755860.013

328 RAHIM N. MOOSA

only infinite definable field in A, up to definable isomorphism, is the complex
field (C.+, x) living on the sort P(C).!° The results on Zariski geometries
mentioned above, thus imply that if X is not locally modular then there is
a definable, finite-to-one, surjection from X to P(C). It follows that there
is a finite-to-one meromorphic surjection from X to P(C). In particular,
dim X = 1, and by the Riemann Existence Theorem, X is a projective curve.
To summarise, if X is not locally modular then it is a Zariski open subset of
a projective curve.

It was assumed in the previous paragraph that X was given as a Zariski
open subset of a compact complex variety, and that it was smooth. These
conditions are somewhat superfluous. By quantifier elimination, after possibly
removing finitely many points, every strongly minimal set X in A4 is a Zariski
open subset of a compact complex variety. Also, the non-smooth locus of a
compact complex variety is a proper analytic subset!!—and hence definable.
By strong minimality, after possibly removing another finite set of points, X is
smooth. Hence, up to finitely many points, every strongly minimal setin A is a
Zariski geometry, and the results described above apply. That is, the following
dichotomy holds:!?

THEOREM 3.1. Every strongly minimal set in A is either locally modular or a
projective curve up to finitely many points.

84. Definable groups. Recall that a definable group is a definable set G with
a definable map from G x G to G that satisfies the conditions of a group
operation. Definable groups are an intrinsic part of pure model theory, in
the sense that they arise naturally when studying the structural properties
of a stable theory. Binding groups, which are infinitely definable groups of
automorphisms that play a role rather similar to that of Galois groups. arise
when two definable sets (or types) are related (i.e., nonorthogonal) but the
interaction requires additional parameters.!*> Definable groups also appear
when one tries to classify strongly minimal sets according to the behaviour
of the algebraic closure relation. For example, among strongly minimal sets
there is a further dividing line coming from the notion of triviality—when the
algebraic closure of the union of sets is the union of their algebraic closures.
For Zariski geometries, nontriviality is witnessed by the interpretability of an
inifinite definable group, in the way that not being locally modular is witnessed
by the interpretability of an infinite definable field.

10An argument for this is sketched in [31] (the discussion following Remark 3.10). and uses
the classification of locally compact fields as well as the Riemann Existence Theorem.

1 For example. see 2.14 in [7].

128ee the appendix for a recent proof of this theorem that does not appeal to the theory of
Zariski geometries.

13See Poizat [37] Section 2.5 for a discussion of binding groups in stable theories.
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Recall that a definable group is definably connected if it has no definable sub-
groups of finite index, and definably simple if it has no proper infinite normal
definable subgroups. For example, any strongly minimal group is definably
connected and definably simple. In a theory of finite Morley rank, an under-
standing of the definable groups can often be reduced to an understanding of
those groups that are definably connected and definably simple.

Complex algebraic groups. being definable in (C, +, x). are the first exam-
ples of groups definable in A. Indeed, every definable group from the sort
P(C) is definably isomorphic to a complex algebraic group.!* However, there
are also non-algebraic groups definable in A. For example, a complex torus
is equipped with a holomorphic (and hence definable) group structure, and 1
have mentioned that generic complex tori of dimension greater than 1 are non-
algebraic. Indeed, they are strongly minimal and locally modular. As it turns
out, in the definably connected and definably simple case, all non-algebraic
groups are strongly minimal and locally modular:

THEOREM 4.1. A definably connected and definably simple group in A is either
strongly minimal and locally modular or is definably isomorphic to a complex
algebriac group.

I will describe how the above theorem follows from the dichotomy for
strongly minimal sets given by Theorem 3.1, and techniques from the model
theory of groups of finite Morley rank. Suppose G is a definably connected
and definably simple group in .A. Using Zilber’s Indecomposability Theorem,
one obtains a strongly minimal set X C G, such that G is the image of
some cartesian power of X under a definable surjective map, f: X" — G.1
Suppose X is not locally modular. By Theorem 3.1, up to finitely many points,
X is a projective curve. In particular it is definably isomorphic to a subset
of some cartesian power of P(C). Hence G is interpretable in the sort P(C)
and so definably isomorphic to an algebraic group. Now suppose that X is
locally modular. It follows that G, being the image of some cartesian power
of X under a definable map, is 1-based. 1-basedness is a generalisation of
the phenomenon of local modularity from strongly minimal sets to arbitrary
definable sets in a stable theory. I will not define 1-basedness here, but instead
refer the reader to Section 4.4 of [30]. Hrushovski and Pillay [19] gave a rather
complete description of the structure of 1-based groups. For example any
definably connected 1-based group is abelian. Applying this to G, which is
both definably connected and definably simple, we obtain that G contains no
infinite proper definable subgroups. Moreover, every definable subset of a 1-
based groupis a (finite) boolean combination of cosets of definable subgroups.
It follows that every definable subset of G is either finite or cofinite. That is,

14This follows from the Weil-vdDries-Hrushovski Theorem. see [37].
158ee Chapter 2 of [37].
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G is strongly minimal and locally modular (local modularity and 1-basedness
agree on strongly minimal sets).

In [35], Pillay and Scanlon show that every strongly minimal locally mod-
ular group is definably isomorphic to a complex torus. Hence, strongly min-
imal complex tori of dimension greater than 1 are the only examples of non-
algebraic definably connected and definably simple groups. The main result
in [35] is much stronger; it classifies all definable groups in A. It is conve-
nient to state this result in the more geometric (though equivalent) category
of “meromorphic groups” (Definition 2.2 from [35]).

DEFINITION 4.2. A meromorphic group is a complex Lie group G for which
there exists a finite open cover { W;}, and isomorphisms ¢;: W; — U;, where
U; is a Zariski open subset of some compact complex variety X;, and such
that the following hold:

1 The transition maps are meromorphic. That is, for each i # j,
$ip; ' ) (Wi W) — ¢ (Wi N W)

extends to a meromorphic map from X; to X.
2 The group operation is meromorphic. That is, for all i, j, k,

{(x.p) e Ui x Uj: ¢ (x)¢; ' (y) € Wi}

is Zariski open in X; x X; and the map U; x U; — Uy induced by the
group operation extends to a meromorphic map X; x X; — X;.
A meromorphic subgroup of G is a closed subgroup H of G, such that foreach i,
¢;(H N W;) is the intersection of a Zariski closed subset of X; with U;. A
morphism (respectively isomorphism) of meromorphic groups is a holomorphic
(respectively biholomorphic) homomorphism which when restricted to the
charts is meromorphic.

Every complex algebraic group is meromorphic. Indeed, the definition of
a meromorphic group is designed to extend the notion of a complex alge-
braic group to the category of compact complex varieties. The relationship
between meromorphic groups and groups definable in A is analogous to the
relationship between complex algebraic groups and groups definable in the
complex field. By elimination of imaginaries in .4, every meromorphic group
can be identified with a definable group in .A. Conversely, the Weil-vdDries-
Hrushovski Theorem for the algebraic case extends to this context: every
definably connected group in A has the structure of a connected meromorphic
group that is unique up to isomorphism. This equivalence means that we can
move freely from definable groups to meromorphic groups and back. For ex-
ample, one can see that quotient objects exist in the category of meromorphic
groups by applying elimination of imaginaries to groups definable in 4.

Here is the classification of meromorphic groups alluded to above:
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TueoreM 4.3 (Pillay, Scanlon [35]). Suppose G is a connected meromorphic
group. Then G has a unique normal connected meromorphic subgroup L, such
that L is isomorphic to a linear complex algebraic group and G/ L is isomorphic
to a complex torus.

Fujiki [9] had proven this result in certain special cases, all of which assumed
that G had a “nice” global compactification. This turned out to be a useful
notion, and I give the definition here. Let G be a meromorphic group and
i: G x G — G the group operation. A Fujiki-compactification of G is
a compact complex analytic space, G*, which contains G as a dense Zariski
open subset. and a meromorphic map p*: G* x G* — G* thatis holomorphic
on (G x G*) U (G* x G) and that agrees with 4 on G x G. Essentailly
this says that the group operation on G extends meromorphically to the
compactification G*, while the action of G on itself (in both the right and left
senses) extends holomorphically to an action of G on all of G*. For example, a
complex torus, being already compact, has itself as a Fujiki-compactification.
Also. every complex algebraic group has a Fujiki-compactification.!® Fujiki
proved Theorem 4.3 in the case when G is commutative and has a Fujiki-
compactification. He also showed that a meromorphic group has a Fujiki-
compactification of Kéhler-type if and only if it satisfies the conclusion of
Theorem 4.3.

Pillay and Scanlon first find Fujiki-compactifications for commutative mero-
morphic groups that are either strongly minimal or arise as extensions of a
1-dimensional complex algebraic group by a simple complex torus. Once such
a compactification has been found, Theorem 4.3 for these cases follows from
Fujiki’s results. The general case is then deduced using, among other things,
techniques from the model theory of groups of finite Morley rank. Notice
that as a consequence of Theorem 4.3, and the results of Fujiki mentioned
above, we obtain:

COROLLARY 4.4 (Pillay, Scanlon [35]). Every connected meromorphic group
has a Fujiki compactification of Kdihler-type.

At the beginning of this section, I mentioned that there was a further division
among strongly minimal sets, triviality and non-triviality, that in the case of
Zariski geometries was connected with the interpretability of an infinite group.
Using the classification of meromorphic groups, Pillay and Scanlon obtain the
following trichotomy for strongly minimal compact complex manifolds (this
was already observed by Scanlon in [39]):

THEOREM 4.5. Let X be anon-trivial strongly minimal compact complex man-
ifold. Then X is either a projective curve or a complex torus.

16This is pointed out in Remark 2.3 of [9]. and uses the fact that Theroem 4.3 is true for
algebraic groups.
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The full trichotomy for strongly minimal compact complex manifolds is
witnessed in A. Indeed, smooth projective curves are strongly minimal com-
pact complex manifolds that are not locally modular, and we have seen that
generic complex tori of dimension greater than 1 yield examples of strongly
minimal compact complex manifolds that are locally modular but non-trivial.
In [22], Kowalski and Pillay point out that certain K3 surfaces are trivial.

I will end this section with a brief discussion of some results obtained
by Kowalski and Pillay [22] on the structure of a Zariski closed subset of
a commutative connected meromorphic group. Suppose G is a connected
meromorphic group with a fixed Fujiki-compactification G*. Then G is
naturally equipped with a Zariski topology induced from G*; the Zariski
closed subsets of G being the intersections of G with Zariski closed subsets
of the compact complex variety G*. If X C G is a Zariski closed set, then
the stabiliser of X is the meromorphic subgroup of G given by stab(X) =
{geeG: g+ X=X}

THEOREM 4.6 (Kowalski, Pillay [22]). Suppose G is a commutative and con-
nected meromorphic group, and X C G is an irreducible Zariski closed set
with finite stabiliser. Then X is contained in a translate of an algebraic sub-
group.

Since we can always quotient out by stab(X), the above theorem implies that
every irreducible Zariski closed subset of G is algebraic modulo its stabiliser.
This allows one to lift certain results about algebraic groups to meromorphic
groups. For example, the following Mordell-Lang type theorem for cyclic
subgroups of commutative meromorphic groups follows from the algebraic
case:

CoRrOLLARY 4.7 (Kowalski, Pillay [22]). Suppose G is a commutative con-
nected meromorphic group, X is an irreducible Zariski closed subset of G, and
I' C G isacyclic subgroup. If X NT is Zariski dense in X, then X is a translate
of a meromorphic subgroup of G.

Indeed, X is a translate of a meromorphic subgroup if and only if it is a
translate of its stabiliser. Equivalently, X”, the image of X in G/ stab(X), is
a single point. Applying Theorem 4.6 to X’ C G/ stab(X), we obtain that
some translate of X’ is contained in an algebraic subgroup. By the truth
of Corollary 4.7 for commutative complex algebraic groups, X’ must be a
translate of stab(X’). Since stab(X") is trivial, X" is a singleton, and X is a
translate of stab(X') as desired.

The proof of Theorem 4.6 is connected to the “socle argument” which
appears in Hrushovski’s proof of the Mordell-Lang conjecture for function
fields [18]. Suppose G is any commuatative group of finite Morley rank. A
definable subgroup H C G is almost strongly minimal if there is a strongly min-
imal set X C G such that , after passing to a saturated elementary extension
of G, H C acl(F U X), where F is a finite set of parameters. The socle of
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G was introduced by Hrushovski in [18], and can be described as the sum
of all definably connected almost strongly minimal subgroups of G.!7 Zil-
ber’s Indecomposability Theorem implies that socle(G) is itself a definably
connected subgroup of G, and is in fact a finite sum of definably connected
almost strongly minimal subgroups. For example, using the dichotomy for
strongly minimal sets in .4 from Theorem 3.1, one can show that if G is a con-
nected meromorphic group, then socle(G) = A + T, where A is the maximal
connected algebraic subgroup of G and T is a sum of strongly minimal locally
modular complex tori.

In [18]. Hrushovski shows that for commutative groups of finite Morley
rank with certain “rigidity” conditions, every definable subset with finite sta-
biliser is contained in a translate of the socle. up to sets of smaller Morley
rank. The rigidity hypothesis need not be satisfied by a commutative mero-
morphic group. Nevertheless, using the classification of meromorphic groups,
together with some arguments from complex analytic geometry, Kowalski
and Pillay are able to show that if G is a commutative connected mero-
morphic group, and X C G is an irreducible Zariski closed set with finite
stabiliser, then X is contained in some translate of socle(G). Moreover,
following [18], they are then able to conclude that X must be contained in
a translate of A, where socle(G) = A4 + T as above.'® Theorem 4.6 fol-
lows."?

85. Douady spaces and saturation. One obstacle to applying model-
theoretic techniques directly to A is that A is not saturated. Since ;-
saturation and w;-compactness are equivalent for countable languages, the
reduct of A to any countable sublanguage of £ is w;-saturated. Of course,
in reducing the language we may lose some of the structure on .4 that we
are interested in. It may be the case, nevertheless, that for certain sorts of .4
the full structure (allowing parameters) is induced by some countable sublan-
guage of L. In other words, there may be sorts of A in which saturation fails
for only syntactic reasons. In my thesis [25], I discuss such sorts and give a
characterisation of them in terms of their Douady spaces. In this section I
will first give a rather detailed exposition of the ideas from complex analytic
geometry that are involved, and then discuss their implication on the model
theory of A.

Suppose that f: X — S and g: T — S are surjective holomorphic maps
on compact complex varieties. Then (T xg X ).q. the set-theoretic fibred

17This was not the original definition in [18], however the above characterisation follows from
arguments appearing there. See [22] for a more detailed discussion of the socle.

18This follows from the fact that 4 and T are fully orthogonal. T is 1-based, and X has finite
stabiliser.

19Theorem 4.6 can also be obtained, more directly, from Theorem A.2 of the appendix—see
Pillay [32] for details.
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product of X and T over S, will be denoted by X7:
Xr = (T Xs X)red = {(t,x) ‘ f(x) :g(t)} CTxX

The first coordinate projection map restricted to X7 will be denoted by
fr: Xr — T. The fibres of f7 can be identified (by the second projection
map) with analytic sets in X. Hence, X7 C T x X yields a family of analytic
sets in X parametrised by 7. Under this identification. (X7), = f~'(g(z))
forallt € T. So fr: Xy — T is just the lifting by g of the original family
given by f: X — S to a new set of parameters. The following diagram is
illustrative:

X XrCcT xX

lf lfr

S ~ T
This process is referred to as base change. Note that if T = S and g is the
identity map, then Xy is just the graph of f. Also, if 7 = {s} is a point in
S and g: {s} — S is the identity embedding of this point, then Xj is just the
fibre of f above s, which agrees with earlier notation.

One complication is that X7 need no longer be irreducible. However, if the
general fibres of f: X — S are irreducible (that is, f is a fibre space), then
there is a unique irreducible component of X7 that projects onto 7'. I will call
this compact complex variety the strict pull back of X in X7 and denote it by
X (7). The general fibres of X7 — T and X7y — T are the same.

Definable families of analytic sets, though natural from the model-theoretic
point of view, are not sufficiently well-behaved. The correct geometric notion
of a family of analytic sets, involves a flatness condition. Let f: X — §
be a holomorphic map between complex analytic spaces, and suppose F is a
coherent analytic sheaf on X. Then F is said to be f-flat if for all x € X,
Fy is a flat Og s )-module. The map f itself is flat if the structure sheaf
Oy is f-flat?® Essentially, flatness of a holomorphic surjection between
compact complex varieties means that the family of analytic sets it defines
varies “nicely” from the geometric perspective. For example, the fibres of a
flat map are pure dimensional and of constant dimension.

Fortunately, if we allow bimeromorphic changes, every definable family
can be made flat. Suppose X and S are compact complex varieties, and
G C S x X is an irreducible Zariski closed set such that G — S is a not
necessarily flat fibre space. Hironaka’s Flattening Theorem [17] says that after
changing G — S bimeromorphically, we can obtain a flat family of analytic

201 suggest Section 6 of [38] as a reference to the theory of coherent analytic sheaves, and
Section 2 of [26] for more details on the concept of flatness in complex analytic geometry.
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sets in X. Indeed, there exists a modification g: T — S such that the strict
pull back G(yy — T is now flat. Again a diagram is illustrative:

SxX>6<EL Gy Txs(SxX)=TxX

|,

S~—T

Since g is a modification. Gy — T is a bimeromorphic copy of G — S. that
now defines a flat family of analytic sets in X parametrised by 7.

A notion from complex analytic geometry that is particularly relevant to
saturation issues in A, is the universal flat family of analytic subsets of a
complex analytic space, constructed by Douady in [6]:

Fact 5.1 (Existence of Douady Spaces). Let X be a complex analytic
space. Then there exists a possibly nonreduced complex analytic space
D = D(X) and an analytic subspace Z = Z(X) C D x X such that:

(a) The projection Z — D is a flat and proper surjection.

(b) If S is a complex analytic space and G is an analytic set in S x X that
is flat and proper over S, then there exists a unique holomorphic map
g: S — Dsuchthat G ~ S xp Z canonically.

D(X) is called the Douady Space of X, Z(X) is called the universal family
of X.and g: S — D(X) as in (b) is called the Douady map associated to
GCSxX.

What does this say in the cases that we are interested in? Suppose X and S
are compact complex varieties and G C S x X is an irreducible Zariski closed
subset such that G — S is flat. So G is a flat family of analytic sets in X
parametrised by S. Then Fact 5.1 says that there exists a unique holomorphic
map, the Douady map. g: S — D(X). such that G ~ S xp(y) Z(X) in a
canonical fashion. Set-theoretically speaking, this means that g extends by
identity to a holomorphic map from G to Z(X),

id
SxX>G6E5S Z2(X) cD(X) x X

|,

S —=D(X)

such that Gy = Z(X),(,) forall s € S. Essentially. every flat family of analytic
sets in X lives in Z(X) — D(X). By Hironaka’s Flattening Theorem, the
assumption of flatness will not be very restrictive in applications.

I point out a particular case. Suppose 4 C X is any given Zariski closed
subset. Take S to be a fixed point {s}, and G to be the product {s} x 4
viewed as a Zariski closed subset of {s} x X. G is a one-member family of
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analytic sets in X, and is trivially flat over {s}. Hence there is a Douady
map g: {s} — D(X) such that the sheaf-theoretic fibre of Z(X) over g(s),
{g(s)} xpx) Z(X). is A. Since 4 is reduced. so is {g(s)} Xp(x) Z(X). In
other words. Z(X),(;) = 4. As A4 was arbitrary. we have that every Zariski
closed set in X occurs (uniquely) as a reduced fibre of Z(X) — D(X).

It is already becoming clear that when dealing with Douady spaces, nonre-
duced spaces naturally enter the picture. I have pointed out that the reduced
fibres of the Douady space are in bijective correspondence to the Zariski
closed subsets of X. The nonreduced fibres, correspond to subspaces of X
equipped with possibly nonreduced structure sheaves. I will avoid most of
these nonreduced fibres by only considering a certain subspace of the Douady
space (following Fujiki in [8]):

DEFINITION 5.2. Suppose X is a compact complex variety. Let D (X) be the
subspace of D(X) that is obtained by taking the union of all the irreducible
components, D, of D(X)q such that for some d € D, the (sheaf-theoretic)
fibre {d} Xp(y) Z(X) is reduced and pure dimensional. Let Z(X) be the
subspace of Z(X') obtained by restricting to D(X ). Wecall D (X ) the restricted
Douady space of X, and Z(X) the restricted universal family of X .

By passing from Z(X) — D(X) to Z(X) — D(X), we are focusing on only
certain components of the Douady space. Our choice of which components
(those that have at least one reduced and pure dimensional fibre) is justified
by the following fact:>! Suppose D, is an irreducible component of D(X );eq
and Z, is the restriction of Z(X) to D,. Then the following are equivalent

e D, is a component of the restricted Douady space, D(X).

e Z, is reduced and pure dimensional,

e There is a dense Zariski open subset U C D, such that forallu € U,

the (sheaf-theoretic) fibre of Z,, over u is reduced and pure dimensional.
A consequence is that the collection of pure dimensional Zariski closed subsets
of X arein bijective correspondence with a dense Zariski open subset of D (X).
Moreover, if S is a compact complex variety and G C S x X is an irreducible
Zariski closed subset that is flat and surjective over S, then the Douady map
associated to G — S, will map S to D(X).?2 The restricted Douady space
and the corresponding restricted universal family are sufficiently universal for
our purposes.

A crucial property of Douady spaces is that it has only countably many
irreducible components (due to Fujiki [10]). Notice that we have potentially
moved out of the structure 4. Even when X is a compact complex variety, it
is not in general the case that the components of D(X) are compact. Indeed,

2ISee Lemma 1.4 of [8] and Lemma 3 of [11].

22This is because a general (sheaf-theoretic) fibre of G — S will be reduced and pure
dimensional.
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the question of when the components of the Douady space are compact is
very much related to how “saturated” a sort of A is.

Before making this notion precise, consider the sort P(C), which is a typical
example of the phenomenon described at the beginning of this section. The
full structure induced by A on P(C) comes from the complex field (C, +, x).
In particular, there is a finite language, £y C £, such that every £-definable
set in a cartesian power of P(C) is Lo-definable (with parameters). Thus
P(C) both retains all of its structure and becomes w;-saturated, when it is
considered as an Ly-structure. The following definition is from [25]:

DEerINITION 5.3. Let X be a compact complex variety. A full countable
language for X is a countable sublanguage £ of £, such that every £-definable
subset of a cartesian power of X is Lo-definable with parameters from A.

One potential defect in the above definition is that a full countable language,
for a compact complex variety X, may involve other sorts from .A. That is, the
parameters involved in the £y-formulae may come from outside X. However,
by uniform definability of types, we can always pull these parameters into X.
It follows that X has a full countable language if and only if there exists a
countable language L(X ) and an L(X )-structure on X such that for all F C X",
F is L-definable if and only if F is L(X )-definable with parameters from X .
Since £ and £(X) induce the same definable sets on X, X is still of finite
Morley rank as an £(X)-structure, and every £(X )-definable set in X is still
a boolean combination of Zariski closed sets. Also, and this is the point
of the definition, w;-compactness of A and the countability of £(X) imply
that X is w;-saturated as an £( X )-structure. An argument using finite U-rank
considerations (due to Pillay), together with the Baire Category Theorem,
yields that X is 2”-saturated.”? That is, X is saturated as an £(X)-structure
(it is | X |-saturated and strongly |X|-homogeneous). For this reason, I will
often say that X is saturated, to mean that it has a full countable language.

Here is the promised connection with Douady spaces. Let X be a compact
complex variety, and suppose that for all n > 0, each component C of D(X")
is compact. Then C is a sort in A. Let Z¢ denote the restriction of Z(X") to
C. Then Z¢ is a Zariski closed subset of C x X", and hence a basic relation
in A. Let £ be the sublanguage of £ consisting of all such relations Z¢, as C
and n vary. Since D(X") has only countably many components for each n, £
is countable. I have pointed out that every irreducible Zariski closed subset of
X" occurs as a fibre of Z(X") — D(X"). Hence, for all n, every irreducible
Zariski closed subset of X" is Ly-definable with parameters (where the pa-
rameters come from the components of D(X")). By quantifier elimination,
Ly is a full countable language for X. In fact, the converse of this is also true:

23This would of course follow from the Continuum Hypothesis. Fortunately such an assump-
tion is not necessary, see Proposition 0.24 in [25].
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THEOREM 5.4 (Moosa [25]). A compact complex variety X has a full count-
able language if and only if for all n > 0, every irreducible component of the
restricted Douady space of X" is compact.

Given a full countable language, one uses quantifier elmination and Hiron-
aka’s Flattening Theorem to cover each component of D(X") by countably
many holomorphic images of compact complex varieties. It follows that every
such component is in fact the holomorphic image of a single compact complex
variety, and hence is itself compact.

ExAMPLE 5.5 (The class C). Fujiki has shown that the components of the
Douady space of a Kéhler-type variety are compact, and even of Kdhler-type
themselves ([8] and [11]). Moreover the class of Kéhler-type varieties, C, is
closed under taking cartesian products. So by Theorem 5.4 they are satu-
rated. In particular, all complex tori and Moishezon varieties are saturated.
Moreover, since every meromorphic group has a Fujiki-compactification that
is of Kéahler-type (Corollary 4.4), every definable group in A is saturated (or
rather, lives on a saturated sort).

Some of the methods used in complex analytic geometry to study the classi-
fication problem for Kéhler-type varieties have a very model-theoretic flavour.
For example, I show in my thesis [25], that the relative Moishezon reduction
of a fibre space living in a saturated compact complex variety exists.>* This
was shown by Campana [3] and Fujiki [13] (independently) for fibre spaces in
the class C, and is used to carry out what is essentially a P(C)-analysis (in the
model theoretic sense) of a Kihler-type variety.

There are a number of open questions about compact complex varieties with
full countable languages. For example, is every saturated compact complex
variety of Kdhler-type? In fact, it is not even known whether saturation is
closed under bimeromorphism. I will end this section with an example of a
compact complex variety that does not have a full countable language.

ExaMPLE 5.6 (Hopf manifolds). Consider the original Hopf surface, H, de-
fined as follows: let W be the analytic space C*> — {(0,0)} and g: W — W
the analytic automorphism of W given by g(z1.z,) = (%zl, 123). Then the
Hopf manifold H = W/ < g > is a compact complex surface. In [9] Fujiki
points out that D(H x H) has a noncompact component (by analysing the
group of analytic automorphisms of H). By Theorem 5.4, this implies that H
is not a saturated complex variety. In particular, H is not of Kdhler-type.

§6. The universal domain. As A is not a saturated model of Th(A), and not
every sort of A has a full countable language, it is often necessary to consider

elementary extensions of .A. The sorts of such an extension no longer possess

24See [25] for a definition and discussion of what these are.
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the structure of a complex analytic space. Allthatisretained from the standard
model is a formal “Zariski topology”.

In classical algebraic geometry the notion of a universal domain in which
all the objects live, and where “generic” points can be found, is (or at least
was) familiar. There does not seem to be an analogue of this in complex
analytic geometry. Passing to elementary extensions of the standard universe
is characteristic of the model-theoretic approach, and in the case of compact
complex varieties it is one of the “new” techniques that model theory brings
to complex analytic geometry.

Let k > |L| be a fixed cardinal, and let A’ be a x-saturated elementary
extension of A of cardinality . That is, A’ is a saturated model of Th(A);
all types over sets of size less than x are realised in A’ (k-saturation), and
all elementary bijections between sets of size less than x extend to automor-
phisms of A’ (strong x-homogeneity). I will treat A" as a universal domain
for Th(A). All parameters sets are from now on asumed to be of size less
than . As opposed to the situation in .4, one is forced to consider parameters
when dealing with definable sets in .A’. A ()-definable set in A’ is just the
interpretation in A’ of a definable set in .4. If X and Y are compact complex
varieties (hence sorts of A), and G C Y” x X" is a definable subset, then I
will sometimes use the notation G(A) and G(A’) to distinguish between G
and its interpretation in A’—or, stated differently, between the A-points and
the A’-points of G. An arbitrary definable set in A’ is then obtained as the
fibre of a ()-definable set. They are of the form

G(A), = {x € X(A)": (s.x) € G(A)}

where s is an n-tuple from Y (A’). In particular, G(A’), is called Zariski
closed if G can be chosen to be a Zariski closed set. By quantifier elimination,
every definable set in A’ is a finite boolean combination of Zariski closed sets.

There is a more canonical description of a Zariski closed set in A’. Suppose
F = G(A'), is a Zariski closed set, where G and s are as above. Let S C Y”
be the smallest Zariski closed set such that s € S(A’). That is, s realises the
generic type of S over the empty set. Recall that this type is determined by the
formulae stating that it is contained in S but not in any proper Zariski closed
subset of S. We say that s is a generic point of S (or S(A")) over the empty
set, and that S is the 0-locus of s. Notice that if P is a (-definable property of
points in S, then P holds for a generic point of S if and only if P holds for
general x € S. Letting H = GN(S x X™). the restriction of G to S, we obtain
F as a generic fibre of the family of Zariski closed sets H C S x X under
the projection map H — S. Such a description is somewhat more stable in
the following sense: if F' is also given as a generic fibre of some other family
K C S x X™, then K and H have the same general fibres. That is, there is a

25By total transcendentality, such models exist.
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nonempty Zariski open subset U C S, such that foreveryu € U, K, = H,.
It follows that K and H share those irreducible components that project onto
S. The description of F as a generic fibre of a Zariski closed subset of S x X
over S is therefore unique up to irreducible components whose projections are
proper subsets of S (at least for a fixed parameter set).

The above description also gives us a canonical way of going from one set
of parameters to another. Suppse that ¢ is an n + k tuple from Y (A’) that
extends s, and that 7 C Y”** is the (-locus of . Then F can be viewed
as being definable over ¢ as well, and as such is obtained as a generic fibre
of some Zariski closed subset of 77 x X™. How do these two descriptions
of F compare? Let 7 be the coordinate projection map Y (A’)"+* — y(A")"
which takes 7 to s. Transferring back to the standard model, we get a surjective
holomorphic mapn: T'— S. We can lift G — S to T by base change:

SXxX">G Gr=(TxsG)ra CT x X"

.

S<>—T

Recall that Gy = {(y.x) € T x X™: (n(y).x) € G}. Note that for any
v € T, the fibre of G above v is exactly G,(,). The fibres of Gr — T and
G — S are the same. In particular, F is also obtained as a generic fibre of
Gr — T. Working with additional parameters in A’ corresponds to base
change in the standard model.

Using this description of Zariski closed sets with parameters, it is not hard
to deduce that they also form a noetherian topology on the sorts of A’. A
consequence of the descending chain condition is that every Zariski closed set
in A’ has a unique expression as the union of finitely many irreducible Zariski
closed sets. 1will use the term absolutely irreducible (instead of just irreducible)
Zariski closed set in order to distinguish it from the following relative notion:
Suppose X is a compact complex variety, 4 is a set of parameters, and F C
X (A') is a Zariski closed set definable over 4. Then F is said to be irreducible
over A if it cannot be written as the union of two proper A-definable Zariski
closed sets. Note that F is irreducible over 4 if and only if for any tuple
s from A over which F is defined, there is an irreducible Zariski closed set
G C S x X where S is the (-locus of s and F = G(A');. On the other
hand, F is absolutely irreducible if and only if G — S can be chosen with
general fibres irreducible (thatis, G — S is a fibre space). Suppose F is an A-
definable Zariski closed set in .A’. Then its absolutely irreducible components
are defined over acl(4). Indeed. since there are only finitely many such
components, and automorphisms of A’ that fix 4 pointwise must permute
them, each absolutely irreducible component of F has only finitely many 4-
conjugates. By elimination of imaginaries and saturation, they are definable
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over acl(4). Irreducibility and absolute irreducibility agree over algebraically
closed sets of parameters.

One also obtains, in this way, a notion of dimension. Suppose F is a Zariski
closed set in A’ obtained as a generic fibre of a holomorphic surjection G — S.
The dimension of F is the dimension of the general fibres of G — S. This
definition makes sense because of the definability of dimension in .A. Indeed,
by the dimension formula (Fact 2.2) the general fibres of each irreducible
component of G that projects onto S are of constant dimension, and hence
the general fibres of G — S are also of constant dimension. Moreover, if F
is obtained as a generic fibre of another analytic family H — T, then by base
change, we see that the general fibres of G — S and H — T have the same
dimension. The dimension of F' is well-defined.

Suppose 4 is a set of parameters, ¢ is a tuple of elements from A’, and F
is an A-definable Zariski closed in A’. T will say that F is the A-locus of ¢,
and that ¢ is a generic point in F over A, if F is the smallest Zariski closed set
over A that contains ¢. By quantifier elimination, ¢ is generic in F over 4 if
and only if ¢ € F,and ¢ ¢ G for any proper A-definable Zariski closed subset
of F. By saturation, every A-definable A-irreducible Zariski closed set has a
generic point. Moreover, the generic type over A4 is unique. The dimension of
¢ over A (or of tp(c/A)), denoted by dim(c/A), is then the dimension of the
A-locus of c.

The structure of definable sets in A’ is still rather mysterious. For example,
does the classification of definable groups in A given by Theorem 4.3 extend
to A’? On the other hand, it is known that Corollary 4.4 is not true in A’;
there are definable groups in A’ that are not definably isomorphic to groups
living inside the A’-points of a Kéhler-type variety. Pillay and Scanlon give a
counterexample that also shows that Morley rank and U-rank differ in A", I
will briefly describe their construction (taken from Lieberman [23]).

ExaMmpLE 6.1 (Pillay. Scanlon [34]). Fix an elliptic curve (E.0.+). and let
o: E x E — E x E be the automorphism taking (a.b) to (@ + b, a + 2b).
Fix a complex number 7 whose imaginary part is positive. Then Z x Z acts
on E x E x Cby

(m.n)(a,b),s) = (¢"(a,b),s +m + n1).

Let X be the the quotient of £ x E x C by this action, equipped with the
induced structure of a compact complex manifold. The coordinate projection
E x E x C — C induces a holomorphic surjection ¢: X — S, where S is the
elliptic curve given as the quotient of C by the lattice generated by 1 and z.
It is not difficult to see that each fibre of ¢ is isomorphic to the product of
elliptic curves E x E. Infact, ¢: X — S is locally trivial. That is, for every
p € S, there is a neighbourhood about p. U, such that X|y = ¢~ }(U) is
isomorphic to £ x E x U over U. Moreover, the local trivialisations induce

https://doi.org/10.1017/9781316755860.013 Published online by Cambridge University Press


https://doi.org/10.1017/9781316755860.013

342 RAHIM N. MOOSA

a fibrewise group structure on X — S. That is, there is a holomorphic map
X xs X — X such that for all p € S. the induced map X, x X, — X, is
the group operation on X, that is obtained as the pull back of addition on
E x E. Hence, if welet s € S(A’) be generic in S over ), then G = X (A’); is
a definable group.

Since dim X = 3, and the fibres of X — S are of Morley rank 2, the Morley
rank of X is also 3. On the other hand, Campana’s analysis of g: X — S
in [4] shows that if 7 is chosen to be sufficiently general, then X has no 2-
dimensional subvarieties that project onto S. It follows that the generic fibre
G = X (A’), is strongly minimal. As S is a curve, finite U-rank computations
imply that X (or rather its unique generic type) is of U-rank 2. This yields an
example where Morley rank and U-rank differ.

Now let Z be a Kihler-type variety, and suppose that G is definably iso-
morphic to a group H C Z(A’). Hence H is a strongly minimal group.
Using uniform definability of types, we obtain H as a generic fibre of a family
of definable groups Y — T, where Y and T are definable sets living in the
sort Z. Thatis, H = Y(A'),, for t € T(A’) generic over (). Since H is
definably isomorphic to G = X (A’),, there exists a nonempty definable set
U C S, which is Zariski dense and open in S. such that foreach u € U, Y,
is definably isomorphic to X, for some p € S. On the other hand, since Z
is of Kéhler-type. it has a full countable language £(Z). By saturation of Z
with respect to £(Z), there exists ¢ € U, in the standard model, such that the
L(Z)-type of ¢ is the same as that of 7. In particular, Y, is strongly minimal.
But as Y, is definably isomorphic to some X,. it is definably isomorphic to the
product of elliptic curves E x E. This contradiction shows that G cannot be
definably isomorphic to a group that lives on the A’-points of a Kéhler-type
variety.

87. Nonstandard algebraicity. The Riemann Existence Theorem states that
every 1-dimensional compact complex variety is algebraic—it can be biholo-
morphically embedded into some complex projective space. An extension of
this to the universal domain A’ was asked for by Pillay in [31] and obtained in
my thesis [25]. In order to state this theorem, I need to make precise what it
means for a Zariski closed set in A’ to be algebraic. It should, of course, have
something to do with being embeddable into projective space over the non-
standard algebraically closed field in A’ that extends C. which I will denote by
CA’' 26 One key point is that we should allow such an embedding to be defined
with additional patramaters from .A’. Another issue is to make precise what
kind of embedding is sought. Here are two possible notions that correspond
to Moishezon and projective in the standard model:

DEerINITION 7.1. Suppose X and Y are compact complex varieties. A holo-
morphic surjection X — Y is trivially Moishezon if for some n > 1, there is

26Note that P(C4") is just the interpretation of the sort P(C) in A’.
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a meromorphic map, g: X — Y x P,(C), which is bimeromorphic with its
image and which commutes with the projection map ¥ x P,(C) — Y-

X —F— = ¥ x P,(C)

N7

If in addition, g and n can be chosen such that for general y € Y, the
fibrewise map g, : X, — P,(C) is biholomorphic with its image, then X — Y
is called trivially projective. An irreducible Zariski closed set F in A’ is
Moishezon (respectively projective) if it can be obtained as a generic fibre
of a trivially Moishezon (respectively trivially projective) surjection between
compact complex varieties.

The first thing to notice about these definitions is that for a fibre space to
be trivially Moishezon or trivially projective is stable under base change (and
strict pull backs). Hence for an absolutely irreducible Zariski closed set in A’
to be Moishezon or projective does not depend on a choice of parameters.
This can be expressed as follows. Suppose that F is of the form G(A’),, where
G C S x X is anirreducible Zariski closed set, X and S are compact complex
varieties, the projection G — S is a fibre space, and s € S(A’) is a generic
point of S over the empty set. Then F is Moishezon (respectively projective) if
and only if for some compact complex variety 7" and holomorphic surjection
T — S. Gy — T (the strict pull back of G in the fibred product § x 7 G) is
trivially Moishezon (respectively trivially projective). In diagrams:

G Gir) —~— T x P,(C)

L

S<~—T

where g satisifies the appropriate conditions of Definition 7.1.

The notion of Moishezon in A’, though weaker than projective, is more
stable under model-theoretic manipulations. Suppose F is given as above.
Using quantifier elimination together with the dictionary set up in the previous
section that allows one to translate from Zariski closed sets and additional
parameters in A’, to families of Zariski closed sets and base change in A, it is
not hard to see that F is Moishezon if and only if:

o There is a definable embedding of a nonempty Zariski open subset of F
into some cartesian power of the sort P(CA").

Moreover, using saturation in A’, this is equivalent to:

o There is a tuple of parameters t extending s and a generic point of F over
t that is interdefinable with a tuple from P(CA") over t.
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Finally, from the definition of internality together with the fact that the in-
duced structure on the sort P(C) eliminates imaginaries (as it is that of a pure
algebraically closed field), we can conclude that F is Moishezon if and only if:

e The generic type of F over s is internal to P(CA").

It should now be clear in what sense being Moishezon in A’ corresponds to
being “generically” algebraic.

THEOREM 7.2 (Moosa [25]). Every irreducible 1-dimensional Zariski closed
set in A’ is Moishezon.

The above Theorem says that every fibre space of curves in A, possibly
after base change, is trivially Moishezon. Indeed, this follows from a result of
Campana together with some observations regarding projective linear spaces.
Since these spaces also appear in other aspects of the model theory of compact
complex varieties, I will give a rather detailed description of them here.

Fix a compact complex variety S and consider the category of compact
complex varieties over S. In complex analytic geometry, the analogue of
projective space in this relative category is the notion of a projective linear
space over S. Let F be a coherent analytic sheaf on S. I will sketch a (local)
construction of the projective linear space over S associated to F, denoted by
n:P(F) — S. Let U C S be a small open subset for which there exists a
resolution of Fy as follows:

or 2> 01 Fu 0

As an Oy-linear homomorphism, « can be represented by a ¢ x p matrix
M = (mj;), where each m;; € Oy. Letting X be coordinates for U and
(Y, : --- : Y,) homogeneous coordinates for P,_;. P(F)y is the analytic
subset of U x IP,_; defined by the equations:

mi(X) Y1+ +myu(X)Y, =0

fori=1,..., , p. One checks that P(F)y depends only on the coherent sheaf
Fu, and not on the particular resolution chosen above. We then patch the
P(F)y to obtain P(F). The structure of a fibre space over S is induced
on P(F) by the coordinate projection maps U x P,_; — U.

For each s € S, the fibre P(F); is isomorphic to P, where r + 1 is the
rank of F at s. In the special case when F is locally free, this rank is constant
and 7: P(F) — S is called a projective bundle over S. Projective bundles are
locally trivial in the following strong sense. There is an open cover {U; } of S
and local trivialisations

Fly — > U; x P,

\/
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such that the induced transition functions

h,~h/.71

U,-ﬂijIP’r = UijjXPr

~

uinv;

are of the form hihfl(x,p) = (x.gij(x)(p)). where g;;: U;nU; — PGL(r,C)
is holomorphic. In other words, a projective bundle over S of rank r is locally
a product of the base with projective r-space, where the transition functions
fix the base points while permuting the fibres as elements of the projective
general linear group. A trivial projective bundle over S is one of the form
S x P,(C) — S. Equivalently, F = O

A projective morphism, f: X — S, is a holomorphic map that factors
through an embedding into a projective linear space over S. That is, thereis a
coherent analytic sheaf F on S and an embedding of X into P(F) over S. A
Moishezon morphism is a holomorphic map, f: X — S, that is bimeromor-
phic over S to a projective morphism.

REMARK 7.3. One open question about saturated compact complex vari-
eties is whether they are closed under preimages of projective morphisms.
Indeed. the question of whether they are stable under bimeromorphic equiv-
alence can be reduced to this.

Notice that Definition 7.1 (of trivially projective/Moishezon morphisms),
is derived from the above notions by replacing “projective linear space” by
“trivial projective bundle”. Indeed, from the model-theoretic point of view,
trivial projective bundles, and not projective linear spaces, seem to be the more
natural relative form of projectivity. As it turns out, this discrepancy does
not pose too many difficulties. To begin with, while a projective morphism
need not embed into a product of the base with projective space. it does
embed bimeromorphically into an object that is at least locally of that form.
That is, every projective linear space is, after a modification of the base,
bimeromorphic to a projective bundle. This is a consequence of Hironaka’s
Flattening Theorem applied to coherent analytic sheafs (a coherent analytic
sheaf is locally free if and only if it is flat).

Moreover, and this turns out to be quite useful, every projective bundle is
bimeromorphic after base change to a trivial projective bundle. Following
ideas of Fujiki in [12], and using his results on relative Douady spaces, 1 give
a proof of this fact in Proposition 2.37 of [25]. Putting these together, we get
that after base change every Moishezon morphism is trivially Moishezon.

Returning to the proof of 7.2, we show that every fibre space of curves in
A, f: X — Y, possibly after base change, is trivially Moishezon. By the
above remarks, Moishezon is enough. Campana has shown (see Lemma 3.10
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in [5]) thatif f admits a holomorphic section then it is Moishezon. Since we
are allowing for additional parameters, we can always obtain a holomorphic
section by base change with the fibre space itself and considering the diagonal
map. Theorem 7.2 follows.

I will conclude with an application to fields definable in .A’. Recall that
every infinite field definable in A is definably isomorphic to (C, +, x) (see the
discussion after Remark 3.10in[31]). The only known argument for extending
this to A’ uses Theorem 7.2. Indeed. one uses the result for A to conclude that
an infinite field in A’ is of dimension 1, and hence can be definably embedded
into a cartesian power of the sort P(CA"). Since there is a unique definable
field in any pure algebraically closed field. one obtains:?’

COROLLARY 7.4. Every infinite field definable in A’ is definably isomorphic to
(CA +. ).

Appendix: The dichotomy theorem revisited. During preparation of this ar-
ticle, a new development has emerged in the model theory of compact complex
spaces that fits in well with the particular approach taken here. Interpreting a
result due independently to Campana [2] and Fujiki [11], Pillay has obtained
a direct proof of Theorem 3.1 (the dichotomy for strongly minimal sets) that
does not use the theory of Zariski Geometries. I will give a brief sketch of the
ideas involved, now assuming greater familiarity with notions from stability
theory. To begin with, here is the result referred to above, on which Pillay’s
observations are based:

Fact A.1 (Campana [2], Fujiki [11]). Suppose X is a compact complex va-
riety, D(X ) is the Douady space of X . Z(X) C D(X) x X is the universal family
of X, and B C D(X) is a reduced and irreducible compact analytic subspace
such that for general b € B, Z(X) is reduced and irreducible. Let Z C B x X
denote the restriction of Z(X) to B, and n: Z — X the second coordinate
projection. Then nt is Moishezon.*®

Since every Moishezon morphism is trivially Moishezon after base change,
Fact A.1 says that the generic fibres of 7: Z — X in A’ are Moishezon. (See
the the discussion on these issues in Section 7.) Equivalently, the generic type
of a generic fibre of 7: Z — X in A’ is internal to P(CA). Pillay translates
this fact into the following model-theoretic statement:

TueoreM A.2 (Pillay [32]). Suppose b and ¢ are finite tuples from A’ such
that tp(c/b) is stationary, and b is the canonical base of tp(c/b). Then tp(b/c)
is internal to P(CA).

Indeed, let X = locus(c),B = locus(bh), and Z = locus(bh,c). Using
Hironaka’s Flattening Thoerem we may assume that Z — B is flat. Moreover,

27See Corollary 2.41 in [25] for a more detailed proof.
28 Campana’s version uses cycle spaces instead of Douady spaces.
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as b = Cb(c/b), the general fibres of Z — B are distinct as subspaces of X.
It follows that the Douady map associated to Z — B is a meromorphic
embedding. We may therefore assume that B C D(X ), and Z is the restriction
of Z(X) to B. Notethat tp(bh/c) is the generic type of a generic fibre of Z — X.
Theorem A.2 now follows from Fact A.1.

The following corollary implies that every strongly minimal set in .4 is either
locally modular or a projective curve up to finitely many points—that is, we
obtain a new and direct proof of Theorem 3.1.

CorOLLARY A.3 (Pillay [32]). Every stationary U-rank 1 type in A’ is either
locally modular or nonorthogonal to the generic type of P(CA).

To see how this follows from Theorem A.2, let p(x) be a stationary U-rank 1
type in A’. For ease of dicussion, we suppress the parameters of p. If p(x) is
not locally modular, then there is a tuple of realisations of p(x), ¢, and a tuple b
from A’, such that » = Cb(c¢/b) and b ¢ acl(c). By the theorem, tp(b/c) is
internal to P(CA"). Since tp(h/c) is not (model-theoretically) algebraic and
P(CA") is minimal, this implies that tp(h/c) is nonorthogonal to the generic
type of P(C*). As ¢ is a tuple of realisations of p(x) and b = Cb(c/b). it
follows that p(x) is nonorthogonal to the generic type of P(CA"). as desired.

In [32]. using Theorem A.2, Pillay also obtains a generalisation of The-
orem 4.6 on subvarieties of meromorphic groups, without reference to the
theory of the socle.

The ideas involved in this section and in the proof of Fact A.l1 have been
useful in obtaining similar results in other algebraic/model-theoretic contexts:
namely, for differential and difference fields (see [36] and [33]).%
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