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Abstract

This thesis deals with semiminimal analyses of finite rank types, primarily in the stable
theory of differentially closed fields of characteristic zero (DCF0). The two main themes
considered in this thesis are determining when a type is minimal or semiminimal, and
understanding what invariants of finite rank types are captured by a semiminimal analysis.

In DCF0, a central concern of this thesis is determining when a type is almost internal
to the field of constants. Partially generalising a result of Rosenlicht, algebraic criteria are
provided in two different contexts: rational vector fields on affine n-space, and pullbacks
under the logarithmic derivative of certain types which are internal to the constants. The
criteria in the former case answers a question posed by Freitag, Jaoui, Marker and Nagloo
about when the Poizat equations are internal to the constants. In both cases, the theory
of binding groups in stable theories plays a significant role.

Results of Duan and Nagloo are improved upon to completely classify when the generic
types of Lotka-Volterra systems are minimal. In the minimal case, a characterization of
the possible relations that may exist between solutions of distinct Lotka-Volterra systems
is given.

In the general setting of a totally transcendental theory, it is shown that the multiplicity
with which a minimal type arises in a semiminimal analysis of a finite rank type is invariant,
i.e., it is independent of the semiminimal analysis. A conjecture is proposed for the possible
ways for two semiminimal analyses of the same finite rank type to differ. Along the way,
the connection between semiminimal analyses and domination decompositions, is clarified.
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Chapter 1

Introduction

This thesis is concerned with applications of model theory to the theory of differentially
closed fields of characteristic zero (DCF0). These are fields equipped with a derivation, i.e.
an additive operator which satisfies the Leibniz rule, in which every consistent finite system
of differential polynomial equations has a solution. That is they are the existentially closed
differential fields. The theory of differentially closed fields was shown to be axiomatizable
by Robinson [67] and a simpler axiomatization, as well as a proof of the theory being
totally transcendental, was given by Blum [7].

Types in DCF0 correspond to differential varieties. Differential varieties may be infinite
dimensional, but those of finite dimension are of particular interest and correspond to types
of finite (Morley or U -) rank. Finite rank stability theory, in particular the study of finite
rank types in DCF0, has a rich past with major applications to geometry. One of the most-
notable applications is Hrushovki’s work on the Mordell-Lang conjecture [34]. Recently,
finite rank stability theory has found exciting applications to algebraic differential equations
and transcendence problems in arithmetic geometry (see for example [12], [22], [26], [27]).

The main focus of this thesis is to study how finite rank types are built from min-
imal types (types of U -rank 1). In algebraic geometry, minimality corresponds to one-
dimensionality, whereas in DCF0, there are interesting minimal types of dimension larger
than 1. A deep and important theorem about minimal types in DCF0 is the Zilber di-
chotomy which says that all minimal types either come from algebraic curves in the field
of constants or have a sparse geometry.

In any stable theory, a key step in going from minimal to finite rank types is internality.
Roughly speaking, a definable set X is internal to a definable set Y if, after extending the
base parameter set, X is the definable image of a definable subset of a finite cartesian
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power of Y . The dependence on new parameters is an important feature of internality, and
is controlled by the binding group. If we loosen the notion of internality to allow infinite-to-
finite definable correspondences, we obtain what is often called almost internality. These
notions make sense for, and indeed are best suited to, complete types. We say that a
complete type is semiminimal if it is non-algebraic (so has infinitely many realizations) and
is almost internal to a minimal type. It is semiminimal types that are the actual building
blocks of finite rank types: every finite rank type admits a semiminimal analysis, which is
a sequence of definable functions whose fibers are semiminimal, and which terminates in a
semiminimal type after finitely many steps.

The goal of this thesis is to better understand semiminimal analyses, mostly in DCF0,
but also in stable theories more generally. In particular, we focus on two related themes:

1. Characterizing when a type is itself minimal or semiminimal,

2. Understanding what invariants of a finite rank type are captured by a semiminimal
analysis.

We focus on finite rank types in DCF0 because they correspond to certain algebraic-
geometric objects of interest. For example, when working over subfields of the constants
(the so-called autonomous case) finite rank types precisely capture the birational geometry
of algebraic vector fields. In the non-autonomous situation, it is not algebraic vector fields
that arise, but rather the natural twists of these by the differential structure on the field
of definition, called algebraic D-varieties. Behind most applications of the model theory
of differential fields is this correspondence between the structure of finite rank types and
the birational geometry of D-varieties.

We delay further introductory remarks to the beginning of each chapter, where more
precise articulations of the main results can be found. For now, we provide an informal
summary of the results in the thesis.

Chapter 2 is a brief review of the necessary background of the theory DCF0 and some
general stability theory. Of particular interest is the definition of generic types for both a
D-variety and a system of algebraic differential equations, and that every finite rank type
is interdefinable with the generic type of a D-variety. For general stability theory, we focus
on orthogonality, internality, and analyzability for finite rank types. While working in the
general stability-theory setting, we keep an eye on specializing to DCF0.

In Chapters 3 and 4, we are interested in almost internality to the field of constants in
DCF0. That is types which, up to finite-to-finite correspondences, come from pure algebraic
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geometry after allowing additional parameters. For example, the generic type of a rational
vector field of dimension n is almost internal to the constants if and only if it admits n
algebraically independent rational first integrals. The overall theme of these chapters is
to obtain an algebraic criterion for (almost) internality to the constants in the spirit of
Rosenlicht [68]. Rosenlicht characterized almost internality to the field of constants of the
generic type of a rational vector field on the affine line.

In Chapter 3 we provide an algebraic criterion for when the generic type, in DCF0, of
a rational vector field on affine n-space is almost internal to the field of constants. This is
Theorem 3.2.4. We apply our criterion to answer a question of Freitag, Jaoui, Marker [21],
characterising when certain order 2 algebraic equations, called Poizat equations, are almost
internal to the constants (Proposition 3.3.1). We also apply the criterion to Lotka-Volterra
systems, which are classically interesting systems of algebraic differential equations that
we will further explore in Chapter 5. The contents of this chapter are based on joint work
with Léo Jimenez appearing in [19].

In Chapter 4, we focus on generalising a result of Jin and Moosa [45] on an algebraic
criterion for almost internality to the field of constants in certain non-autonomous settings.
First, we look at a fibration f : p → q where q and the fibers of f are internal to the field of
constants. In this case, the types have binding groups, which are permutations of the set
of realizations fixing the constants pointwise induced by automorphisms of the universe.
Under certain conditions on the binding groups of q and the fibers, we show that the type
p is almost internal to the constants if and only if f : p → q almost splits, which roughly
means that p is interalgebraic with the Morley product q ⊗ s for some type s which is
almost internal to the constants (Theorem 4.2.6). We then restrict our attention to when
f is given by the logarithmic derivative x 7→ δ(x)

x
. This case is studied in [45], but under

the assumption that q is minimal. Removing the minimality assumption, but imposing
conditions on the binding group, we obtain an algebraic condition equivalent to the type
p being almost internal to the constants (Corollary 4.3.4). This chapter consists of joint
work with Léo Jimenez, appearing in [20].

The Lotka-Volterra system is the vector field on A2 defined by a system of differential
equations of the form

LVa,b,c,d =

{
x′ = x(ay + b)

y′ = y(cx+ d)

for some non-zero constants a, b, c, d. These are important equations arising in the study
of predator-prey populations. Duan and Nagloo [17] show that the generic type of LVa,b,c,d

in DCF0 is minimal (even strongly minimal) when b and d are Q-linearly independent, and
the type is not minimal if b = d. In Chapter 5, using a method of Jaoui [39], we show that
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the generic type is minimal whenever b ̸= d (Proposition 5.2.3). We are then able to deduce
transcendence results about solutions to such equations: we show that given finitely many
distinct Lotka-Volterra systems, satisfying some mild conditions on the parameters, there
are no algebraic relations over the constants among any set of solutions from the various
systems. This is Corollary 5.3.3. Chapter 5 is based on joint work with Yutong Duan and
Léo Jimenez, appearing in [16].

In Chapter 6, we leave the context of DCF0 and work in a general totally transcendental
theory eliminating imaginaries. We study fibrations f : p → q whose fibers are semimini-
mal. This is a first step in understanding the structure of semiminimal analyses. We make
use of the notion of domination in stable theories. In particular we show that if some
(equivalently any) fiber of f is almost internal to a minimal type r, then p is domination
equivalent to r(m) ⊗ q for some m between 0 and U(p)− U(q) (Theorem 6.3.1). We focus
on the power m, examining conditions that force m to be either 0 or U(p) − U(q). This
chapter is based on joint work with Léo Jimenez, appearing in [18].

Finally, Chapter 7 examines some uniqueness properties of semiminimal analyses in
the general setting. The goal of the chapter is to show that the multiplicity with which a
minimal type arises in a semiminimal analysis for a given type p, does not depend on the
choice of analysis (Theorem 7.4.2). Along the way we show that this notion of multiplicity
of r in p extends the existing notion of local r-weight, introduced by Shelah and further
developed by Hrushovski [30] (Proposition 7.5.7). Lastly, while it is well-known that a type
need not have a unique semiminimal analysis, we examine the possible ways that analyses
may differ. We give a conjectural description of the possible deviations (Conjecture 7.6.5)
and prove a preliminary case of the conjecture (Proposition 7.6.6). While some of the
results appear in joint work with Léo Jimenez [18], the main theorems here are solo work
by the author and are currently in preparation for publication.
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Chapter 2

Preliminaries

2.1 Differentially closed fields

2.1.1 ACF0

We begin by recalling the basic model theory of algebraically closed fields om characteristic
zero (ACF0). Working in the language of rings L = {0, 1,+,−,×}, we consider the theory
T of integral domains of characteristic zero in the language L. To better understand this
theory, we study its existentially closed models. Being an existentially closed model M of
T means that any finite system of polynomial equations and inequations with coefficients
from M that has a solution in some integral domain extending M , has a solution in M .
The existentially closed models of T are precisely algebraically closed fields of characteristic
zero, whose theory we denote by ACF0. The theory ACF0 is a strongly minimal theory
which eliminates imaginaries and admits quantifier elimination.

We fix U |= ACF0, a sufficiently saturated model meaning that any consistent set
of formulas over a small subfield of U , meaning of cardinality strictly less than |U|, has
a solution in U . All parameter sets will we consider will be small subsets of U , unless
explicitly stated otherwise. For any A ⊆ U , dcl(A) is the field generated by A and acl(A) is
the field-theoretic algebraic closure of the field generated by A. In particular, acl(∅) = Qalg.

A Zariski closed set over F in Un is the zero set of finitely many polynomials in n
variables whose coefficients are from F . The Zariski closed sets over F form the closed
sets of a noetherian topology called the Zariski topology over F . There is also an absolute
Zariski topology on Un where a subset is Zariski closed if it is Zariski closed over some field
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(i.e. over U). A Zariski closed set is irreducible over a field F if it cannot be written as
the union of any two proper Zariski closed sets over F . A Zariski closed set is absolutely
irreducible if it cannot be written as the union of any two proper Zariski closed sets. As a
consequence of quantifier elimination, the definable sets are finite boolean combinations of
Zariski closed sets. We use the convention that definable means definable with parameters,
unless stated otherwise.

We denote affine n-space over F by An
F which we view as a functor taking a field L

extending F to the set Ln. By an affine variety over F , we mean a subfunctor V ⊆ An
F for

some n, defined by a set of polynomials Σ ⊆ F [x1, ..., xn]. That is, for any L ⊇ F , V (L)
is the set of a ∈ Ln such that f(a) = 0 for all f ∈ Σ. Since we are working in a universal
domain U , we will often identify affine varieties with their U -points, so with Zariski closed
subsets of Un.

Recall that a complete type in n variables over a set A, denoted p ∈ Sn(A), is a maximal
consistent collection of LA formulas in n-variables. Often we will write p ∈ S(A) when the
number of variables is clear from context. By tp(a/A), we mean the collection of all LA-
formulas that a ∈ Un satisfies. In ACF0, there is a bijective correspondence between types
p ∈ Sn(F ) and irreducible subvarieties of An over F . One direction of the correspondence
is given by mapping a type p to its Zariski locus, denoted by loc(p). This locus is equal to
loc(a/F ), for any a |= p, which is the smallest Zariski closed set over F containing a. The
reverse direction of the correspondence is given by mapping V , an irreducible variety over
F , to the generic type of V over F , that is tp(a/F ) for some a ∈ V (Un) such that a lies in
no proper Zariski closed set over F .

We have a well-behaved notion of independence. Let A and B be subsets of U and
F be a sub-field. We say that A is independent from B over F , denoted A |⌣

F

ACF0 B if

trdeg(F (A)/F ) = trdeg(F (A,B)/F (B)). This agrees with Shelah’s non-forking indepen-
dence. A non-forking extension of a type p ∈ S(F ) to L ⊇ F is tp(a/L) for some a |= p

such that a |⌣
ACF0

F

L. We say a type over F is stationary if it has a unique non-forking

extension to any field extension of F . A type p ∈ S(F ) is stationary if and only if p is the
generic type of an absolutely irreducible variety over F .

2.1.2 DCF0

We provide a short introduction to the model theory of differential fields. The contents of
this section can be found in [54, Chapter 2] and [57], for example.
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We begin with a brief review of differential rings. All rings will be unital and all fields
will be of characteristic zero. A derivation on a ring R is an additive function δ : R → R
satisfying the Leibniz rule δ(ab) = δ(a)b + aδ(b). We call the pair (R, δ) a differential
ring. When R is a field, we say that (R, δ) is a differential field. We say that (L, δ′) is a
differential field extension of (F, δ) if F ⊆ L and δ′|F = δ. The constants of (R, δ) is the
set {a ∈ R | δ(a) = 0}. We denote the nth derivative of some a in R by δn(a).

Let (F, δ) be a differential field, and f ∈ F [x1, ..., xk]. By f δ, we mean the polynomial
obtained by applying δ to the coefficients. So if δ = 0 on F , then f δ = 0.

A key consequence of the Leibniz rule is the following easily verified identity.

Fact 2.1.1. Let (F, δ) be a differential field, f ∈ F [x1, ..., xk] and a = (a1, ..., ak) ∈ F k.

Then, δ(f(a)) = f δ(a) +
k∑

i=1

∂f
∂xi

(a)δ(ai).

A differential polynomial over (F, δ) in variables x1, ..., xk is an ordinary polynomial in
the (infinite collection of) variables {x(j)

i | j < ω}, where we interpret x
(j)
i as δj(xi). That

is, we have the ring of differential polynomials F{x1, ..., xk} = F [x
(j)
i | i = 1, ..., k, j < ω]

equipped with the derivation extending δ on F and given by δ(x
(j)
i ) = x

(j+1)
i . The order of

a differential polynomial is the highest power of δi(x) appearing in the polynomial.

We work in the language of rings together with a function symbol for the derivation,
Lδ = {0, 1,+,−,×, δ}, and consider Tδ, the Lδ theory of differential integral domains of
characteristic zero. The existentially closed models of Tδ are those differential integral
domains M with the property that any finite system of differential polynomial equations
and inequations with coefficients in M and with a solution in some differential integral
domain extending M , already has a solution in M . This is axiomatised as follows: (M, δ)
is an existentially close model of Tδ if and only if M |= ACF0 and for any f, g ∈ M{x}
with g ̸= 0 and ord(f) > ord(g), there is a ∈ M such that f(a) = 0 ̸= g(a). The theory
of existentially closed models of Tδ is called the theory of differentially closed fields and is
denoted by DCF0. The axiomatisation we have given is due to Blum [7], though the first
axiomatisation was due to Robinson, influenced by even earlier work by Seidenberg. Much
later, a geometric axiomatisation was given by Pierce and Pillay in [62].

The theory DCF0 is a tame theory: it is ω-stable, admits quantifier elimination, and
eliminates imaginaries. We fix (U , δ) |= DCF0, a sufficiently saturated model that will serve
as a universal domain for differential-algebraic geometry. So, implicitly, every differential
field we consider, unless stated otherwise, is assumed to be a small differential subfield of
(U , δ), and all types (partial or complete) are over small sets of parameters, and hence are
realized in (U , δ).
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Similarly to ACF0, we have algebraic descriptions of model-theoretic definable and
algebraic closures. For A ⊆ U , dcl(A) = ⟨A⟩ is the differential field generated by A, and
acl(A) = ⟨A⟩alg is the field-theoretic algebraic closure of the differential field generated by
A. In particular, acl(∅) = Qalg.

We have a refinement of the Zariski topology given by the Kolchin topology. A Kolchin
closed subset of Un over a differential field F is the zero set of finitely many differential
polynomials whose coefficients are from F . The Kolchin closed sets over F form the closed
sets of the noetherian Kolchin topology over (F, δ). A Kolchin closed set is irreducible
over (F, δ) if it cannot be written as the union of two proper Kolchin closed sets over F .
We again have an absolute Kolchin topology on Un where a subset is Kolchin closed if
it is Kolchin closed over some differential subfield (i.e. over U) A Kolchin closed set is
absolutely irreducible if it cannot be written as the union of two proper Kolchin closed
subsets. As a consequence of quantifier elimination, the definable sets are finite boolean
combinations of Kolchin closed sets. We use the convention that definable means definable
with parameters.

An important definable set in (U , δ) is the field of constants, denoted by C, which is
defined by δ(x) = 0. This is an algebraically closed definable subfield of U that is “pure”
in the sense that every definable set in (U , δ) that lives in some cartesian product of C is
definable in the pure field structure (C, 0, 1,+,−,×). We will sometimes consider types over
C, which break the convention of parameter sets being small. However, one consequence of
ω-stability is the stable embeddedness of C in (U , δ), meaning that any complete type over
C is isolated by its restriction to some finitely generated subfield of C. See for example [14,
Appendix] for more details on stable embeddedness.

Similarly to ACF0, we have a bijective correspondence between types in Sn(F ) and
irreducible Kolchin closed sets over (F, δ). This bijection maps p to the Kolchin locus of p,
denoted by locδ(p). This locus is given by locδ(a/F ) for any a |= p, which is the smallest
Kolchin closed set over F containing a. For the reverse direction, if V is an irreducible
Kolchin closed set over F , then V maps to tp(a/F ) for some generic point a ∈ V . By a
generic point, we mean that a ∈ V and a lies in no proper Kolchin closed set over F .

There is also a well-behaved notion of independence which agrees with Shelah’s notion of
non-forking independence. We say that A is independent from B over F , denoted A |⌣

F

B,

if ⟨A⟩ |⌣
ACF0

F

⟨B⟩, i.e., trdeg(F ⟨A⟩/F ) = trdeg(F ⟨A,B⟩/F ⟨B⟩). Here by F ⟨A⟩ we mean

the differential field generated by A over F If (L, δ) ⊇ (F, δ), then a non-forking extension
of p ∈ S(F ) is tp(a/L) such that a |⌣

F

L. Under this notion of independence, a type over

(F, δ) being stationary is equivalent to the type being the generic type of an absolutely
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irreducible Kolchin closed set over F . When F is an algebraically closed differential field,
any type p ∈ S(F ) is stationary.

2.1.3 Finite dimensional types

In this thesis we are interested in finite dimensional types in the theory DCF0. Fix (F, δ) a
small differential subfield of (U , δ). A type tp(a/F ) is finite dimensional if trdeg(F ⟨a⟩/F )
is finite for some (equivalently any) a |= p. Recall that F ⟨a⟩ = F (a, δ(a), δ2(a), ...). This
transcendence degree is finite if and only if F ⟨a⟩ is finitely generated over F as a field. In
the finite dimensional case, we say that the dimension of p ∈ S(F ), denoted dim(p), is
trdeg(F ⟨a⟩/F ). Forking for finite dimensional types is capture by a change in dimension;
if tp(a/F ) is finite dimensional and (L, δ) ⊇ (F, δ), a |⌣

F

L if and only if dim(a/L) =

dim(a/F ).

Every finite dimensional type arises, up to interdefinability, from a D-variety, a notion
we now explain. First we briefly recall algebraic vector fields.

Recall that given an affine variety X ⊆ Ak where I(X) is the ideal of polynomi-
als vanishing on X, the tangent bundle of X is the subvariety TX ⊆ A2k defined byf(x1, ..., xk) = 0

k∑
i=1

∂f
∂xi

yi = 0
for all f ∈ I(X). An algebraic vector field is a pair (X, s) where X is

a variety defined over a field F and s : X → TX is a regular section map to the projection
map π : TX → X. If the section s : X → TX is only assumed to be a rational map rather
than regular, we call it a rational vector field.

If X is defined over a differential field (F, δ), then we can twist the above construction
by the derivative δ.

Definition 2.1.2. Let X ⊆ Ak be an affine variety over a differential field (F, δ). The
prolongation of X over (F, δ) is the subvariety τX ⊆ A2k over F defined byf(x1, ..., xk) = 0

f δ(x1, ..., xk) +
k∑

i=1

∂f
∂xi

yi = 0
for every f ∈ I(X). A (algebraic) D-variety over (F, δ) is

the pair (X, s) where X ⊆ Ak is an affine variety and s : X → τX is a regular section to
the co-ordinate projection π : τX → X. If s : X → τX is only a rational map, as opposed
to a regular map, we say that (X, s) is a rational D-variety.

9



The autonomous case corresponds to when δ = 0 on F . Note that in the autonomous
case, prolongations are tangent bundles and D-varieties are vector fields.

A D-variety can be seen as encoding a system of algebraic differential equations; namely
the equations δ(xi) = si(x1, ..., xk) where s = (idX , s1, ..., sk).

Let (X, s) be a D-variety over (F, δ). A D-subvariety of (X, s) over (L, δ), a differential
field extension of (F, δ), is an algebraic subvariety Y ⊆ X over L such that s|Y : Y → τY . A
D-variety (X, s) is irreducible if X cannot be written as the union of two proper subvarieties
Y and W such that (W, s|W ) and (Y, s|Y ) are D-subvarieties.

The following fact expresses the δ-twisted version of the well-known fact that algebraic
vector fields on affine varieties correspond to derivations on the coordinate ring.

Fact 2.1.3. Suppose X ⊆ Ak is an affine variety over (F, δ). Let s = (idX , s1, ..., sk) be a
rational D-variety structure on X over F . Then there is a unique derivation δs on F (X)
extending δ on F such that δs(xi + I(X)) = si for all i = 1, .., k.
Moreover, every derivation on F (X) extending δ on F is of the form δs for some rational
D-variety (X, s).

In particular, when δ = 0 on F we obtain a correspondence between finitely generated
extensions of F with a derivation that is zero on F , and rational vector fields. Similarly,
rational D-varieties correspond bijectively to derivations on function field extensions of f
equipped with a derivation extending δ.

Definition 2.1.4. Suppose (X, s) is a rational D-variety over (F, δ). Let x = (x1, ..., xk)
and let s(x) = (idX , s1(x), ...sk(x)). A D-point of (X, s) is some point a = (a1, ..., ak) ∈
X(U) such that for all i = 1, ..., k, δ(ai) = si(a).

The set of all D-points of (X, s) is the definable set

(X, s)♯ := {a ∈ X(U) | δ(ai) = si(a) for all i = 1, ..., k.}
For example, C = (A, 0)♯ where 0(x) = (x, 0) is the trivial derivation on the affine line.
Notice that the set of D-points is a Kolchin closed subset of X.

Definition 2.1.5. Let (X, s) be an irreducible D-variety over (F, δ). The generic type of
(X, s) over F is the type that says x ∈ (X, s)♯ and that X is the Zariski locus of x over F .

Fact 2.1.6. If (X, s) is an irreducible D-variety over (F, δ), then its generic type over F
is finite dimensional of dimension dim(X). Moreover, every finite dimensional complete
type over F is interdefinable with the generic type of an irreducible D-variety over (F, δ).

Here we say that two types p, q ∈ S(F ) are interdefinable if for some (equiv. any)
a |= p, there is b |= q such that dcl(Fa) = dcl(Fb), i.e., F ⟨a⟩ = F ⟨b⟩.
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2.2 Some geometric stability theory

We now work in a general stability-theoretic setting, namely that of a fixed totally tran-
scendental theory T which eliminates imaginaries. (We can drop this last requirement by
working in the many sorted theory T eq.) The only particular example of T that we deal
with in this thesis is DCF0, but there are of course many other examples of interest. A
good reference for general stability theory is [63]. Fix a sufficiently saturated model U |= T
which we treat as a universal domain.

2.2.1 Stationary types and fibrations

Let a be a tuple, A ⊆ B be parameter sets. We say that C is independent from B over A,
denoted by C |⌣

A

B, if tp(C/B) does not fork over A (see Section 1.1 of [63]). In DCF0, this

notion of independence agrees with the definition given in terms of transcendence degree,
that is C |⌣

A

B if and only if trdeg(⟨AC⟩/⟨A⟩) = trdeg(⟨ABC⟩/⟨AB⟩).

For a tuple c1, ..., cn, we will write c1, ..., cn |⌣
A

B to mean the set {c1, ..., cn} is indepen-

dent from B over A. We say that a tuple c1, ..., cn is A-independent if for all i = 1, ..., n,
ci |⌣

A

c1, ..., ci−1, ci+1, ..., cn. Equivalently, a tuple is A-independent if and only if for every

i = 1, ..., n, ci |⌣
A

c1, ..., ci−1.

We define a partial ordering on complete types in the variables x = (x1, ..., xn) by q < p
if and only if q is a forking extension of p. That is, A ⊆ B, p ∈ S(U), q ∈ S(B), p ⊆ q and
for some (equiv. any) b |= q, b ̸ |⌣

A

B. U -rank is the foundation rank of this partial ordering.

We often write U(a/A) instead of U(tp(a/A)). Note that a type is algebraic, meaning that
its realizations lie in the acl of the parameter set, if and only if U(p) = 0. Similarly, if
b ∈ acl(aA), then U(b/A) ≤ U(a/A) with equality if and only if acl(aA) = acl(bA). In
ACF0, U(a/F ) = trdeg(F (a)/F ). In DCF0, if p is finite-dimensional, then U(p) ≤ dim(p).
But, one does not always have equality (this is part of the concern if Chapter 5). In the
finite-dimensional case, both U -rank and dimension witness forking, so that one often has
a choice of which one to work with.

Recall that a type p ∈ S(A) is stationary if for every B ⊇ A, p has a unique non-
forking extension to B. We denote this unique extension by p|B. Every type over an
acl-closed set is stationary. By the strong type of a over A we mean the stationary type
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stp(a/A) := tp(a/acl(A)). Stationarity is preserved by taking non-forking extensions and
by automorphisms. We include the following well-known argument.

Remark 2.2.1. If tp(a/A) is stationary and b ∈ dcl(Aa), then tp(b/A) is stationary.

Proof. Let B ⊇ A and fix b1, b2 |= tp(b/A) where bi |⌣
A

B for i = 1, 2. Let σi ∈ AutA(U)

such that σi(b) = bi for i = 1, 2. Since b ∈ dcl(Aa), there is some A-definable function
such that b = f(a). Hence, bi = f(σi(a)) for i = 1, 2 as f is A-definable. Set ai := σi(a).
Choose a′i |= tp(ai/Abi) such that a′i |⌣

biA

B. Notice that a′i |= tp(a/A). Since bi |⌣
A

B, we

have that a′i |⌣
A

B. By stationarity of tp(a/A), tp(a′1/B) = tp(a′2/B). Hence, there is some

τ ∈ AutB(U) such that τ(a′1) = a′2.

We have that τ(b1) = τ(f(a′1)) = f(τ(a′1)) = f(a′2) = b2. Hence, tp(b1/B) = tp(b2/B).
So there is a unique non-forking extension of tp(b/A) to any B ⊇ A.

For stationary types p, q ∈ S(A), the Morley product of p and q is p ⊗ q := tp(ab/A)
where a |= p and b |= q and a |⌣

A

b. We denote the Morley product of a stationary type with

itself n-times as p(n). A Morley sequence in p is an A-independent sequence of realizations.

The canonical base of a stationary type p ∈ S(A), denoted Cb(p), is the smallest
definably closed subset of dcl(A) over which p does not fork and p restricted to Cb(p) is
stationary (see [63, Remark 2.26] for why this exists). We write Cb(tp(a/A)) as Cb(a/A).
In ACF0 the canonical base of a type p ∈ S(F ) is the minimal field of definition for loc(p).
Similarly in DCF0, the canonical base of a finite dimensional type p ∈ S(F ) is the minimal
differential field of definition for locδ(p).

Note that in both theories, the canonical base for a type is unique and is finitely
generated (as a field or differential field). That is, taking such a minimal tuple of generators,
Cb(p) = dcl(c) and for some finite tuple c, we will sometimes identify the canonical base
with this finite tuple. Of course, the finite tuple itself is only unique up to interdefinability.

Fact 2.2.2. [63, Remark 2.26] Let p ∈ S(A) be stationary.

1. Cb(p) ⊆ dcl(A).

2. For any B ⊆ A, p does not fork over B if and only if Cb(p) ⊆ acl(B).

3. Cb(tp(a/acl(A))) ⊆ dcl(Aa).
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Fact 2.2.3. [63, Lemma 1.3.19] Let p = tp(a/A) be stationary and non-algebraic. For any
Morley sequence a = a0, a1, .... in p, there is an n < ω such that Cb(a/A) ⊆ dcl(a0, ..., an).

It is convenient to introduce some notation and terminology for maps between complete
types:

Definition 2.2.4. Let p, q ∈ S(A) be stationary types.

1. A definable function f : p → q is a relatively A-definable map f : p(U) → q(U). That
is f is an A-definable function and for some (equivalently any) a |= p, f(a) |= q.
Note that as a function from p(U) to q(U), f is necessarily surjective.

2. A definable function f : p → q is finite-to-one if for some (equivalently any) a |= p,
a ∈ acl(Af(a)).

3. We say that p and q are interdefinable (over A) if there are definable functions
f : p → q and g : q → p such that f ◦ g and g ◦ f are the identity. Equivalently, for
all (equivalently some) a |= p, there is b |= q such that dcl(Aa) = dcl(Ab).

4. We say that p and q are interalgebraic (over A) if there is r ∈ S(A) and finite-to-one
definable functions f : r → p and g : r → q. Equivalently, for all (equivalently some)
a |= p, there is b |= q such that acl(Aa) = acl(Ab).

5. A fiber of a definable function f : p → q is a type of the form tp(a/Af(a)) for some
a |= p. Note that all fibers of f are A-conjugate.

It is often useful to assume that the fibers of a function are stationary:

Definition 2.2.5. Let f : p → q be a definable function of stationary types p, q ∈ S(A).
We say that f : p → q is a fibration if some (equivalently any) fiber of f is stationary.

Every definable function can be factored into a fibration and a finite-to-one function
using the following well-known fact, which can be viewed as a model-theoretic abstraction
of Stein factorization in complex geometry.

Lemma 2.2.6. Let p, q ∈ S(A) be stationary and f : p → q be a definable function. There
is a fibration f ′ : p → q′ over A and a finite-to-one definable function π : q′ → q such that
f = π ◦ f ′.
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Proof. Fix a |= p and let e := Cb(stp(a/Af(a))). Notice that here we do need to take
the strong type as the fiber tp(a/Af(a)) need not be stationary. By Fact 2.2.2, e ∈
dcl(Af(a)a) = dcl(Aa). On the other hand, since e is the canonical base of a stationary
type over acl(Af(a)), e ∈ acl(Af(a)) by Fact 2.2.2. Let q′ := tp(ef(a)/A). By Remark
2.2.1, q′ is stationary. Let f ′ : p → q′ be given by f ′(a) = (e, f(a)). Notice that (e, f(a)) ∈
dcl(Aa), so f ′ : p → q′ is a definable function. For every a |= p, the fiber tp(a/Af ′(a)) =
tp(a/Af(a)e). By definition of e, we have that tp(a/e) is stationary and a |⌣

e

Af(a).

Hence, tp(a/Af(a)e) is stationary, showing f ′ : p → q′ is a fibration.

Let π : q′ → q be given by the projection map π(e, f(a)) = f(a). Clearly this is
definable and since e ∈ acl(Af(a)), we have that π : q′ → q is finite-to-one.

By stationarity of p, q′, and q, to show f = π◦f ′, it suffices to check that f(a) = π(f ′(a))
for a single a |= p. Fix a |= p, then π(f ′(a)) = π(e, f(a)) = f(a). Hence, f = π ◦ f ′.

Minimal types

A stationary type is minimal if it is of U -rank 1. Equivalently p ∈ S(A) is minimal if and
only if for every B ⊇ A, p has a unique non-algebraic extension to B. Hence, every non-
algebraic extension of a minimal type is again minimal. In the theory of algebraically closed
fields of characteristic zero, minimal types correspond to the algebraic curves. However, in
DCF0 there are many minimal types of dimension greater than 1. For example, the focus
of Chapter 5 is showing that certain 2-dimensional types in DCF0 are minimal.

We can further classify minimal types based on the behavior of the model-theoretic
algebraic closure on their sets of realizations.

Definition 2.2.7. Let p ∈ S(A) a minimal type. The type p is locally modular if for every
a |= p and B,C ⊂ p(U), we have that B |⌣

acl(ABa)∩acl(ACa)

C.

The type p is trivial if every pairwise A-independent set of realizations is A-independent.

Trivial minimal types are locally modular.

Proposition 2.2.8. Let p ∈ S(A) be stationary. Then p is trivial if and only if for
any B ⊇ A and non-forking extension p′ ∈ S(B), whenever a, b, c |= p′ are pairwise B-
independent, then a, b, c is A-independent.

Moreover, when p is minimal, then p is trivial if and only if

acl(AC) ∩ p(U) =
⋃
c∈C

acl(Ac) ∩ p(U) for any set C.
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In the Moreover case, we say that the pregeometry (p(U), aclA) is disintegrated.

Proof. For the forward direction, suppose there exists B ⊃ A and a, b, c |= p′ ∈ S(B), the
non-forking extension of p to B, which are pairwise B-independent, but not B-independent.
Without loss of generality, a ̸ |⌣

B

bc.

Let e = Cb(abc/B). Then abc |⌣
e

B, and by Fact 2.2.3, e ∈ dcl(I) for any Morley

sequence I = (ai, bi, ci)i<α in tp(abc/B). Note that I is a set of pairwise B-independent
realizations of p′ since for all i, ai, bi, ci |= p′ are pairwise B-independent.

If abc ̸ |⌣
A

B, then by [63, Lemma 1.2.29.], I is not A-independent. But I is a sequence

of pairwise A-independent realizations of p: for any ai, bj, ai |⌣
B

bj and ai |⌣
A

B. Thus

ai |⌣
A

bj. Similarly, we have A-independence for the pairs (ai, aj), (bi, bj), and (ci, cj) with

i ̸= j, (ai, cj) and (bi, cj). Hence I is sequence of pairwise A-independent realization of p
but I is not A-independent. Thus p is not trivial, a contradiction.

If abc |⌣
A

B, then e = Cb(abc/A). Hence, by Fact 2.2.3, e ∈ dcl(I) for any Morley

sequence in tp(abc/A), I = (ai, bi, ci)i<α. Let I |⌣
A

a, b, c. Note that I is A-independent.

Hence, I ′ = I ∪ {a, b, c} is pairwise A-independent.

Since abc |⌣
e

B, we have that a |⌣
bce

B. If a |⌣
A

Ibc, since e ∈ dcl(I), a |⌣
A

ebc which

implies that a |⌣
eA

bc. Thus a |⌣
e

Bbc, and so a |⌣
B

bc, a contradiction. So a ̸ |⌣
A

Ibc, showing

that p is not trivial, as I ′ is pairwise A-independent, but not A-independent.

For the reverse direction, let I be any pairwise A-independent set of realizations of
p. Choose k to be minimal such that any k-many elements of I are not A-independent.
Notice that k ≥ 3 since I consists of pairwise A-independent realizations. Then a1, a2, a3
are pairwise a4, ..., akA-independent realizations of p|a4,...,ak (if k = 3, take a4 = A). So,
a1 |⌣

a4,...,akA

a2, a3. Hence, a1 |⌣
A

a2, ..., ak, contradicting that a1, ..., ak is not A-independent.

We have shown that I is A-independent and so p is trivial.

For the moreover statement, suppose that p is minimal. For the forward direction
suppose that p is trivial. Clearly

⋃
c∈C

acl(Ac)∩p(U) ⊆ acl(AC)∩p(U). To show the reverse

inclusion, let C ⊆ p(U) and c ∈ acl(AC) ∩ p(U). Thus c ∈ acl(Ac1, ..., cn) for some finite
subset of C. Let n be minimal possible among all tuples. If ci ̸ |⌣

A

cj for i ̸= j, by minimality

15



of p, ci ∈ acl(Acj). Then c ∈ acl(Ac1, ..., ci−1, ci+1, ..., cn), contradicting minimality of n.
Thus c1, ..., cn is a pairwise A-independent tuple of realizations of p. Since c, c1, ..., cn is not
independent, by triviality, c ̸ |⌣

A

ci for some i = 1, ..., n. By minimality of p, c ∈ acl(Aci).

Thus acl(AC) ∩ p(U) ⊆
⋃

c∈C acl(Ac) ∩ p(U).

For the reverse direction, let C be a pairwise A-independent set of realizations of p.
Let C = (ci)i<α. Without loss of generality, suppose that c0 ̸ |⌣

A

(ci)0<i<α. By minimality of

p, c0 ∈ acl(A(ci)0<i<α). Hence, c0 ∈ acl(Aci) for some i ̸= 0. But, c0 |⌣
A

ci, a contradiction.

Thus, C is A-independent.

In particular, if a type is trivial, then any of its non-forking extensions are trivial (see for
example [2, Part D Chapter XVI 2.2]).

2.2.2 Orthogonality

In this subsection, we recall the notion of orthogonality between two stationary types, a
stationary type and a definable set, and a stationary type and a set of parameters. In all
cases, orthogonality is meant to capture a lack of “interesting” relations between the two
objects.

Definition 2.2.9. Let p, q ∈ S(A). We say that p is weakly-orthogonal to q, denoted by
p ⊥w q, if for every a |= p and b |= q, a is independent from b over A.

Let p ∈ S(A) and q ∈ S(B) be stationary types. We say that p is orthogonal to q, denoted
p ⊥ q, if for every C ⊇ A ∪B, the non-forking extension p|C is weakly orthogonal to q|C .

Note that weak-orthogonality and orthogonality are symmetric notions. In some cases,
weak-orthogonality and orthogonality coincide.

Fact 2.2.10. Let r, s ∈ S(A) be minimal and trivial types. Then r is non-orthogonal to s
if and only if r is not weakly-orthogonal to s.

For a proof see [2, Lemma 16.2.11].

Orthogonality on minimal types is particularly well-behaved. See Lemma 5.3 in [23]
for a proof of the following well-known transitivity fact.
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Fact 2.2.11. Let p ∈ S(A), q ∈ S(B) be stationary types of finite U-rank. Let r ∈ S(C) be
minimal. If p is non-orthogonal to r and r is non-orthogonal to q, then p is non-orthogonal
to q.

Every non-algebraic stationary type of finite U -rank has some relation to a minimal
type (for example see [11, Corollary 6.3.8.]).

Fact 2.2.12. Every non-algebraic complete type of finite U-rank is non-orthogonal to a
minimal type, potentially over additional parameters.

Next we discuss what it means for a complete type to be orthogonal to a definable set.
This often goes by the term “foreign", see for example [63], but we can reuse the term
“orthogonal" without confusion:

Definition 2.2.13. Let p ∈ S(A) be stationary and X be an A-definable set. We say that
p is weakly orthogonal to X, denoted p ⊥w X, if for every a |= p and every finite tuple
c̄ ⊂ X, a is independent from c̄ over A.
We say p is orthogonal to X (or X-orthogonal), denoted p ⊥ X, if for every B ⊇ A, p|B is
weakly orthogonal to X.

Remark 2.2.14. If tp(a/A) is stationary and orthogonal to an A-definable set X, then so
is tp(b/A) for any b ∈ acl(Aa).

In the theory DCF0 we are often concerned with when a complete type is orthogonal
to the constants. This is about whether the type has any definable relation with pure
algebraic geometry. The following is a useful criterion (see [44, Lemma 2.22]).

Fact 2.2.15. Suppose T = DCF0 and (F, δ) is an algebraically closed differential field.
Let p ∈ S(F ). Then p is weakly C-orthogonal if and only if F ⟨a⟩ ∩ C = F ∩ C, for some
(equivalently any) a |= p.

Finally, still in the context of DCF0, let us record the very important following fact
about minimal types.

Fact 2.2.16 (Zilber dichotomy in DCF0). Suppose that r is a minimal type in DCF0. Then
either r is locally modular or r is non-orthogonal to the constants. In fact, the dichotomy
refined into a trichotomy where exactly one of the following is true:

1. r is trivial,

2. r is locally modular and non-trivial (in which case r is non-orthogonal to the generic
type of a minimal one-based group), or

3. r is non-orthogonal to the field of constants.
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2.2.3 Internality

A central notion in this thesis is that of internality, which is a kind of opposite notion to
orthogonality.

Definition 2.2.17. Suppose that p ∈ S(A) and X is an A-definable set. We say that p is
internal to X (or X-internal) if there exists some B ⊇ A such that p(U) ⊆ dcl(BX).

In fact, for every a |= p we can choose some finite subset X0 ⊆ X such that a ∈
dcl(BX0).

Example 2.2.18. Suppose T = DCF0, C is the field of constants, and p(x) ∈ S(F ) extends
a system of linear (possibly non-homogeneous) differential equations in x = (x1, ..., xn) over
a differential field F . Then p is C-internal. Indeed, if V is the finite-dimensional C-vector
subspace of Un defined by the corresponding homogeneous linear system, then p(U) ⊆ b+V
for some tuple b ∈ Um. Now, fix basis elements b1, ..., bℓ for V , so that every element of V
is a C-linear combination of (b1, ..., bℓ). Hence, p(U) ⊆ dcl(Fb, b1, ...bmC).

While much of this thesis is about C-internality in DCF0, we also sometimes work
(especially in chapters 6 and 7) in a general setting.

In addition to internality to definable sets we consider internality to partial type-
definable sets, and even to families of partial type-definable sets. We will also sometimes
allow the parameters for these partial type-definable sets to vary. Let us set up some
notation for dealing with the general situation.

Suppose Q is a set of partial types over various parameter sets. Given any parameter
set B, let us denote by QB(U) the set of all tuples a such that tp(a/B) extends a member
of Q.

Definition 2.2.19. Suppose p ∈ S(A) and Q is a family of partial types (over arbitrary
parameters). We say that p is internal to Q (or Q-internal) if there is some B ⊇ A such
that p(U) ⊆ dcl(BQB(U)). If we replace dcl by acl, then we get the notion of almost
Q-internality.

Often, we assume that Q is A-invariant in the sense that it is invariant under the
natural action of AutA(U).

Note that if Q is a single formula ϕ with parameters from A and X = ϕ(U), then
Q-internality agrees with X-internality as in Definition 2.2.17.
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Remark 2.2.20. We say that a definable set X is strongly minimal if X is infinite and
every definable subset of X is either finite or co-finite. If X is strongly minimal and r is the
generic type of X, then almost X-internality agrees with almost r-internality on stationary
types.

Proof. Let p ∈ S(A) be stationary. Notice that r(U) ⊆ X, hence if p is almost r-internal,
it is almost X-internal. Suppose there is some B ⊇ A such that p(U) ⊆ acl(BX). Fix
a |= p|B such that a ∈ acl(Bc1, ..., cn) for some c1, ..., cn. As X is strongly minimal, we
can replace c1, ...cn with an acl-basis over B. If ci ̸|= r, then there is some formula ϕ ∈ r
such that ci ∈ X ∩ ¬ϕ(U). This set is not finite, since ci ̸∈ acl(A) and it is not co-finite,
otherwise, r is algebraic. Hence c1, ..., cn |= r.

The following characterisation of internality, which is sometimes taken as the definition,
is useful in practice:

Fact 2.2.21. [63, Lemma 7.4.2] Suppose p ∈ S(A) is stationary. Then p is Q-internal if
and only if for any a |= p, there exists B ⊇ A with a |⌣

A

B such that a ∈ dcl(BQB(U)).

Moreover, almost Q-internality is equivalent to the above statement with acl in place of
dcl.

In Example 2.2.18, we saw that a vector space basis for the set of solutions to a system of
linear differential equations can be chosen to be the extra parameters necessary to witness
internality. This generalises as follows:

Fact 2.2.22. [63, Lemma 7.4.2] Let p ∈ S(A) be stationary and Q be an A-invariant
family of (partial) types. If p is Q-internal, then there is some finite sequence of realizations
a1, ..., aℓ |= p such that, setting B = Aa1, ..., aℓ, we have that p(U) ⊆ dcl(BQB(U)).

Such a sequence of realizations of p is called a fundamental system for p (with respect
to Q-internality) and we call p fundamental if some (equivalently any) single realization is
a fundamental system.

Here are some well known preservation properties of internality:

Lemma 2.2.23. Let p ∈ S(A) be stationary and Q be an A-invariant family of (partial)
types.

1. If p is (almost) Q-internal, then any extension of p is (almost) Q-internal.
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2. If p has a non-forking extension that is (almost) Q-internal, then p is (almost) Q-
internal.

3. Let p = tp(a/A) be Q-internal and b ∈ dcl(Aa). Then stp(b/A) is Q-internal.
Similarly if tp(a/A) is almost Q-internal and b ∈ acl(Aa), then stp(b/A) is almost
Q-internal.

4. If tp(a/A) and tp(b/A) are stationary types, which are (almost) internal to an A-
invariant family of types Q, then tp(ab/A) is (almost) Q-internal.

Proof. We will prove the statements for almost-internality, but the proofs work as well for
internality.

1. Fix A′ ⊇ A and a |= p. Let p′ := tp(a/A′). First, note that Q is also A′-invariant. By
Fact 2.2.22, there exists C ⊇ A such that for all a |= p, there are b1, ..., bn |= QB such that
a ∈ acl(Bb1, ..., bn). So p(U) ⊆ acl(BQB(U)). Note that for any b |= QB, there is some
partial type q ∈ Q over B such that b |= q. Thus, q is a partial type over BA′, hence
b |= QBA′ . So, QB(U) ⊆ QBA′(U). Hence, p(U) ⊆ acl(BA′QBA′(U)). On the other hand,
since p′ is an extension of p, p′(U) ⊆ p(U). Hence, p′(U) ⊆ acl(BA′QBA′(U)), and thus for
all a |= p′, there exists b1, ..., bℓ |= QBA′ such that a ∈ acl(BA′b1, ..., bℓ).

2. Fix A′ ⊇ A and let p′ ∈ S(A′) be a non-forking extension of p. There is some a |= p′

and B ⊃ A′ with a |⌣
A′

B such that a ∈ acl(BQB(U)). Since p′ is the non-forking extension

of p, we have that a |⌣
A

A′, and so a |⌣
A

B with a ∈ acl(BQB(U)). By Fact 2.2.21, p is

almost Q-internal.

3. Let B ⊇ A, a |= p|C and b1, ..., bn |= QB be such that a ∈ acl(Bb1, ..., bn). For all
i = 1, ..., n, since bi realizes a partial type in Q over B, it realizes a partial type in Q over
acl(B), meaning that bi |= Qacl(B). Since b ∈ acl(Aa), we have that b ∈ acl(Bb1, ..., bn) =
acl(acl(B)b1, ..., bn) and b |⌣

acl(A)

acl(B), witnessing almost Q-internality of stp(b/A).

4. For a proof of this see [63, Lemma 8.1.2].

Even in DCF0, almost internality is strictly weaker than internality as the equation
δ(x) = 1

2x
shows [65, Lemma 3.1].

While not every almost Q-internal type is Q-internal, every almost Q-internal type is
related to a Q-internal type:
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Lemma 2.2.24. Let p ∈ S(A) be stationary and Q be an A-invariant family of (partial)
types. If p is almost Q-internal, then there is some finite-to-one definable function α : p →
q with q ∈ S(A) is Q-internal.

Proof. Fix some a |= p. By [44, Lemma 2.7], there is some tuple b such that tp(b/A) is
Q-internal and acl(Aa) = acl(Ab). Let e be the canonical parameter for {b0, ..., bn}, the
finite set of Aa-conjugates of b. Then e ∈ dcl(Aa) and a ∈ acl(Ae) since b ∈ acl(Ae). By
Lemma 2.2.1, tp(e/A) is stationary. Since e ∈ dcl(Ab0, ..., bn) and tp(bi/A) is Q-internal,
by Fact 2.2.23, tp(e/A) is Q-internal. Let q := tp(e/A) and f : p → q be the A-definable
map given by a 7→ e. This is finite-to-one since a ∈ acl(Ae).

One particularly important case for us is when Q is the set of A-conjugates of a minimal
type r (not necessarily over A) it turns out that in this case almost Q-internality and almost
r-internality agree:

Fact 2.2.25. [23, Lemma 5.4] Suppose p ∈ S(A) and r ∈ S(B) are stationary with r
minimal and B ⊇ A. Let Q be the set of all A-conjugates of r. Then p is almost Q-
internal if and only if p is almost r-internal.

The case of (almost) internality to a minimal type is of particular interest, and we ex-
plore this further. First, we have the following useful characterization of almost internality
to a minimal type.

Lemma 2.2.26. Suppose p ∈ S(A) is stationary and r ∈ S(B) is minimal. Then p
is almost r-internal if and only if there exists C ⊇ A ∪ B, a |= p|C and c1, ..., cm, C-
independent realizations of r|C, such that a ∈ acl(Cc1, ..., cm).

Proof. The right-to-left direction is immediate from Fact 2.2.21. For the left-to-right di-
rection, almost r-internality tells us, by Fact 2.2.21, that there exists C ⊇ A ∪ B a |= p|C
and c1, ..., cm |= r such that a ∈ acl(Cc1, ...cm). Choose C and m such that m is minimal
possible among all C.

Suppose that ci ̸ |⌣
B

C, for some for some i = 1, ...,m. Then, by minimality of r,

ci ∈ acl(C). Hence, a ∈ acl(Cc1, ..., ci−1, ci+1, ..., cm), contradicting minimality of m. Thus,
c1, ..., cm |= r|C .

If c1, ..., cm is not C-independent, then for some i = 1, ...,m, ci ̸ |⌣
C

c1, ..., ci−1. By min-

imality of r, ci ∈ acl(Cc1, ..., ci−1). Thus, a ∈ acl(Cc1, ..., ci−1, ci+1, ..., cm), contradicting
minimality of m. We have shown that (c1, ..., cm) |= (r|C)(m).
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Corollary 2.2.27. If p is almost internal to a minimal type r (over possibly different
parameter sets), then p is non-orthogonal to r.

Proof. Suppose that p ∈ S(A) and r ∈ S(B). By the above lemma, there is C ⊇ A ∪ B,
a |= p|C , and c1, ..., cm C-independent realizations of r such that a ∈ acl(Cc1, ..., cm).
Choose 0 ≤ ℓ < m minimal such that a |⌣

C

c1, ..., cℓ. So, a ̸ |⌣
Cc1,...,cℓ

cℓ+1 and a |⌣
A

Cc1, ..., cℓ

and cℓ+1 |⌣
B

c1, ..., cℓ, witnessing that p ̸⊥ r.

Remark 2.2.28. It may seem at first glance that the above corollary should not require r
to be minimal. The subtlety here is that the parameter set for r is not necessarily the same
as that for p. So, for example, there exists q ∈ S(A) non-algebraic with a non-algebraic
forking extension p ∈ S(B) such that p ⊥ q. As p(U) ⊆ q(U), p is q-internal.

Restricting entirely to minimal types, non-orthogonality and almost internality agree:

Lemma 2.2.29. If r ∈ S(A) and s ∈ S(B) are minimal types, then r is almost s-internal
if and only if s is non-orthogonal to r.

Proof. The left-to-right-direction is Corollary 2.2.27 above. For the right-to-left direction,
if r ̸⊥ s, by definition there is some C ⊃ A ∪B, a |= r|C and b |= s|C such that a ̸ |⌣

C

b. By

minimality, b ∈ acl(Ca). By Fact 2.2.21, s is almost r-internal.

While non-orthogonality does not imply almost internality in general, we do have the
following:

Fact 2.2.30. [63, Corollary 7.4.6] Suppose p ∈ S(A) and q ∈ S(B) are stationary types and
Q is the set of A-conjugates of q. If p is non-orthogonal to q, then there is p′ ∈ S(A) non-
algebraic and Q-internal with a definable function p → p′. In particular, if q is minimal,
then we can take p′ to be q-internal.

Note that the “in particular" clause of the above fact follows from the main clause by
applying Lemma 2.2.24 and Fact 2.2.25.

The following are useful transitivity statements:

Lemma 2.2.31. Suppose that p ∈ S(A), q ∈ S(B), r ∈ S(C) are stationary types with r
minimal.
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1. If p is non-orthogonal to q and q is almost r-internal, then p is non-orthogonal to r.

2. Suppose now that q is also minimal. If p is almost q-internal and q is non-orthogonal
to r, then p is almost r-internal.

Proof. 1. By taking non-forking extensions we may assume that C ⊇ A∪B. Fix D ⊃ A∪C
such that for any b |= q, b ∈ acl(Dc1, ..., cn) for some c1, ..., cn |= r.

Let D′ ⊇ A∪B, a |= p|D′ and b |= q|D′ be such that a ̸ |⌣
D′

b. Let a′b′ |= tp(ab/D′) be such

that a′b′ |⌣
D′

D. Then a′ |= p|D′D, a′ ̸ |⌣
D′

b′ and b′ ∈ acl(Dc1, ..., cn) for some c1, ..., cn |= r.

Thus, a′ ̸ |⌣
D′

b′D and since a′ |⌣
D′

D, we have that a′ ̸ |⌣
DD′

b′. Since b′ ∈ acl(Dc1, ..., cn), we have

that a′ ̸ |⌣
DD′

c1, ..., cn. Since r is minimal, by Lemma 2.2.26, we may assume that c1, ..., cn is

a DD′-independent set. Then for some 1 ≤ k < n, a′ |⌣
DD′c1,...,ck−1

ck and a′ ̸ |⌣
DD′c1,...,ck

ck+1.

Since a′ |= p|DD′c1,...,ck and ck+1 |= r|DD′c1,...,ck , p ̸⊥ r.

2. By taking non-forking extensions, we may assume that p, q and r are all over the
same parameters, say A. Let C ⊇ A, be such that q|C ̸⊥w r|C . Since p is almost q-
internal, by Lemma 2.2.23, p|C is almost q-internal. Let D ⊇ C and a |= p|C be such that
a |⌣

C

D and a ∈ acl(Dc1, ..., cn) for some c1, ..., cn |= q. By Lemma 2.2.26, we can choose

c1, ..., cn |= (q|D)(n).

Let c |= q|C and d |= r|C be such that c ̸ |⌣
C

d and let c′d′ |= tp(cd/C) be such that

c′d′ |⌣
C

D. Then, c′ ̸ |⌣
D

d′, and so, by minimality of q and r, we have that acl(Dc′) =

acl(Dd′). Since for all i = 1, ..., n, tp(ci/D) = tp(c′/D), there is some σi ∈ AutD(U) such
that σi(c

′) = ci. Hence, there is some di := σi(d
′) |= r|D such that acl(Dci) = acl(Ddi). So,

a ∈ acl(Dd1, ...., dn) witnessing that p is almost r-internal.

Finally, we will often be concerned with a fibration p → q whose fibers are each (almost)
internal to a minimal type. In principle the minimal type will vary with the fiber, but in
fact we can choose a minimal type that holds for all the fibers:

Lemma 2.2.32. Let f : p → q be a definable fibration of stationary types p, q ∈ S(A)
such that each fiber is almost internal to some minimal type (potentially over additional
parameters including A). The following are equivalent:
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1. some (equivalently any) fiber of f is nonorthogonal to some stationary type over A,
and

2. there is a minimal type r such that every fiber of f is almost internal to r.

Proof. We first show that the family of all fibers {tp(a/Af(a)) | a |= p} is an A-invariant
family of A-conjugates. Note that the fibers need not be minimal. Fix a |= p and σ ∈
AutA(U). Then σ(a) |= p and

tp (a/Af(a))σ = tp (σ(a)/Aσ(f(a)))

= tp (σ(a)/Af(σ(a))) .

Hence, {tp(a/Af(a)) | a |= p} is A-invariant. For A-conjugacy, note that for any a, b |= p,
there is σ ∈ AutA(U) such that σ(a) = b. Since f : p → q is A-definable, tp (a/Af(a))σ =
tp (b/Af(b)) .

Let B ⊇ A and r ∈ S(B) be a minimal type such that tp(a/Af(a)) is almost r-internal.
Fix C ⊃ acl(Af(a)) and a′ |= tp(a/Af(a)) such that a′ |⌣

f(a)A

C and a′ ∈ acl(Cb1, ..., bn)

for some bi |= r. Fix c |= p and let σ ∈ AutA(U) be such that σ(a) = c. Then
σ(a′) |= tp(c/Af(c)) with σ(a′) |⌣

Af(c)

σ(C) and σ(a′) ∈ acl(σ(C)σ(b1), ..., σ(bn))), where

σ(b1), ..., σ(bn) |= rσ, the type obtained by applying σ to r. By definition, the fiber
tp(c/Af(c)) is almost internal to rσ, an A-conjugate of r. By definition, tp(c/Af(c))
is almost internal in the family of all A-conjugates of the minimal type r.

For (2) =⇒ (1), suppose that every fiber is orthogonal to every type over A. Then,
by [63, Lemma 1.4.3.3], whenever f(a), f(b) |= q with f(a) |⌣

A

f(b), we have that

tp(a/Af(a)) ⊥ tp(b/Af(b)). Since tp(a/Af(a)) is non-algebraic and almost internal to
r, then tp(a/Af(a)) is non-orthogonal to r, by Corollary 2.2.27. If tp(b/Af(b)) is also
almost r-internal, it is also non-orthogonal to r by Corollary 2.2.27. By Fact 2.2.11,
tp(a/Af(a)) ̸⊥ tp(b/Af(b)), a contradiction. Hence, not every fiber will be almost internal
to the same minimal type.

For (1) =⇒ (2), fix a |= p and suppose that tp(a/Af(a)) is non-orthogonal to some
type over A and is almost internal to the minimal type r. By [63, Lemma 1.4.3.3], there
is some f(b) |= tp(f(a)/A) such that f(a) |⌣

A

f(b) and tp(a/Af(a)) ̸⊥ tp(b/Af(b)). By

automorphism, whenever f(b), f(c) |= q|f(a), and f(b) |⌣
A

f(c), tp(b/Af(b)) ̸⊥ tp(c/Af(c)).

Moreover, since tp(b/Af(c)) and tp(c/Af(c)) are A-conjugates, we have that if tp(b/Af(b))
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is almost internal to the minimal type s, then tp(c/Af(c)) is almost internal to some
A-conjugate of s, say sσ. Since tp(c/Af(c)) is almost sσ-internal and non-algebraic,
tp(c/Af(c)) ̸⊥ sσ by Corollary 2.2.27. By Lemma 2.2.31, tp(b/Af(b)) ̸⊥ sσ. As tp(b/Af(b))
is almost internal to s, s ̸⊥ sσ again by Lemma 2.2.31. By Lemma 2.2.31, tp(c/Af(c))
is almost s-internal. Hence, whenever f(b), f(c) |= q are independent over A, the fibers
tp(b/Af(b)) and tp(c/Af(c)) are almost internal to the same minimal type.

Fix c |= p and let rσ be an A-conjugate of r such that tp(c/Af(c)) is almost rσ-
internal. Choose f(b) |= q|f(a)f(c). In particular, f(a) |⌣

A

f(b) and f(b) |⌣
A

f(c). By the

above argument tp(b/Af(b)) is almost internal to r and rσ. Since tp(b/Af(b)) is non-
algebraic and almost internal to the minimal type r, by Fact 2.2.27, tp(b/Af(b)) ̸⊥ r.
Since tp(b/Af(b)) is also almost rσ-internal, by Lemma 2.2.31, r ̸⊥ rσ. As tp(c/Af(c)) is
almost rσ-internal, by Lemma 2.2.31, tp(c/Af(c)) is almost r-internal. Hence, every fiber
is almost internal to the minimal type r.

Let us specialize back to the case of DCF0 and internality to the field of constants, C.

Proposition 2.2.33. Suppose that T = DCF0, and p ∈ S(F ) is a stationary type over a
differential field. Then p is C-internal if and only if there is a differential field extension
L ⊇ F such that for all a |= p, there is a tuple c from C with L⟨a⟩ = L(c).

Proof. Suppose that p is C-internal. By definition there is K ⊇ F and a |= p|K such that
a ∈ K(d1, ..., dn) for some d1, ..., dn ∈ C. Choose K and n so that n is minimal such.
By Lemma 2.2.26, we may assume that d1, ..., dn is K-independent. We may also assume
that di ∈ K⟨a⟩alg for all i = 1, ..., n, otherwise a |⌣

F

Kdi, and hence we can take a ∈

K(di)(d1, ..., di−1, di+1, ..., dn), contradicting minimality of n. Thus K⟨a⟩ ⊆ K(d1, ..., dn)
and K(d1, ..., dn) ⊆ K⟨a⟩alg. By elimination of imaginaries on the induced structure on C,
there is a canonical parameter in C for the set of all Ka-conjugates of d1, ..., dn. Let c be
the finite tuple interdefinable with the canonical parameter. Then c ∈ K⟨a⟩ and a ∈ K(c).

We have found K which satisfies the lemma for the particular choice of a. However,
we need to find an L which works for all a |= p. Let L be an |F |+ saturated model. Fix
a′ |= p. Let K ′ |= tp(K/F ) such that K ′ |⌣

F

La′. Then tp(aK/F ) = tp(a′K ′/F ) and

a′ |⌣
L

LK. Hence, tp(a′/LK ′) is definable over some F ′ in L with the same cardinality as

F . We may assume that F ′ contains F . By saturation of L, there is some C ⊆ L such
that C |= tp(K ′/F ′). Thus tp(a′C/F ) = tp(a′K ′/F ) = tp(aK/F ). Let σ ∈ AutF (U) be
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such that σ(aK) = a′C and let c′ = σ(c). Since K⟨a⟩ = K(c), applying σ yields that
C⟨a′⟩ = C(c′), so that L⟨a′⟩ = L(c′), as desired.

The reverse direction is immediate since there is some (L, δ) ⊇ (F, δ), a |= p|L and
c ⊆ C such that a ∈ K(c) = dcl(Kc). Hence, p is C-internal.

An immediate consequence of this is that for stationary (almost) C-internal types, U -
rank and dimension agree.

2.2.4 Analyzability

An interesting phenomenon in geometric stability theory is when a type admits a finite
sequence of fibrations where the fibers at each stage are internal to a fixed definable set X.
This is the property of being analyzable in X. Here is a formal definition working with a
family of partial types in place of a single definable set. It is drawn from Jin’s thesis [44].
A good reference for analyzability is Chapter 7 of [63].

Definition 2.2.34. Let p ∈ S(A) be stationary and Q be an A-invariant family of (partial)
types. We say p is analyzable in Q (or Q-analyzable) if there is a realization a |= p and
a sequence of tuples (an, ..., a0) such that acl(Aa) = acl(Aan), a0 ∈ acl(A), and for all
i = 0, ..., n−1, ai ∈ dcl(Aai+1), and stp(ai+1/Aai) is almost Q-internal. Such a sequence is
called a Q-analysis for p. We call n the length of the analysis or say that p is Q-analyzable
in n-steps.

Note that being analyzable in Q is preserved by interdefinability over A. Moreover,
it is well known (see [44, Proposition 3.2], for example) that we can replace almost Q-
internal with Q-internal in the above definition of being Q-analyzable. Note that 0-step
analyzability in Q is equivalent to algebraicity and 1-step analyzability in Q is equivalent
to almost Q-internality.

Example 2.2.35. Let T = DCF0 and F be an algebraically closed differential field. Let
p be the generic type of the equation δ( δ(x)

x
) = 0. Then p is not almost C-internal, but it

is C-analyzable in 2 steps [13, Fact 4.2].

Note that p is called the pullback of the constants under the logarithmic derivative. These
pullbacks will be studied in Section 3.1.

Similarly to internality, analyzability behaves well with arbitrary extensions.
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Fact 2.2.36. [63, Lemma 8.1.2] Let p ∈ S(A) be stationary and Q be an A-invariant
family of types. If p is Q-analyzable, then any stationary extension of p is Q-analyzable.

We can express analyzability in terms of fibrations.

Lemma 2.2.37. Let A = acl(A) and Q be an A-invariant family of partial types. Let
p ∈ S(A) be stationary and Q-analyzable in n-steps. Then there exists stationary types
p0, ..., pn ∈ S(A) and a sequence of definable fibrations (fi : pi → pi−1)i=1,...,n such that

1. pn is interalgebraic with p,

2. p0 is algebraic, and

3. for every i = 1, ..., n, the fibers of fi : pi → pi−1 are almost Q-internal.

We call such a sequence a Q-analysis of p by fibrations in n-steps.

Proof. All we need to prove is that there exists an analysis of p in Q, (an, ..., a0) such that
the induced functions fi : tp(ai/A) → tp(ai−1/A) are fibrations - that is that they have
stationary fibers.

Let (bn, ..., b0) be an arbitrary n-step analysis. Set an := bn. Let gn : tp(an/A) →
tp(bn−1/A). By Lemma 2.2.6, there is a fibration fn : tp(an/A) → tp(an−1/A) and a finite-
to-one definable function hn−1 : tp(an−1/A) → tp(bn−1/A) such that gn = hn−1 ◦ fn. As the
fibers of fn are extensions of the fibers of gn, they are still almost Q-internal. Now consider
gn−1 : tp(bn−1/A) → tp(bn−2/A) and apply Lemma 2.2.6 to hn−1 ◦ gn−1 : tp(an−1/A) →
tp(an−2/A) to obtain a fibration fn−1 : tp(an−1/A) → tp(an−2/A) and a finite-to-one
definable function hn−2 : tp(an−2/A) → tp(bn−2/A) such that hn−2 ◦ fn−1 = hn−1 ◦ gn−1.

Iterating this construction we get an analysis (an, ..., a0) with the desired property.

2.2.5 Binding groups

When a type p is internal to a definable set X, the group of elementary permutations of p
fixing X pointwise turns out to be a definable group action that in some sense measures
the parameters needed to witness internality.

Definition 2.2.38. Given a definable set X, we denote the group of automorphisms of U
that fix A and X pointwise by AutA(U/X). Let p ∈ S(A) be a stationary type which is
X-internal. The binding group of p over X is the group of permutations

AutA(p/X) = {σ|p(U) | σ ∈ AutA(U/X)}.
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A very important theorem in geometric stability theory is that these (a priori abstract)
permutation groups are definable, see [63, Theorem 7.4.8] for a proof.

Fact 2.2.39. Suppose that X is an A-definable set and p ∈ S(A) is stationary and X-
internal. Then there is an A-definable group G acting relatively A-definable on p(U) such
that G together with this action is isomorphic to AutA(p/X) acting on p(U).

We will often identify the binding group with this definable group labeling it also as
AutA(p/X).

The definable binding group is functorial in the following sense: if f : p → q is a
definable function between stationary types over A that are internal to the same A-definable
set X, then there is an induced A-definable surjective homomorphism f̃ : AutA(p/X) →
AutA(q/X). This homomorphism can be defined as follows: suppose σ ∈ AutA(p/X) and
lift it to an automorphism σ̂ ∈ AutA(U/X). Define f̃(σ) := σ̂|q(U). See, for example, [45,
Lemma 3.1] for details on this. In particular, if p and q are interdefinable, then AutA(p/X)
and AutA(q/X) are A-definably isomorphic.

We record some well-known important properties of binding groups.

Fact 2.2.40. Let p ∈ S(A) be stationary and almost internal to X, an A-definable set.

1. The action of AutA(p/X) on p is determined by its action on a fundamental system
of solutions.

2. AutA(p/X) acts transitively on p(U) if and only if p is weakly orthogonal to X.

3. AutA(p/X) acts freely and transitively on p(U) if and only if p is weakly orthogonal
to X and fundamental.

4. If B ⊇ A, then AutB(p|B/X) is a B-definable subgroup of AutA(p/X).

Binding groups in DCF0

We record some facts about binding groups relative to the field of constants C in the theory
DCF0.

If p ∈ S(F ) is stationary and C-internal, the binding group of p is definably isomorphic,
potentially over some field extension of F , to the C-points of an algebraic group. In the case
when the binding group is commutative, no additional parameters are needed to witness
this definable isomorphism (see [41, Lemma 2.2]).

28



Fact 2.2.41. [41, Lemma 2.6] Let F be an algebraically closed differential field and p ∈
S(F ) be C-internal and weakly C-orthogonal. Then AutF (p/C) is connected.

Recall that a type is isolated if its set of realizations is a definable set instead of
merely type definable. In this case, the type is isolated by the formula defining the set of
realizations. Note that the generic type of a definable set need not be isolated, for example
the generic type of the constants is non-isolated as it is ∅-definable set with infinitely many
points in acl(∅) and every definable subset of the constants is either finite or co-finite.

Remark 2.2.42. Let F be an algebraically closed differential field. If p ∈ S(F ) is C-
internal type and C-orthogonal, then p is isolated. Indeed if p is weakly C-orthogonal, by
Fact 2.2.40, the binding group AutF (p/C) acts transitively on p(U). Hence, p(U) is the
orbit of any a ∈ p(U) under the action of the definable group AutF (p/C). Thus p(U) is a
definable set, as opposed to type-definable set, hence p is isolated (by the formula defining
p(U)).

We have described the surjective definable morphism on binding groups induced by
a definable function between types internal to the same definable set. In the context of
DCF0, we can also describe the kernel of this map (for example see [41, Lemma 2.7]):

Fact 2.2.43. Let F be an algebraically closed differential field and f : p → q be a fibration
of C-internal stationary types p, q ∈ S(F ).

Fix n ≥ 1 and a := (a1, . . . , an) |= p(n) such that a is a fundamental system for
p and f(a) is a fundamental system for q. Let r := tp(a/Ff(a)). Then the kernel of
f̃ : AutF (p/C) → AutF (q/C) is definably isomorphic to AutFf(a)(r/C).

In Section 4.2, we need to understand the subgroup of a binding group that fixes
realizations of an auxiliary type. We end these preliminaries by introducing some notation
and proving some lemmas about the situation for later use.

Definition 2.2.44. Suppose F is an algebraically closed differential field and p ∈ S(F ) is
stationary C-internal type. Suppose that q ∈ S(F ) is another stationary type. We denote
AutF (p/C, q) to be the subgroup of elements σ ∈ AutF (p/C) which lift to an automorphism
σ̂ ∈ AutF (U/C) that also fixes q(U) pointwise.

Lemma 2.2.45. Let p ∈ S(F ) be C-internal and q ∈ S(F ) be stationary. The group
AutF (p/C, q) is an F -definable normal subgroup of AutF (p/C).
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Proof. For the purposes of this proof, let us be careful about distinguishing between
AutF (p/C) and its definable avatar, that is an F -definable group G with an F -definable ac-
tion on p(U) for which there is an abstract isomorphism γ : AutF (p/C) → G that preserves
the action.

Working with internality to the F -invariant family of partial types {δ(x) = 0, q(x)},
we also have a definable avatar of AutF (p/C, q), namely an F -definable group H acting
F -definably on p(U) with an abstract isomorphism η : H → AutF (p/C, q) that preserves
the action.

Composing we obtain ι := γ ◦η : H → G. It is not hard to see that if we fix (a1, ..., an),
a tuple of realizations of p that is a fundamental system for the C-internality of p, then
ι is definable over F ∪ {a1, ..., am}. This is because the action of both AutF (p/C) and
AutF (p/C, q) are both determined by how they acts on the fundamental system a1, ..., an.

To show that ι = γ ◦ η is an F -definable isomorphism, we show that for every τ ∈
AutF (U) and g ∈ H, τ(ι̃(g)) = ι̃(τ(g)).

Fix τ ∈ AutF (U) and g ∈ H. Let σ = η(g). Since every automorphism in the
binding group is determined by its action on the fundamental system, and the actions of
the bindings groups are definably isomorphic to the actions of the corresponding definable
group, ι(g) and g have the same action on p(U). Let µG : G × p(U) → (U) and µH :
H × p(U) → (U) be the F -definable actions given by Fact 2.2.39. For every τ ∈ AutF (U),
g ∈ H and a |= p,

µG(ι(τ(g)), a) = µH(τ(g), a)

= τ(µH(g, τ
−1(a)))

= τ(µG(ι(g), τ
−1(a)))

= µG(τ(ι(g)), a)

Thus ι(τ(g)) = τ(ι(g)). Hence, ι : H → G is an F -definable map and AutF (p/C, q) is
F -definably isomorphic to K := γ−1(ι(H)), an F -definable subgroup of AutF (p/C).

That K is a normal subgroup is a common argument: fix σ ∈ K and τ ∈ AutF (p/C).
Let τ̃ be any extension of τ to AutF (U). Then τ̃ |p◦σ◦ τ̃−1|p = τ̃(σ). Since K is F -definable
and τ̃ fixes F -pointwise, τ̃(σ) ∈ H.

Lemma 2.2.46. (Definable Goursat’s lemma) Let G1 and G2 be F -definable groups, and H
be an F -definable subgroup of G1×G2. Consider the natural projections πi : G1×G2 → Gi

for i = 1, 2, and assume that the maps πi|H are surjective. Let N1 = ker(π2|H) and
N2 = ker(π1|H). Then π1(N1) and π2(N2) are F -definable normal subgroups of G1 and G2,
respectively, and G1/π1(N1) and G2/π2(N2) are F -definably isomorphic.
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Proof. Define ϕ : G1/π1(N1) → G2/π2(N2) as the map defined by g1π1(N1) 7→ g2π2(N2)
where (g1, g2) ∈ H. This map is an A-definable group morphism.

We say two definable groups G1 and G2 are definably isogenous if there are finite normal
definable subgroups H1 < G1 and H2 < G2, such that the quotients G1/H1 and G2/H2 are
definably isomorphic.

Corollary 2.2.47. Let p, q ∈ S(F ) be C-internal. Then AutF (p/C)/AutF (p/C, q) and
AutF (q/C)/AutF (q/C, p) are F -definably isomorphic.

Moreover, if p and q are interalgebraic over F , then AutF (p/C) and AutF (q/C) are F -
definably isogenous.

Proof. We will apply the definable version of Goursat’s lemma with H being the group
of all (σ1, σ2) ∈ AutF (p/C) × AutF (q/C) such that there exists a common extension of σ1

and σ2 to AutF (U). Notice that if σ is a common extension for σ1 and σ2, then σ|C = id.
To apply the lemma, we need H to be A-definable. First we show H is type-definable.
Fix a = (a1, ..., an) a fundamental system for p with respect to C and b = (b1, ..., bm) a
fundamental system for q with respect to C.

Then (σ1, σ2) ∈ H if and only if there is σ ∈ AutF (U) such that σ|p = σ1 and σ|p = σ2

if and only if tp(a, b/AC) = tp(σ(a), σ(b)/AC) = tp(σ1(a), σ2(b)/AC). By stable embedded-
ness of C (and [14, Appendix Lemma 1]), tp(a, b/dcl(Fab)∩dcl(FC)) ⊢ tp(a, b/FC). Let S
be the set of all F -definable functions whose domain includes tp(a, b/F ) and whose image
lies in dcl(FC). Then tp(a, b/dcl(Fab) ∩ dcl(FC)) = tp(σ1(a), σ2(b)/dcl(Fσ1(a)σ2(b))) ∩
dcl(FC)) if and only if for every f ∈ S, f(a, b) = f(σ1(a), σ2(b)). Hence, (σ1, σ2) ∈ H
if and only if tp(ab/FC) = tp(σ1(a), σ2(b)/FC) if and only if for every f ∈ S, f(a, b) =
f(σ1(a), σ2(b)). Thus, H is a, bF -type definable. By ω-stability of DCF0, it must then be
an Fab-definable subgroup (see [54, Theorem 7.5.3] for example).

To show that H is F -definable, we show that H is fixed by every τ ∈ AutF (U). Fix
(σ1, σ2) ∈ H. Then τ(σ1) = τ |p ◦σ1 ◦ τ−1|p and τ(σ2) = τ |q ◦σ2 ◦ τ−1|q. Let σ ∈ AutF (U/C)
be a common extension of σ1 and σ2. Then the automorphism τ ◦ σ ◦ τ−1 fixes F ∪ C
pointwise and extends τ |p ◦σ1 ◦ τ−1|p and τ |q ◦σ2 ◦ τ−1|q. By definition, (τ(σ1), τ(σ2)) ∈ H.
Thus, AutF (U) fixes H, and so H is F -definable.

Let πp and πq be the projection maps πp : AutF (p/C) × AutF (q/C) → AutF (p/C)
and πq : AutF (p/C) × AutF (q/C) → AutF (q/C). To apply Lemma 2.2.46, we need to
show that the projection maps πp|H and πq|H are surjective, ker(πq|H) = AutF (p/C) and
ker(πp|H) = AutF (q/C).
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For surjectivicity, let σ1 ∈ AutF (p/C). Then by definition of the binding group, σ1

extends to some σ ∈ AutF (U/C). Set σ2 = σ|q. Hence, (σ1, σ2) ∈ H. Thus πp(σ1, σ2) = σ1.
Similarly, σq|H is surjective.

For the condition on the kernels, let σ1 ∈ AutF (p/C, q). By definition (σ1, id|q) ∈ H,
hence (σ1, id|q) ∈ ker(π2|H). Conversely, if (σ1, σ2) ∈ ker(π2|H), then σ2 = id|q and there
is a common extension of σ1 and id|q to σ ∈ AutF (U). Then σ1 = σ|p ∈ AutF (p/Cq), and
so ker(π2|H) = AutF (p/C, q). Similarly, ker(π1|H) = AutF (q/C, p).

For the moreover statement, by Lemma 2.2.46, the quotients AutF (p/C)/AutF (p/q, C)
and AutF (q/C)/AutF (q/p, C) are F -definably isomorphic. Hence, it suffices to show that
AutF (p/q, C) and AutF (q/p, C) are finite. Let ci |= q be such that ai ∈ acl(Aci). Then for
any σ ∈ AutF (p/q, C), σ(ci) = ci for all i = 1, ..., n. Hence, there are only finitely many
possible images for ai under σ. Since every σ ∈ AutF (p/q, C) is determined by its action on
the fundamental system of p, there are only finitely many possible σ. Hence, AutF (p/q, C)
is finite. Similarly, AutF (q/p, C) is finite.
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Chapter 3

Internality of vector fields on affine
space

In this chapter, we provide an algebraic criterion for almost internality of generic types
of rational vector fields (Ak, s). Recall as shown in Section 2.1.3, to a rational vector
field (Ak, s) over F , we can associate a derivation δs on the field of rational functions
F (x1, ..., xk). Our criterion for almost internality to the constants is in terms of the differ-
ential field-arithmetic of (F (x1, ..., xk), δs).

The main result, appearing as Theorem 3.2.4 below, is the following:

Theorem 3. Let X = (Ak, s) be a rational vector field over F , an algebraically closed field
of constants. Let p ∈ S(F ) be the generic type of X over F . The following are equivalent:

1. p is almost internal to the constants

2. there are g1, ..., gk−1, g ∈ F (x1, ..., xk) algebraically independent over F such that for
all i = 1, ..., k − 1, δs(gi) = λg for some λ ∈ F , and δs(g) is either also λg for some
λ ∈ F or 1.

Moreover, in this case, p is weakly orthogonal to the constants if and only if the λs appearing
in (2) can be taken to be Q-linearly independent.

In the case when k = 1 we recover the restatement in [45] of an old Theorem of
Rosenlicht. Our proof relies on Kolchin’s theorem, or rather its model-theoretic statement
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in [41], which can be used to relate almost internality of p to a logarithmic-differential
equation on Gℓ

m ×Gn
a where n = 0 or 1.

We present two applications of Theorem 3.

1. We show that the generic type of the equation δ2(x) = δ(x)f(x), where f is a rational
function, is internal to the constants if and only if f is a constant. When b ̸= d, this
question of Freitag, Jaoui, Marker, and Nagloo [21] and appears as Proposition 3.3.1
below.

2. We show that the generic type of a Lotka-Volterra system

{
δ(x) = x(ay + b)

δ(y) = y(cx+ d)
is

not internal to the constants. This gives the first concrete example — other than
logarithmic differential equations — of a 2-step analysis that is not almost internal
to the constants. It appears as Proposition 3.3.2 below.

The results of this chapter appear in [19] which is joint work with Léo Jimenez.
Throughout we fix a sufficiently saturated model (U , δ) |= DCF0 with field of constants C.

3.1 Logarithmic-differential equations

Central to the proof of Theorem 3, is to show that when the generic type of a vector field
on affine k-space is internal and weakly C-orthogonal, its binding group must be either Gk

m

or Gk−1
m ×Ga. To show this, we use a result of Kolchin which says that p is related to the

generic type of a particular kind of equation known as a logarithmic-differential equation
on an algebraic group G. We only need to consider G = Gℓ

m × Gn
a . Here Ga means the

additive group (U ,+) and Gm means the multiplicative group (U \ {0},×).

Definition 3.1.1. Let G = Gℓ
m ×Gn

a and F be an algebraically closed field of constants.
By a logarithmic-differential equation on G over F we mean a system of the form{

δ(xi) = λixi, 1 ≤ i ≤ ℓ

δ(yj) = ηj, 1 ≤ j ≤ n

where λ1, ..., λℓ ∈ F and η1, ..., ηn ∈ F . We denote this system by δlogG(x, y) = (λ, η)
where x = (x1, ..., xℓ), y = (y1, ..., yn), λ = (λ1, ..., λℓ), and η = (η1, ..., ηn).
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Let q be the generic type over F of δlogG(x, y) = (λ, η). As this is a system of linear
differential equations, q is C-internal (see Example 2.2.18).

Since q is C-internal, if q is weakly C-orthogonal it must be isolated, by Remark 2.2.42.
In fact, q is isolated by δlogG(x, y) = (λ, η): first note that λ1, ..., λℓ, η,..., ηn ̸= 0, otherwise
the definable projection map from q onto the generic type of δ(z) = 0, contradicts weak
orthogonality to the constants. If δlogG(ā, b̄) = (λ, η), but dim(ā, b̄/F ) = trdeg(ā, b̄/F ) <
ℓ+n = dim(q), then there is some non-zero polynomial over F such that P (ā, b̄) = 0. Thus
δ(P (ā, b̄)) = 0. If ℓ > 0, without loss of generality, the first coordinate of ā, a1, appears
in P (ā, b̄) meaning that trdeg(a1/Fa2, ..., aℓ, b1, ..., bn) = 0. Hence, the set defined by the
logarithmic-differential equation is interalgebraic with the solution set to the logarithmic-
differential equation given by the system

δ(x1) = 0

δ(xi) = λixi, 2 ≤ i ≤ ℓ

δ(yj) = ηj, 1 ≤ j ≤ n

Indeed the map given by (a1, a2, ..., aℓ, b̄) 7→ (P (ā, b̄), a2, ..., aℓ, b̄) is F -definable and finite-to
one. Thus, q is interalgebraic with the generic type of δlogG(x1, x2, ..., xℓ, y) = (0, λ2, ..., λℓ, η),
but the later type is non-weakly orthogonal to the constants. Hence, q is non-weakly or-
thogonal to the constants, a contradiction. A similar argument works when l = 0, taking
b1 to appear in P (a, b). So, we have that dim(ā, b̄/F ) = dim(q) and so δlogG(x, y) = (λ, η)
isolates q.

Example 3.1.2. Let F be an algebraically closed field of constants.

1. Let q be the generic type over F of δlogGm
(x) = λ for some singleton x and λ ∈ F .

If λ ̸= 0, then q is weakly C-orthogonal and AutF (q/C) = Gm(C).

2. Let q be the generic type over F of δlogGa
(y) = η for some singleton y and η ∈ F . If

η ̸= 0, then q is weakly C-orthogonal and AutF (q/C) = Ga(C).

3. Let G = Gℓ
m(C) × Gn

a(C) and q be the generic type over F of δlogG(x, y) = (λ, η).
Then AutF (q/C) is a (definable) subgroup of Gℓ

m(C)×Gn
a(C).

Proof. These are all standard differential Galois theory arguments. We show (2) and (3)
and leave (1) to the reader.

2. Let a |= q. Then δ(a) = η ̸= 0, so a ̸∈ C. If q is non-weakly C-orthogonal, then
for some tuple of constants, c, a ̸ |⌣

F

c. Since dim(q) = trdeg(a/F ) = 1 > trdeg(a/F (c)),

a ∈ F (c)alg ⊆ C. This is a contradiction since δ(a) ̸= 0, and so q ⊥w C.
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For the binding group, we show that AutF (q/C) is a subgroup of Ga(C). Let α ∈
AutF (q/C) and b |= q. Note that for any a |= q, δ(a − b) = δ(a) − δ(b) = η − η = 0,
so a − b ∈ C. In particular, α(a − b) = a − b since α|C = id. For any a |= q, α(a) =
α(a+ b− b) = α(a− b) + α(b) = a− b+ α(b). Since α(b) |= q, α(b)− b ∈ C. Hence, α acts
on q(U) by addition of the constant α(b)− b.

Since η ̸= 0, δ(x) = η has no solutions in F . Hence AutF (q/C) is a non-trivial subgroup
of Ga(C). The only non-trivial subgroup of Ga(C) is the group itself, hence AutF (q/C) =
Ga(C).

3. Let r be the generic type of δlogGℓ
m
(x) = λ and s the generic type of δlogGn

m
(y) = η.

Let (α, β) ∈ AutF (q/C) where α ∈ AutF (r/C) and β ∈ AutF (s/C). Then α acts on r(U)
by componentwise multiplication of a tuple of constants and β acts on s(U) by addition of
a tuple of constants. Hence, (α, β) ∈ Gℓ

m(C)×Gn
a(C).

Thus AutF (q/C) is definably isomorphic to Gℓ
m(C)×Gn

a(C).

Recall that the binding group of a C-internal type is always definably isomorphic to the
C-points of an algebraic group. If the algebraic group is linear, we say that the binding
group is linear.

The following model-theoretic restatement of a theorem of Kolchin is from [41] and
explains the importance of logarithmic-differential equations. The fact is stated for a
general group G, but we only consider G = Gℓ

m ×Gn
a for some ℓ, n ∈ N.

Fact 3.1.3. (Kolchin) Let F be an algebraically closed differential field and p ∈ S(F )
be almost C-internal, fundamental and weakly C-orthogonal. Then there is a connected
algebraic group G defined over F ∩ C such that p is interdefinable with the generic type of
a logarithmic-differential equation on G over F .

Corollary 3.1.4. Let F be an algebraically closed field of constants. Let p ∈ S(F ) be
C-internal, weakly C-orthogonal and AutF (p/C) be linear. Then p is interdefinable with
the generic type of a logarithmic-differential equation on either Gk

m or Gk−1
m × Ga where

k = U(p).

Proof. It is well known that over constant parameters, if the binding group of a C-internal
type p is linear, the binding group AutF (p/C) must be commutative (see for example the
proof of Theorem 3.9 in [22]). Hence, AutF (p/C) is definably isomorphic to G(C) where
G is a commutative linear algebraic group over F . So, G(C) = Gℓ

m(C) × Gn
a(C) for some

ℓ, n ≥ 0. Moreover, the proof of Theorem 3.9 [22] shows that n ≤ 1.
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Since p is weakly C-orthogonal, AutF (p/C) acts transitively by Fact 2.2.40. Bind-
ing groups always act faithfully, so the commutative binding group of p acts freely and
transitively on p(U). Hence, p is fundamental (see Fact 2.2.40) and so k = U(p) =
U(AutF (p/C)) = ℓ+ n. So ℓ = k or ℓ = k − 1.

Applying Fact 3.1.3, we have that p is, up to interdefinability, the generic type over F
of a logarithmic-differential equation on G.

The following appears as Lemma 3.1 in [19], which shows that if the generic type of a
vector field on affine k-space is C-internal, then its binding group must be linear.

Fact 3.1.5. Let F be an algebraically closed field of constants. Let p be the generic type
over F of a rational vector field (Ak, s). Let q be an F -definable image of p. If q is
C-internal, then its binding group is linear.

We can characterize weak orthogonality to the constants of the generic type for a
logarithmic-differential equation on G.

Lemma 3.1.6. Let F be an algebraically closed field of constants. Let q be the generic
type over F of a differential-logarithmic equation on G = Gℓ

m given by δlogG(x) = λ
where λ ∈ F ℓ. Then q is weakly orthogonal to the constants if and only if λ is Q-linearly
independent.

Moreover, in this case, AutF (q/C) = Gℓ
m(C).

Proof. First suppose that λ is not Q-linearly independent. Fix a = (a1, ..., aℓ) |= q. For
all i = 1, ..., ℓ, δ(ai) = λiai. Hence, λi =

δ(ai)
ai

= δlogGm
(ai). Then there are k1, ..., kℓ ∈ Z,

not all zero, such that 0 =
ℓ∑

i=1

kiλi =
ℓ∑

i=1

kiδlogGm
(ai). A simple computation shows that

ℓ∏
i=1

akii ∈ C, but
ℓ∏

i=1

akii ̸∈ F . Hence, C ∩ F ⟨a⟩ ̸= C ∩ F . By Fact 2.2.15, q is not weakly

C-orthogonal.

For the reverse direction, suppose that λ is Q-linearly independent and fix a realization
(a1, ..., aℓ) |= q. By genericity of a, F (a1, ..., aℓ) is isomorphic over F to the differential field
F (x1, ..., xℓ) where δ extends to a derivation with δs(xi) = λixi for all j = 1, ..., ℓ. Since F
is an algebraically closed field of constants, and δs(xi) = λixi for Q-linearly independent
constants λ1, ..., λℓ, we have that F (x1, ..., xℓ) = C ∩ F by [51, Proposition 1.20]. Thus
C ∩ F = C ∩ F ⟨a1, ..., aℓ⟩. By Fact 2.2.15, q ⊥w C.
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For the moreover statement, since AutF (q/C) is a definable subgroup of Gℓ
m(C), we

show that Gℓ
m(C) acts on q(U). Let c = (c1, ..., cℓ) ∈ Cℓ. Since q ⊥w C, q is isolated by

the formula δlogGℓ
m
(x) = λ. It suffices to show that for any b |= q, δlogGℓ

m
(c · b) = λ.

Let a = (a1, ..., aℓ) |= q and c = (c1, ..., cℓ) ∈ Gℓ
m(C). For all i = 1, ..., ℓ, by definition

δ(ai) = λiai. Hence, for all i = 1, ..., ℓ and any ci ∈ C, δ(ciai) = ciδ(ai) = λiciai. Thus,
δlogGℓ

m
(c · a) = λ.

Lemma 3.1.7. Let F be an algebraically closed field of constants. Let q be the generic
type over F of a logarithmic-differential equation on G = Gn

a given by δlogG(y) = η, where
η ∈ F n. Then q is weakly orthogonal to the constants if and only if n = 1 and η1 ̸= 0.

Moreover, in this case, AutF (q/C) = Ga(C) and q is interdefinable with the generic type of
δlogG(y) = 1.

Proof. Suppose that q ⊥w C. It is easier to show that AutF (p/C) = Ga(C) and thus n = 1
and η1 ̸= 0. By Example 3.1.2, AutF (q/C) is a definable subgroup of Gn

a(C).
Fix b1, ..., bm |= q a fundamental system of solutions and some t ∈ U such that δ(t) = 1.

Notice that for all i = 1, ...,m (1, bi,1, ..., bi,n) is a solution to the system δ(Y ) = AY where

Y =

y0
...
yn

, δ(Y ) =

δ(y0)
...

δ(yn)

 and A =


0 0 · · · 0
η1 0 · · · 0
...

...
...

ηn 0 · · · 0

. A fundamental system of solu-

tions to δ(Y ) = AY is




1
η1t
η2t
...

ηnt

 ,


0
1
0
...
0

 , ...,


0
0
0
...
1




. Hence, b1, ..., bn ⊆ F (t) since η ∈ F n.

Finally, tp(t/F ) is clearly fundamental (as it is minimal), C-internal (as δ(t) = 1) and
weakly C-orthogonal, hence its binding group is Ga(C). In particular, tp(b1, ..., bn/F ) is
fundamental and weakly C-orthogonal with binding group equal to AutF (q/C) (see for ex-
ample the discussion following Fact 2.3. in [41]). By the Galois correspondence, AutF (q/C)
is definably isomorphic to a quotient of Ga(C) by some normal definable subgroup. Since
the only subgroups of Ga(C) are the trivial group or Ga(C) itself, AutF (q/C) is either trivial
or Ga(C).

Since q ⊥w C, the binding group acts transitively on q, by Fact 2.2.40. In particular,
AutF (q/C) cannot be trivial as q(U) ̸⊂ C, otherwise q would not be weakly C-orthogonal.
Hence, AutF (q/C) = Ga(C). Suppose n > 1 and derive a contradiction. Fix (a1, ..., an) |= q.
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For every i = 1, ..., n and c ∈ C, δ(ai + c) = ηi. By weak-orthogonality, q is isolated by
δlogGn

a
(y) = η. Hence, (c+ a1, d+ a2, ...., d+ an) |= q for some constants c ̸= d. But, for all

e ∈ C, it is impossible for e+a1 = c+a1 and e+a2 = d+a2. Hence, there is no α ∈ Ga(C)
such that α(a1, ..., an) = (c+ a1, d+ a2, ..., d+ an), contradicting that AutF (q/C) = Ga(C).
So, if q ⊥w C, then n = 1. Moreover, if η1 = 0 then q is the generic type of the constants,
and hence not weakly C-orthogonal. Thus, we also have that η1 ̸= 0.

For the reverse direction, when n = 1 and η1 ̸= 0 this is exactly Example 3.1.2, and
hence AutF (q/C) = Ga(C).

For the moreover statement, there is an F -definable bijection between q and the generic
type of δ(y) = 1 given by y 7→ y

η1
, witnessing interdefinability.

Recall that the dimension and U -rank of types internal to the constants agree.

Corollary 3.1.8. Let F be an algebraically closed field of constants. Let q be the generic
type over F of a logarithmic-differential equation on G = Gℓ

m ×Gn
a given by δlogG(x, y) =

(λ, η), where λ ∈ F ℓ and η ∈ F n. Then q is weakly orthogonal to the constants if and only
if λ is Q-linearly independent, and either n = 0 or n = 1 and η1 ̸= 0.

Moreover, in this case, AutF (q/C) = Gℓ
m(C)×Gn

a(C) and q is interdefinable with the generic
type of δlogG(x, y) = (λ, 1).

Proof. First, suppose that q ⊥w C. If n = 0, this is the forward direction of Lemma 3.1.6,
so we may assume that n > 0. The generic types of δlogGℓ

m
(x) = λ and δlogGn

a
(y) = η

are also weakly C-orthogonal as they are obtained by projecting q. By Lemma 3.1.6, λ is
Q-linearly independent. If n > 0, then by Lemma 3.1.7, n = 1 and η1 ̸= 0.

For the reverse direction, we first show that AutF (q/C) = Gℓ
m(C)×Gn

a(C). In this case,
the binding group of q acts transitively on its set of realizations, hence q ⊥w C by Fact
2.2.40. If λ is Q-linearly independent and n = 0, this is exactly Lemma 3.1.6. So we may
assume that λ is Q-linearly independent and n = 1 with η ̸= 0. Fix (a1, ..., aℓ, b) |= q. Let
r = tp(a1, ..., aℓ/F ) and s = tp(b/F ). In particular, r is the generic type of δlogGℓ

m
(x) = λ

and s is the generic type of δlogGa
(y) = η. Hence, r and s are C-internal types. Since λ is Q-

linearly independent, r ⊥w C by Lemma 3.1.6. Since n = 1 and η1 ̸= 0, s ⊥w C by Lemma
3.1.7. Recall that U -rank and dimension agree on C-internal types, so ℓ+1 = U(q), 1 = U(s)
and ℓ = U(r). In particular, U(b/F ) = U(b/Fa1, ...., aℓ), hence (a1, ..., aℓ, b) |= r ⊗ s.

Since r and s are both weakly C-orthogonal, AutF (r/C) = Gℓ
m(C) and AutF (s/C) =

Ga(C) by Lemmas 3.1.6 and 3.1.7, respectively. We have shown that q = r ⊗ s and
AutF (q/C) < Gℓ

m(C) × Ga(C), hence the the group AutF (q/C) projects surjectively onto
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both Gℓ
m(C) and Ga(C). Thus AutF (q/C) = Gℓ

m(C) × Ga(C) by the structure of algebraic
groups.

3.2 criterion for internality to the constants

As a warm-up, we first characterize generic types of vector fields on affine space that are
both internal and weakly orthogonal to the constants. Most of the ideas appearing in the
general case, namely characterizing just internality to the constants, already appear here
in a more tractable form. This is Theorem 3.2.2. While our main result, Theorem 3.2.4,
recovers Theorem 3.2.2, we prove it directly in order to illustrate the ideas appearing in
Theorem 3.2.4. We use the following fact:

Fact 3.2.1. [48, Kolchin-Ostrowski Theorem] Let (F, δ) be some differential field and let
a1, ..., am, b1, ..., bn ∈ U\{0} be an F -algebraically dependent set such that for all 1 ≤ i ≤ m,
δ(ai) ∈ F and for all 1 ≤ j ≤ n, δ(bj)

bj
∈ F . Then either there exists c1, ..., cm ∈ C, not all

zero, such that
m∑
i=1

ciai ∈ F or there exists e1, ..., en ∈ Z, not all zero, such that
n∏

i=1

beii ∈ F.

Theorem 3.2.2. Let X = (Ak, s) be a rational vector field over F , an algebraically closed
field of constants. Let p ∈ S(F ) be the generic type of X over F . The following are
equivalent:

1. p is almost C-internal and weakly orthogonal to the constants

2. there are g1, ..., gk−1, g ∈ F (x1, ..., xk), algebraically independent over F such that for

all i = 1, ..., k − 1, δs(gi) = λgi for some λ ∈ F and δs(g) =

{
1, or
λg for some λ ∈ F

and all the λs appearing are Q-linearly independent.

Proof. (1) =⇒ (2) Assume that p is almost C-internal and weakly C-orthogonal. By
Lemma 2.2.24, there is some definable finite-to-one map α : p → q where q ∈ S(F ) is
C-internal. By Remark 2.2.14, q is weakly C-orthogonal. Since p is the generic type of
(Ak, s), α : p → q is definable and q is C-internal, by Fact 3.1.5 the binding group of q is
linear. So, Corollary 3.1.4 applies to q.

Since p is almost C-internal, U(p) = dim(p) = k. As α : p → q is finite-to-one,
U(q) = U(p) = k. By Corollary 3.1.4, up to interdefinability over F , q is the generic type
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over F of a logarithmic-differential equation on either Gk−1
m × Ga or Gk

m. Let us assume
we are in the former, more involved, case of G = Gk−1

m × Ga and q is the generic type of
logδ(x, y) = (λ, η) where x = (x1, ..., xk−1), y is a singleton and λ = (λ1, ..., λk−1) ∈ F k−1.
Since q is the generic type of a logarithmic-differential equation on Gk−1

m ×Ga, by Corollary
3.1.8, λ is Q-linearly independent and we may assume that η = 1, up to interdefinability.

Fix a = (a1, ..., ak) |= p. Since α : p → q is F -definable, there are g1, ..., gk−1, g ∈
F (x1, ..., xk) such that α(a) = (g1(a), ..., gk−1(a), g(a)). By construction, δ(g(a)) = 1 and
δ(gi(a)) = λigi for all i = 1, ..., k− 1. By genericity of a, δs(g) = 1 and δs(gi) = λigi for all
i = 1, ..., k − 1.

It remains to show that g1, ..., gk−1, g are F -algebraically independent. Suppose that
g1, ..., gk are algebraically dependent over F and derive a contradiction. By algebraic
dependence of the gi and g, g1(a), ..., gk−1(a), g(a) are algebraically dependent over F . If
g(a) ∈ F , then U(q) < k. So, g(a) ̸∈ F . By the Kolchin-Ostrowski Theorem (3.2.1), there

are some e1, ..., ek−1 ∈ Z, not all zero, such that
k−1∏
i=1

gi(a)
ei ∈ F . Since F ⊆ C,

0 = δ(
k−1∏
i=1

gi(a)
ei)

=
k−1∑
i=1

(eiλigi(a)
ei
∏
i̸=j

gj(a)
ej)

=

(
k−1∏
i=1

gi(a)
ei

)(
k−1∑
i=1

eiλi

)
.

By genericty of a, gi(a)ei ̸= 0 for all i = 1, ..., k − 1, hence
k∏

i=1

gi(a)
ei ̸= 0. Thus λ1, ..., λk−1

are Q-linearly dependent, a contradiction since λ = (λ1, ..., λk−1) is Q-linearly independent.
Therefore, g1, ..., gk−1, g are algebraically independent over F .

We have g1, ..., gk−1, g ∈ F (x1, ..., xk) algebraically independent over F such that for
all i = 1, ..., k − 1, δs(gi) = λgi for some λ ∈ F and δs(g) = 1, and the λs appearing are
Q-linearly independent.

A similar proof when G = Gk
m produces g1, ..., gk−1, g ∈ F (x1, ..., xk) algebraically

independent over F such that for all i = 1, ..., k − 1, δs(gi) = λgi for some λ ∈ F and
δs(g) = λg for some λ ∈ F , and the λs appearing are Q-linearly independent.

(2) =⇒ (1) Let g1, ..., gk−1, g satisfy condition (2) of the theorem and suppose that
δs(g) = 1. Let λ = (λ1, ..., λk−1) ∈ F k−1 be Q-linearly independent such that δs(gi) = λigi
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for every i = 1, ..., k − 1. Let G = Gk−1
m × Ga and let q be the generic type over F of

the differential- logarithmic equation δlogG(x, y) = (λ, 1) where x = (x1, ..., xk−1), and y
is a singleton. Since q is the generic type of a differential-logarithmic equation and λ is
Q-linearly independent, by Corollary 3.1.8, the type q is weakly C-orthogonal. Recall that
q is C-internal as it is the generic type over F of a logarithmic-differential equation on
Gk−1

m × Ga. We show that p is interalgebraic with q and thus, p is almost C-internal and
weakly C-orthogonal.

Fix a |= p. Let α : p → q be the definable map given by α(a) = (g1(a), ..., gk−1(a), g(a)).
Since q ⊥w C, q is isolated by δlogG(x, y) = (λ, 1). By genericity of a |= p, gi(a) ̸= 0 for
all i = 1, ..., k − 1 and g(a) ̸= 0, δ(gi(a)) = λigi(a) for all i = 1, ..., k − 1 and δs(g(a)) =
1. Hence, α(a) |= q. In particular, α is a surjective map from p to q. Recall that
U(q) = dim(q) = k ≤ U(p) ≤ k, hence U(q) = U(p). In particular, for any a |= p,
U(a/α(a)F ) = U(a/F ) − U(α(a)/F ) = 0. So, a ∈ acl(Fα(a)) and p is almost C-internal
by Lemma 2.2.23, and weakly C-orthogonal by Fact 2.2.14.

If δs(g) = λkg for some λk ∈ F , then q is the generic type of δlogG(x) = λ where
x = (x1, ..., xk) and λ = (λ1, ..., λk) ∈ F k with λi ̸= 0 for all i = 1, ..., k. A similar proof as
above shows that p is almost C-internal and weakly C-orthogonal, applying Lemma 3.1.6
instead of Corollary 3.1.8.

We use a similar idea to prove the forward direction of Theorem 3.2.4 removing the
assumption of weak orthogonality to the constants. In the case when p is C-internal,
we obtain some fibration π : p → p′ with p′ realized by a tuple of constants and the
fibers of π are weakly orthogonal to the constants. Note that if p is already weakly or-
thogonal to the constants, then p′ can be taken to be an algebraic type. In this case,
we can directly apply the proof of Theorem 3.2.2. In general, let ℓ = U(a/π(a)F ). We
obtain g1, ..., gℓ−1, g ∈ F (x1, ..., xk) similarly as in Theorem 3.2.2, dealing with the ex-
tra parameters π(a) for a fixed a |= p. For gℓ+1, ..., gk ∈ F (x1, ..., xk), we use the algebraic
independence of h1, ..., hk−1 ∈ F (x1, ..., xk) such that π(a) = (h1(a), ..., hn(a)) for all a |= p.

Lemma 3.2.3. Let F be an algebraically closed field of constants. Let p ∈ S(F ) have finite
U-rank. Then there is an F -definable fibration π : p → q such that q is realized by a tuple
of constants and the fibers of π are weakly C-orthogonal.

Proof. Fix a |= p. Note that C is stably embedded, hence tp(a/dcl(Fa)∩C) isolates tp(a/C)
(see for example [14, Appendix Lemma 1]).

Since p has finite U -rank, dcl(Fa) = F ⟨a⟩ is finitely generated as a field extension of F .
Since dcl(Fa) ∩ C = F ⟨a⟩ ∩ C is definably closed and a subset of a stably embedded pure
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algebraically closed field, dcl(Fa)∩ C is a field. In particular, it is a subfield of the finitely
generated field dcl(Fa) = F ⟨a⟩. Let b = (b1, ..., bn) ∈ C be such that dcl(Fa) ∩ C = F (b).
Hence, tp(a/Fb) isolates tp(a/C).

Let q = tp(b/F ). Since b ∈ dcl(Fa), there is a definable map π : p → q mapping a to
b. Since tp(a/Fπ(a)) isolates tp(a/C), tp(a/C) is the unique extension of tp(a/Fπ(a)) to
the constants. In particular, tp(a/C) is the unique non-forking extension of tp(a/Fπ(a))
to the constants. Hence, for every tuple d from C, a |⌣

Fπ(a)

d. So, tp(a/Fπ(a)) ⊥w C.

Finally, since C is algebraically closed, F (π(a))alg ⊂ C. Let e = Cb(a/F (π(a))alg). Then
e ⊆ acl(Fπ(a)) ⊂ C and e ∈ dcl(Fπ(a)a) = dcl(Fa). Thus e ∈ dcl(Fa) ∩ C = dcl(Fπ(a)).
Thus stp(a/Fπ(a))|Fπ(a) = tp(a/Fπ(a)) is stationary.

We can now prove the main result of this chapter, Theorem 3.

Theorem 3.2.4. Let X = (Ak, s) be a rational vector field over F , an algebraically closed
field of constants. Let p ∈ S(F ) be the generic type of X over F . The following are
equivalent:

1. p is almost C-internal

2. there are g1, ..., gk−1, g ∈ F (x1, ..., xk) algebraically independent over F such that for

all i = 1, ..., k − 1, δs(gi) = λg for some λ ∈ F and δs(g) =

{
1, or
λg for some λ ∈ F

Moreover, in this case, p is weakly C-orthogonal if and only the λs appearing in (2) can be
taken to be all non-zero and Q-linearly independent.

Proof. (1) =⇒ (2) Suppose that p is almost C-internal. By Lemma 2.2.24, there is some
finite-to-one definable map, α : p → q where q ∈ S(F ) is C-internal. By Fact 3.1.5, the
binding group of q is linear.

Let π : q → π(q) be the map given by Lemma 3.2.3. In particular, π(q) is realized
by a tuple of constants and for every b |= q the fiber qπ(b) := tp(b/Fπ(b)) is stationary,
C-internal, and weakly C-orthogonal.

To apply our results about binding groups, we need to work over an algebraically closed
set of parameters in the constants. Fix b |= q and let qπ(b) be the unique extension of qπ(b)
to F (π(b))alg. This extension is again almost C-internal and weakly C-orthogonal. We now

43



show that the binding group of this type is linear, so that we can apply Corollary 3.1.8 to
qπ(b).

The map π : q → π(q) induces a morphism π̃ : AutF (q/C) → AutF (π(q)/C). Since
π(q) is realized by a tuple of constants, AutF (π(q)/C) = I. Hence, the kernel of π̃ is
AutF (q/C). By Fact 2.2.43, the binding group of q is definably isomorphic to the binding
group of tp(b1, ..., bm/Fπ(bi), ..., π(bm)) for b1, ..., bm, a fundamental system of q. We call
this binding group H. In particular, H is a definable linear group since AutF (q/C) is a
definable linear group.

For every i = 1, ...,m, AutF (π(bi))(qπ(bi)/C) is a definable subgroup of H. Since
π(b1), ..., π(bn) ⊂ C, they are fixed by AutF (π(bi))(qπ(bi)/C). Recall that subgroups of lin-
ear groups are again linear, so for every i = 1, ...,m, AutF (π(bi))(qπ(bi)/C) is linear. Since
b ∈ dcl(F, b1, ..., bnC), AutF (π(b))(qπ(b)/C) is linear. Then AutF (π(b))alg(qπ(b)/C) is a normal
definable subgroup of AutF (π(b))(qπ(b)/C) (see [41, Lemma 2.1]), and hence is also linear.

By Corollary 3.1.4, the type qπ(b) is interdefinable over F (π(b))alg with the generic type,
s, of a logarithmic-differential equation over F (π(b))alg on either G = Gℓ−1

m ×Ga or G = Gℓ
m

where ℓ = U(qπ(b)). Suppose we are in the case when G = Gℓ−1
m ×Ga. Then s is the generic

type of δlogG(x, y) = (λ, 1) where x = (x1, ..., xℓ−1), λ = (λ1, ..., λℓ−1) ∈ F (π(b))alg and y
is a singleton. Let γ = (γ1, ..., γℓ) be a definable map from qπ(b) → s such that for every
i = 1, ...ℓ − 1, γi maps qπ(b) to the generic type of δ(zi) = λizi and γℓ maps qπ(b) to the
generic type of z′ℓ = 1. Since qπ(b) ⊢ qπ(b), for all i = 1, ..., ℓ, γi defines a map on qπ(b).

Fix b′ |= qπ(b) and i = 1, ..., ℓ − 1. We first show that λi ∈ F \ {0}. If λi = 0, then
γi(b

′) ∈ C, which contradicts that qπ(b) is weakly C-orthogonal. Since tp(b′/F ) = q is C-
internal and γi(b

′) ∈ acl(Fb′)alg, tp(b′/F ) is almost C-internal by Lemma 2.2.23. If λi ̸∈ F ,
then tp(λi/F ) is the generic type of the constants over F , and is minimal. Note that,
δ( δ(γi(b

′)))
γi(b′)

) = δ(λi) = 0 as λi ∈ F (π(b))alg ⊂ C. Since λi ̸∈ F , tp(γi(b′)/F ) is the generic
type of δ( δ(x)

x
) = 0 and is not almost C-internal by Example 2.2.35, a contradiction. Hence,

λi ∈ F .

Since qπ(b) is weakly C-orthogonal, its image under (γ1, ..., γℓ) must also be weakly C-
orthogonal. Since F (π(b))alg is an algebraically closed field of constants, and the image of
qπ(b) under (γ1, ..., γℓ) is the generic type on Gℓ−1

m ×Ga, λ1, ..., λℓ−1 is Q-linearly independent
by Corollary 3.1.8.

Claim. There are integers ni and F -definable functions γ̃i, for i ∈ {1, · · · ℓ} mapping p to
the generic type of δlogGm

(z) = (niλi) if i < ℓ, and δlogGa
(z) = (1) for i = ℓ.

Proof of claim: Fix i = 1, ..., ℓ− 1. Since γi is F (π(b))alg-definable, it has finitely many
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images, γi,1, ..., γi,.ni
, under AutFπ(b) which map qπ(b) to the generic type of δ(z) = λiz. Let

γ̃i := γi,1 × · · · × γi,ni
.

Then for any b′ |= qπ(b),

δ(γ̃i(b
′)) = δ(γi,1(b

′)× · · · × γi,ni
(b′))

=

ni∑
j=1

δ(γi,j(b
′))
∏
j ̸=k

γi,k(b
′)

=

ni∑
j=1

λiγi,1(b
′)× · · · × γi,ni

(b′)

= (

ni∑
j=1

λi)γi,1(b
′)× · · · × γi,ni

(b′)

= niλiγ̃i(b
′).

Hence, γ̃i maps qπ(b) to the generic type of δ(z) = niλiz.

If γ̃i is constant, then γ̃i is a constant solution to δ(z) = niλiz. Since ni ̸= 0 and λi ̸= 0,
we obtain that γ̃i(b

′) = 0 for all b′ |= qπ(b). Thus, for some j = 1, ..., ni, γi,j(b′) = 0. Then,
0 = dim(γi,j(b

′)/F ), contradicting that γi,j(b
′) is a generic solution of the one dimensional

generic type of δ(z) = λiz. Hence, γ̃i is non-constant.

If i = ℓ, γℓ maps to the generic type of z′ℓ = 1. Let γℓ,1, ..., γℓ,nℓ
be the F (π(b)) conjugates

of γℓ and set γ̃ℓ := γℓ,1 + · · ·+ γℓ,nℓ
. Then γ̃ℓ is an F (π(b))-definable map from qπ(b) to the

generic type of δ(zℓ) =
∑nℓ

i=1 1 = nℓ. By Corollary 3.1.8, we may assume that nℓ = 1.

Fix i = 1, ...ℓ and a |= p such that α(a) = b′. Since α : p → q is F -definable, the
map γ̃i is F (π(b))-definable and π(b) = π(b′) ∈ F (a), up to interdefinability, we have some
h1, ..., hn ∈ F (x1, ..., xk) such that π(b) = (h1(a), ..., hn(a)). Replacing π(b) in the formula
defining γ̃i with (h1, ..., hn), we obtain an F -definable map γ̃i ∈ F (x1, ..., xk) from p to the
generic type of either δlogGm

(z) = (λi) or δlogGm
(z) = (1). ■

Since λ is Q-linearly independent, so is λ̃ = (n1λ1, ..., nℓ−1λℓ−1). We have
obtained F -definable maps from γ̃1, ..., γ̃ℓ which map p to the generic type of
δlogGℓ−1

m ×Ga
(x1, ..., xℓ−1, y) = (λ̃, 1) where λ̃ is Q-linearly independent. Since λ̃ is Q-linearly

independent, by Corollary 3.1.8, the generic type of δlogGℓ−1
m ×Ga

(x, y) = (λ̃, 1) is weakly
C-orthogonal. Note that the the generic type of this equation is γ̃(p).

Since γ̃ = (γ̃1, ..., γ̃ℓ) is F -definable, there are non-constant g1, ..., gℓ ∈ F (x1, ..., xk) such
that g̃(a) = (g1(a), ..., gℓ(a)). The same argument as in the proof of Theorem 3.2.2 shows
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that γ̃(g̃) is algebraically independent over F and for all i = 1, ..., ℓ− 1, δs(gi) = λ̃igi and
δs(gℓ) = 1. Set g := gℓ.

A similar argument works if G = Gℓ
m giving δs(gℓ) = λℓgℓ.

Now we construct the remaining k − ℓ many gis. Fix some a |= p such that α(a) = b.
Since π(b) is a tuple of constants, by quantifier elimination, π ◦ α(a) = (h1(a), ..., hn(a))
for some h1, ..., hn ∈ F (x1, ..., xk) and since p is almost C-internal, U(p) = dim(p) = k. We
compute that:

ℓ = U(a/Fπ(α(a))

= U(a/F )− U(π(α(a))/F )

= k − U(π(α(a))).

Since π(α(a)) is a tuple of constants, its U -rank is equal to its transcendence degree. Thus,
a maximal algebraically independent tuple over F from π(α(a)) has length k− ℓ. Without
loss of generality we may assume that h1(a), ..., hk−ℓ(a) are algebraically independent over
F . By genericity of a, h1, ..., hk−ℓ are algebraically independent over F . Since γ̃(p) is weakly
C-orthogonal and π ◦ α(p)(U) ⊂ C, we have that γ̃(a) |⌣

F

π(α(a)). Hence, by genericity of

a, the rational functions g1, ..., gℓ, h1, ..., hk−ℓ are algebraically independent over F . Notice
that for all i = 1, .., k− ℓ, δ(hi(a)) = 0 since hi(a) ∈ C. By genericity of a, δs(hi) = 0. Take
gℓ+1, ..., gk−ℓ to be h1, ..., hk−ℓ.

We have constructed g1, ..., gk−1, g ∈ F (x1, ..., xk) algebraically independent over F such
that δs(g) = 1 and for all i = 1, ..., k − 1, δs(gi) = λigi for some λi ∈ F . Moreover, our
proof shows that if p ⊥w C, then all λi are non-zero and Q-linearly independent.

A similar argument works if δs(g) = λkg for some λk ∈ F \ {0}.
(2) =⇒ (1) Let g1, ..., gk−1, g satisfy condition (2) and suppose that δs(g) = 1. Let

λ1, ..., λk−1 ∈ F be such that δs(gi) = λigi for all 1 ≤ i ≤ k− 1. Let λ1, ..., λℓ be a maximal
Q-linearly independent set for some 1 ≤ ℓ ≤ k − 1.

Let q be the generic type of δlogG(x, y) = ((λ1, ..., λℓ), 1) where G = Gℓ
m × Ga, x =

(x1, ..., xℓ), and y is a singleton. Since λ1, ..., λℓ are Q-linearly independent, by Corollary
3.1.8, q is weakly C-orthogonal. Since q is C-internal, U(q) = dim(q) = ℓ+ 1.

Let h : p → q be the F -definable map given by h(a) = (g1(a), ..., gℓ(a), g(a)). By
genericity of a |= p, gi(a) ̸= 0 for all i = 1, ..., ℓ and g(a) ̸= 0. Since q ⊥w C and it is the
generic type of δlogG(x, y) = ((λ1, ..., λℓ), 1), q is isolated by δlogG(x, y) = ((λ1, ..., λℓ), 1).
The usual computation shows that δ(gi(a)) = gi(a) for all i = 1, ..., ℓ and δ(g(a)) = 1.
Hence, h : p → q is a surjective F -definable map.
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Let λj ∈ {λℓ+1, ..., λk−1}. By assumption on ℓ, there are a1
b1
, ..., aℓ

bℓ
∈ Q, written in lowest

form, such that λj =
ℓ∑

i=1

ai
bi
λi. Since λi =

δs(gi)
gi

, the map

hj =

ℓ∏
i=1

g
(ai·

∏
l̸=i

bl)

i

g
(

ℓ∏
i=1

bi)

j

satisfies δs(hj) = 0, hence hj : p → r, where r is the generic type of C over F . By
construction, hj is interalgebraic with gj over F (g1, ..., gℓ, g). By assumption, g1, ..., gk, g
are algebraically independent over F , hence g1, ..., gℓ, hℓ+1, ..., hk−1, g are F -algebraically
independent. Since hℓ+1, ..., hk−1 are F -algebraically independent, hℓ+1(a), ..., hk−1(a) is an
F -algebraically independent tuple of constants. Notice that hi(a) ̸∈ F , by genericity of
a. Hence, (hℓ+1(a), ..., hk−1(a)) |= r(k−ℓ−1). So π = (hℓ+1, ..., hk−1) : p → r(k−ℓ−1) is an F -
definable map from p to a tuple of constants. Since q is weakly C-orthogonal, q ⊥w r(k−ℓ−1).
Recall that h(a) |= q. Hence, U(h(a)/F ) + U(π(a)/F ) = k. Thus, (h, π) : p → q ⊗ r(k−ℓ−1)

is finite-to-one since U(p) = U(q⊗r(k−ℓ−1)). Since q is C-internal and r(k−ℓ−1) is C-internal,
by Lemma 2.2.23, q⊗r(k−ℓ−1) is almost C-internal. As p is interalgebraic with the product,
p is almost C-internal, by Lemma 2.2.23.

The moreover statement is an immediate consequence of combining the result with
Theorem 3.2.2.

3.3 Applications

An application of Theorem 3.2.4 answers Question 7.6 in [21]. Let F be a field of constants
and consider the Poizat equations δ2(x) = δ(x)f(x) for some f ∈ F (x). Freitag, Jaoui,
Marker and Nagloo in [21] show that its generic type is almost C-internal when f(x) is a
constant. They ask if almost C-internality forces f(x) to be a constant. We prove that this
is indeed the case.

Note that the generic type of δ2(x) = δ(x)f(x) is interdefinable with the generic type
of the rational vector field (A2, s) where s(x1, x2) = (x1, x2, x2, x2f(x1)).

Key to the application is the use of Laurent series. Recall that for any field F , the field
of rational functions F (x) embeds into the field of Laurent series F ((x)) which consists of
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all formal sums
∞∑

i=N

aix
i with N ∈ Z, ai ∈ F and aN ̸= 0. Let δ be a derivation on F (x)

which extends naturally to F ((x)).

Proposition 3.3.1. Let F be an algebraically closed field of constants and let p be the
generic type of (A2, s) where s(x1, x2) = (x1, x2, x2, x2f(x1)) for some f ∈ F (x). Then p
is almost C-internal if and only if f ∈ F.

Proof. Suppose that p is almost C-internal. Since p is non-algebraic, p ̸⊥ C. By Theorem
3.2.4, there is some g1, g2 ∈ F (x1, x2) that are algebraically independent over F such that
δs(g1) = λg1 for some λ ∈ F and δs(g2) = 1 or δs(g2) = λg2 for some λ ∈ F .

Suppose that δs(gi) = 0 for both i = 1, 2. Fix a = (a1, a2) |= p. Then δ(gi(a)) =
0 for i = 1, 2. As g1, g2 are algebraically independent over F , it follows that F (a) ⊆
F (g1(a), g2(a))

alg ⊆ C so that δ(a1) = 0. But, the equations defining s force δ(a1) = a2;
hence a2 = 0. This contradicts the fact that dim(p) = 2. Therefore, it cannot be the case
that both δs(g1) and δs(g2) are zero.

Suppose now that δs(g2) = 1. Then

1 =
∂g2
∂x1

(x1, x2)δs(x1) +
∂g2
∂x2

(x1, x2)δs(x2)

=
∂g2
∂x1

(x1, x2)x2 +
∂g2
∂x2

(x1, x2)x2f(x1)

Write g2 =
∞∑

i=N

aix
i
2 as the Laurent series in x2 over F (x1) with N the least integer such

that aN ̸= 0. An easy computation shows that if N = 0, then ∂g2
∂x1

x2 +
∂g2
∂x2

x2f has no
constant term as a Laurent series in x2, contradicting the fact that it was found to be

equal to 1 above. So, N ̸= 0. In that case, we get that 1 =
∞∑

i=N

dai
dx1

xi+1
2 +

∑
i=N

iaix
i
2f . The

coefficient of xN
2 on the right hand side is NaNf , so NaNf = 0. Since N ̸= 0 and aN ̸= 0,

this implies that f = 0. In particular, f ∈ F , as desired. Hence, we may assume that
δs(g2) ̸= 1.

The only remaining possibility is that for either i = 1, 2, δs(gi) = λgi for some non-zero
λ ∈ F . Again, we expand δs(gi) to get

λgi =
∂gi
∂x1

x2 +
∂gi
∂x2

x2f.

48



Write gi =
∞∑

j=N

ajx
j
2 as the Laurent series in x2 over F (x1) with N the least integer such

that aN ̸= 0. If N = 0, an easy computation shows that 0 = λaN , contradicting that λ ̸= 0

and aN ̸= 0. So, N ̸= 0. In that case, we get that λ
∞∑

j=N

ajx
j
2 = d

dx1
ajx

j+1
2 +

∑
j=N

jajx
j
2f .

Comparing coefficients of xN
2 on the left and right hand sides, we get that NaNf = λaN .

Hence, f = λ
N

∈ F , as desired.

By Theorem 3.2.4, we have shown that if p is (almost) C-internal, then f ∈ F . The
reverse direction is [21, Section 7.2].

Another application of the theorem is to show that the generic type of certain Lotka-
Volterra systems is not almost C-internal. The Lotka-Volterra system is more closely
examined in Chapter 5.

Proposition 3.3.2. Let F be an algebraically closed field of constants containing non-
zero a, b, c ∈ F . Let p be the generic type over F of the system of differential equations{
δ(x) = x(ay + b)

δ(y) = y(cx+ b).
Then p is non-orthogonal to the constants, but not almost C-internal.

Proof. Note that p is the generic type over F of the vector field (Ak, s) where s(x, y) =
(x, y, x(ay + b), y(cx + b)). First we show that p is weakly C-orthogonal and then apply
Theorem 3.2.4. We show that the only g ∈ F (x1, x2) such that ∂h

∂x1
x(ay+b)+ ∂h

∂x2
y(cx+b) =

0 are constant functions.

We can write g ∈ F (x1, x2) as the Laurent series g =
∞∑
i=0

aix
i
2 with N the least integer

such that aN ̸= 0 and ai ∈ F (x1). Inputting g in the expression on the left hand side, the
coefficient for xN

2 is NaN(cx1 + b) + ∂aN
∂x1

bx1.

Comparing coefficients for xN
2 , we get NaN(cx1 + b) + ∂aN

∂x1
bx1 = 0. If N ̸= 0, since

aN ̸= 0,
∂aN
∂x1

aN
= −N( 1

x1
+ c

b
) which has no solution in F (x1). If N = 0, then ∂aN

∂x1
bx1 = 0.

Since b ̸= 0, ∂aN
∂x1

= 0, and hence aN ∈ F . For any i ≥ 1, comparing the coefficients of xi
2

gives ∂ai−1

∂x1
ax1 +

∂ai
∂x1

bx1 + iai(cx1 + b) = 0.

When i = 1, we have ∂a0
∂x1

= 0, hence ∂a1
∂x1

bx1 + a1(cx1 + b) = 0. If a1 ̸= 0, then
∂a1
∂x1

a1
= −(cx1+b)

bx1
, which has no solution in F (x1). Hence, a1 = 0. Suppose we have shown

that ai = 0. If ai+1 ̸= 0, then we get
∂ai+1
∂x1

ai+1
= −(cx1+b)

bx1
which has no solution in F (x1).
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Hence, ai+1 = 0 and g = a0 ∈ F . Thus, the only solutions to ∂h
∂x1

x(ay+b)+ ∂h
∂x2

y(cx+b) = 0
in F (x1, x2) are constant functions.

Now suppose, for sake of contradiction, that p ̸⊥w C. By Fact 2.2.15, there is some
(u, v) |= p and d ∈ C with d ∈ dcl(Fu, v) \ F . Hence, there is some g′ ∈ F (x1, x2) \ F
such that g(u, v) = d. Thus, 0 = δ(g′(u, v)) = ∂g′

∂x1
(u, v)u(av + b) + ∂g′

∂x2
(u, v)v(cu + b).

By genericty of u, v, we have that 0 = ∂g′

∂x1
x1(ax2 + b) + ∂g′

∂x2
x2(cx1 + b). But, there is no

non-constant solution to the above equation, a contradiction. Hence, p ⊥w C.

Since p ⊥w C, to show that p is not almost C-internal using Theorem 3.2.4, we need
only show that if g1, g2 ∈ F (x1, x2) are non-constant solutions to

∂h

∂x1

x(ay + b) +
∂h

∂x2

y(cx+ b) =

{
1

λhh

for some Q-linearly independent λg1 , λg2 ∈ F , then g1 and g2 are F -algebraically dependent.

Consider the equation ∂h
∂x1

x1(ax2+ b)+ ∂h
∂x2

x2(cx1+ b) = 1 and compare the coefficients
for xN

2 . If N ̸= 0, then NaN(cx1 + b) + ∂aN
∂x1

bx1 = 0 which we previously showed has no
solution for aN in F (x1). If N = 0, then we have ∂aN

∂x1
bx1 = 1, but ∂aN

∂x1
= 1

bx1
has no

solutions in F (x1).

Finally, consider the equation ∂h
∂x1

x(ay + b) + ∂h
∂x2

y(cx+ b) = λg for λ ̸= 0. Comparing

coefficients of the xN
2 term, we obtain the formula

∂aN
∂x1

aN
= 1

b
(λ−N

x1
−cN). A rational function

can be a logarithmic derivative only if it has no zeroes and only simple poles with integer

residues (see for example [29, Example 2.20]), hence N = 0 and λ
b
∈ Z. Thus

∂a0
∂x1

a0
= λ

bx1
,

and so a0 = d0x
λ
b
1 for some d0 ∈ F \ {0}. Note that for any α ∈ F , g = α(cx1 − ax2)

λ
b is a

solution to ∂h
∂x1

x(ay+b)+ ∂h
∂x2

y(cx+b) = λg. Suppose h ∈ F (x1, x2) is another solution. Fix
(u, v) |= p. Then δ( g(u,v)

h(u,v)
) = δ(g(u,v))h(u,v)−δ(h(u,v))g(u,v)

h(u,v)2
= λg(u,v)h(u,v)−λg(u,v)h(u,v)

h(u,v)2
= 0. Hence,

δ( g(u,v)
h(u,v)

) ∈ C ∩F (u, v). Since p ⊥w C, by Fact 2.2.15, g(u,v)
h(u,v)

∈ C ∩F (u, v) = C ∩F = F . By
genericity of (u, v), g

h
∈ F . Hence, no two solutions of ∂h

∂x1
x(ay+ b)+ ∂h

∂x2
y(cx+ b) = λg are

F -algebraically independent. We have shown that p is not almost C-internal by Theorem
3.2.4.

Finally, we show that p is non-orthogonal to the constants. Let g = (cx1−ax2)
λ
b . Then

for any (u, v) |= p, tp(g(u, v)/F ) is interdefinable with the generic type of the logarithmic-
differential equation δlogGm

(z) = λ. Thus, tp(g(u, v)/F ) is almost C-internal. Let L ⊇ F ,
g(u′, v′) |= tp(g(u, v)/F )|L and c1, ..., cn ∈ C be such that g(u′, v′) ∈ acl(Lc1, ..., cn). Since
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g(u′, v′) |⌣
F

L and g(u′, v′) ̸∈ acl(F ), b ̸ |⌣
L

c1, ..., cn. We have g : tp(u, v/F ) → tp(g(u, v)/F )

and the realizations of tp(g(u, v)/F )|L are a subset of the realizations for tp(g(u, v)/F ).
Thus, there is some (u′, v′) |= tp(u, v/F ) such that g(u′, v′) ∈ dcl(Fu′v′). Since we have
that g(u′, v′) |⌣

F

L, (u′, v′) |⌣
F

L. We have that (u′, v′) |= tp(u, v/F )|L and u′v′ ̸ |⌣
L

c1, ..., cn,

witnessing that p = tp(u, v) ̸⊥ C.

This gives us another example of a type where the shortest possible C-analysis is of
length two. The first example we saw comes from the logarithmic differential equation, see
Example 2.2.35.

Lemma 3.3.3. The type p in Proposition 3.3.2 is 2-step analyzable in C. In particular,
for any (u, v) |= p, ((u, v), u

a
− v

c
, 1) is a C-analysis.

Proof. Fix (u, v) |= p. Clearly u
a
− v

c
∈ dcl(Fu, v). Note that δ(u

a
− v

c
) = δ(u)

a
− δ(v)

c
=

u(ay+b)
a

− v(cu+b))
c

= b(u
a
− v

c
). Thus, q = stp(u

a
− v

c
/F ) is the generic type of a linear differential

equation and is C-internal by Example 2.2.18. Finally, stp(u, v/F (u
a
− v

c
)) is interdefinable

with the strong type of the generic type of the equation δ(y) = ay2 + (b + acz)y where
z := u

a
− v

c
. The map y 7→ 1

y
witnesses that tp(u, v/Fz) is interdefinable with the generic

type p′ of the linear differential equation 0 = δ(w) + (a + b + acz)w. By Example 2.2.18,
p′ is C-internal. By interalgebracity over acl(Fz) and Lemma 2.2.23, stp(u, v/F (u

a
− v

c
)) is

almost C-internal. Thus, ((u, v), u
a
− v

c
, 1) is a C-analysis.
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Chapter 4

Splitting two-step analyses

As in Chapter 3, we continue to search for algebraic criteria for (almost) internality to the
constants. This time, we focus on algebraic D-varieties (so possibly nonautonomous and
possibly not on Ak) that admit a two-step analysis in the constants. So, the general problem
we address in this chapter is the following: given a type which is two-step analyzable in
the constants, when is it actually almost internal to the constants? More precisely, we are
given a fibration f : p → q such that q is C-internal and the fibers of f are C-internal. How
can we tell if p itself is (almost) C-internal?

Jin studied this question in his thesis [44], in the special case when f is the differential
logarithm δlogGm

and q is minimal. He conjectured that, in this case, p is almost C-internal
if and only if f almost splits in the sense that p is interalgebraic over F with s⊗ q for some
almost C-internal type s. He proved his conjecture when the binding group of p is either
Gm(C) or Ga(C). Jin and Moosa [45] later found a counter example when the binding
group of q is PSL2(C) and proved the conjecture in all other cases — assuming still that q
is minimal and f = δlogGm

.

We generalize these results here in several ways. We drop the assumption that q is
minimal and assume only that the binding group of q is linear and nilpotent. We also
weaken the assumption that f = δlogGm

by asking only that the binding group of the
fibers are multiplicative tori. Here is our main result that appears as Theorem 4.2.6 below.

Theorem 4A. Let F be an algebraically closed differential field and suppose f : p → q is
a fibration of stationary types where q is C-internal, p is weakly C-orthogonal and the fibers
of f are C-internal. Assume that the binding group of q is linear and nilpotent and that
the binding group of the fibers are definably isomorphic to Gℓ

m(C) for some ℓ ≥ 1.

Then p is almost C-internal if and only if f : p → q almost splits.
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As an application, we restrict our attention back to the case when f = δlogGm
and give

an explicit algebraic criterion for p to be almost C-internal in the spirit of Rosenlicht [68]
and the theorem above.

Theorem 4B. Let F be an algebraically closed differential field and q ∈ S1(F ) be the
generic type over F of differential equation δn(x) = f(x, δ(x), ..., δn−1(x)) for some n ≥ 1
and f ∈ F (x0, ..., xn−1) a rational function. Assume that q is weakly C-orthogonal and
C-internal with a linear nilpotent binding group. Let p = δlog−1

Gm
(q). Then the following

are equivalent,

1. p is almost C-internal

2. there is a non-zero h ∈ F (x0, ..., xn), a constant e ∈ F and a non-zero integer k such

that (kx0 − e)h = hδ +
n−2∑
i=0

∂h
∂xi

xi+1 +
∂h

∂xn−1
f .

This appears as Corollary 4.3.4 below. Here, by δlog−1
Gm

(q) we mean the (unique) complete
type of an element a ∈ U , over F , such that δ(a)

a
realises q and a ̸∈ acl(F, δ(a)

a
) (see section 2

of [45]). The contents of this chapter are based on joint work with Léo Jimenez appearing
in [20]

Again, throughout this chapter, we work in a sufficiently saturated model (U , δ) |=
DCF0 with field of constants C.

4.1 Preliminaries on definable algebraic groups

We begin with some preliminaries on algebraic groups which are essential in our proofs.
A good reference for algebraic groups is [38]. By a unipotent group we mean an algebraic
group that is isomorphic to an algebraic subgroup of Un, the group of n×n uppertriangular
matrices with 1’s along the diagonal. Every unipotent group is isomorphic to an algebraic
subgroup of Gk

a for some k. A torus is an algebraic group that is isomorphic to Gk
m for

some k and a diagonalizable group is an algebraic group that isomorphic to an algebraic
subgroup of Gk

m for some k. If a torus is defined over some algebraically closed differential
field F , then this isomorphism is defined over F (see for example [38, Section 34.3]). Every
connected diagonalizable group is a torus.

A fact we frequently use is that there is no non-trivial regular function (a function with
non-trivial image) from a unipotent group to a torus. Briefly, this is because every element
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of a torus is semisimple, but a rational function takes a unipotent element to a unipotent
element. The only semisimple element of an algebraic group which is also unipotent is the
identity. Hence, the image of a unipotent group in a torus is trivial.

Recall the multiplicative Jordan decomposition, which is a consequence of the Lie-
Kolchin Theorem (see [[38], Chapter 19] for a proof):

Fact 4.1.1. Let G be a connected linear nilpotent algebraic group. There is a split short
exact sequence of algebraic groups

1 → Gu → G → T → 1

such that

1. T is a torus and Gu ⊴ G is the unique maximal unipotent subgroup of G,

2. T and Gu commute, and

3. T ∩Gu = {1}.

We list some definable versions of well-known facts about algebraic groups. We are
interested in definable groups that are definably isomorphic, potentially over additional
parameters, to the C-points of algebraic groups (usually linear algebraic groups) over the
constants.

Lemma 4.1.2. Suppose (F, δ) is an algebraically closed differential field and G is a con-
nected nilpotent definable group over F that is definably isomorphic to the C-points of a
linear algebraic group.

1. There exists a unique maximal F -definable subgroup of G with the property that it is
definably isomorphic to the C-points of a unipotent linear algebraic group. We denote
this F -definable subgroup by Gu and call it the F -definable unipotent part of G.

2. There exists a unique maximal F -definable subgroup of G with the property that it is
definably isomorphic to the C-points of an algebraic torus. We denote this F -definable
subgroup by T and call it the F -definable torus part of G.

3. The group G is F -definably isomorphic to Gu × T.

4. Suppose G acts F -definably on a set X and a ∈ X. Then Gu · a ∩ T · a = {a} where
H · a denotes the orbit of a under H.
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Proof. Parts 1,2 and 3 are just definable versions of Fact 4.1.1, but we give some details.
We first prove parts (1), (2) and (3). Let Ĝ be a connected linear nilpotent algebraic group
and f : G → Ĝ(C) be an F -definable isomorphism. By [38, Proposition 19.2], Ĝ = Ĝu × T̂

where Ĝu is the maximal unipotent subgroup of Ĝ and T̂ is the maximal torus of Ĝ. Let
Gu = f−1(Ĝu(C)) and T = f−1(T̂ (C)).

First we show that Gu and T are maximal subgroups of G that are definably isomorphic
to the C-points of a unipotent algebraic group and a torus, respectively. Let H ≤ G be a
definable subgroup and let g : H → Ĥ(C) be a definable isomorphism where Ĥ a linear
unipotent algebraic group. Since C is a pure field and for any a ∈ H and b ∈ G, g(a), f(b) ∈
C, we have that f, g are given by rational functions over F . Hence, f ◦ g−1 is a morphism
of algebraic groups. Thus f(H) is a unipotent algebraic subgroup of Ĝ(C). By Fact 4.1.1,
Ĥ(C) ≤ Ĝu(C), and so H ≤ Gu. We have shown that if H is definably isomorphic to the
C-points of a unipotent group, then H ≤ Gu, hence Gu is a maximal group with respect
to this property. If H is another maximal subgroup of G which is definably isomorphic to
the C-points of Ĥ, a unipotent algebraic group, then H ≤ f−1(Ĥ(C)). If H ̸= f−1(Ĥ(C)),
then H is a proper subgroup of f−1(Ĥ(C)), which is definably isomorphic to the C-points
of a unipotent group. This contradicts maximality of H. Hence, H = f−1(Ĥ(C)). By
uniqueness of Ĝu, H = f−1(Ĥ(C)) = f−1(Ĝu(C)) = Gu.

For F -definability of Gu, note that any F -conjugate of Gu is a maximal definable
subgroup of G, which is definably isomorphic to the C-points of a unipotent algebraic
group. By uniqueness of Gu, any F -conjugate is then equal to Gu. Hence, Gu is fixed
by AutF (U), and so is F -definable. Since Ĝu is normal in Ĝ and f is an isomorphism of
groups, we have that Gu is a normal subgroup of G.

Similarly, T is the unique maximal subgroup of G that is definably isomorphic to a
torus, and hence is fixed by AutF (U). So T is F -definable. Since T̂ is a normal subgroup
of Ĝ (see for example [38, Proposition 19.4]), T ⊴ G. Finally, by maximality of Gu and T ,
G = Gu × T .

For part (4), let π1 : G → Gu and π2 : G → T be projection maps. Let H < Gu × T
be a definable subgroup. such that π1|H and π2|H are surjective. Let N1 = ker(π2|H) and
N2 = ker(π1|H). By Lemma 2.2.46, there is a definable isomorphism between π1(H)/π1(N1)
and π2(H)/π2(N2). Since quotients of unipotent groups are unipotent and π1(H) < Gu, we
have that π1(H)/π1(N1) is unipotent. Since π2(H)/π2(N2) is a quotient of a torus, if there is
a non-trivial isomorphism between π1(H)/π1(N1) and π2(H)/π2(N2), then they must both
be trivial groups. Hence, π1(H) = π1(N1) and π2(H) = π2(N2). Thus H = π1(H)×π2(H).

The action of G on X is definably isomorphic to its action on G/H, where H is the
stabilizer of X. Since H = π1(H)× π2(H), the action on G/H is definably isomorphic to
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Gu/π1(H)×T/π2(H). Thus the action is definably isomorphic to the action of G = Gu×T
on Gu/π1(H)× T/π2(H). In particular, for any a ∈ X, we have Gu · a ∩ T · a = {a}.

The following appears as Lemma 2.18 in [20], providing an F -definably split short exact
sequence of groups.

Fact 4.1.3. Suppose (F, δ) is an algebraically closed differential field, and G is a connected
definable group over F that is definably isomorphic to the C-points of an algebraic group.
Suppose there is a short exact sequence of F -definable homomorphisms

1 → K → G
π−→ G/K → 1,

where K is a definably isomorphic to the C-points of an algebraic subgroup of an algebraic
torus, and G/K is definably isomorphic to the C-points of a linear nilpotent algebraic group.
Then G is definably isomorphic to the C-points of a linear nilpotent algebraic group.

Moreover, if K is connected and the torus parts of G and G/K are F -definably isomorphic
to the C-points of tori, then the short exact sequence F -definably splits.

4.2 Splitting fibrations

In this section, we prove Theorem 4A from the introduction. The hard direction of this
equality is that almost C-internality implies almost splitting. First we consider when p is
outright C-internal and provide some sufficient conditions for splitting of the short exact
sequence of binding groups induced by f : p → q to force splitting of the fibration f : p → q.
Let us first be more precise about what we mean for a fibration to (almost) split.

Definition 4.2.1. Suppose f : p → q is a fibration of stationary types over A. Then we
say that f splits if for all (equivalently some) a |= p, there is some b which is independent
from f(a) over F , and dcl(Aa) = acl(Af(a)b). (In particular, p is interdefinable over A
with tp(b/A)⊗ q).

We say that f almost splits if the above holds with acl in place of dcl.

We are primarily interested in the case when f : p → q splits and tp(b/A) is almost
C-internal.
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Recall from Subsection 2.2.5, when p is internal to the constants, q ∈ S(A) and f : p → q

is a fibration, f induces a group homomorphism f̃ : AutA(p/C) → AutA(q/C). Hence, we
obtain a short exact sequence

1 → K → AutA(p/C)
f̃−→ AutA(q/C) → 1.

It is natural to ask if splitting of the short exact sequence implies that f : p → q splits.
When q is fundamental and weakly C-orthogonal this is indeed the case. The proof of this
which appears in [20] uses definable groupoids (see [42]). Here we use the ideas from the
application of groupoids without needing the full groupoid machinery.

Lemma 4.2.2. Suppose (F, δ) is an algebraically closed differential field. Let p, q ∈ S(F )
and f : p → q be a fibration of stationary C-internal types. Suppose that q is weakly
C-orthogonal. If the induced short exact sequence

1 → K → AutF (p/C)
f̃−→ AutF (q/C) → 1

F -definably splits, then there is t ∈ S(F ) and a definable function π : p → s such that
q is weakly orthogonal to π(p). Moreover, if q is fundamental, then f : p → q splits. In
particular, p is interdefinable with t⊗ q.

Proof. Suppose that s : AutF (q/C) → AutF (p/C) is an F -definable section map witness-
ing the splitting of the short exact sequence. We denote the fibers of f : p → q by
pf(a) = tp(a/Ff(a)). Define an equivalence relation E on p(U) by E(a, b) if and only if
s(σ)|pf(a)(a) = b for some σ ∈ AutF (q/C) where σ(f(a)) = f(b). By working with the
A-definable avatar of the binding group, and its deniable action, one can see that E is an
A-definable equivalence relation. Let π : p → r be the quotient map induced by E. Since
π(a) ∈ dcl(Fa) and p is C-internal, π(p) is C-internal by Lemma 2.2.23.

Recall that in Fact 2.2.40, we saw that the AutF (q/C) acts transitivity on q(U) if and
only if for all b |= q and tuples c̄ ⊂ C, b |⌣

F

c̄. We can similarly show that if the subgroup

AutF (q/C, r) acts transitively on q(U), then q ⊥w r. First we note that this group does
act transitively on the set of realizations of q.

For transitivity, fix b, b′ |= q. Since q ⊥w C, by Fact 2.2.40 there is some σ ∈ AutF (q/C)
such that σ(b) = b′. Let σ̂ be some extension of σ to AutF (U/C). To show that σ̂|q ∈
AutF (q/C, r), we show that σ̂ fixes each E-class of p. Fix a |= p such that f(a) = b. As
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the short exact sequence splits, σ̂|p = s(σ̂|q) ◦ τ for some τ ∈ K = ker(f̃). Hence, τ lifts to
some τ̂ ∈ AutF (U/C) and f̃(τ) = f̃(τ̂ |p) = id. Hence,

σ̂|q(f(τ(a))) = σ̂|q(τ̂ |q(f(a))) as f is F -definable

= σ̂|q(f̃(τ̂ |p)(f(a)))
= σ̂|q(f(a))
= f(σ̂(a)) as f is F -definable.

Since s(σ̂|q)(τ(a)) = σ̂|p(a) and σ̂|q(f(τ(a))) = f(σ̂|p(a)), by definition E(a, σ̂(a)). Hence,
σ fixes the E-class of a, and so σ̂(π(a)) = π(a) showing that σ̂|r = id. So σ̂|q ∈ AutA(q/C, r)
and σ̂|q(b) = b′. Thus, AutF (q/C, r) acts transitively on q(U). To show the independence
condition, since AutF (q/C, r) acts transitively on q(U), fix b |= q and e |= r. Let b′ |= q be
such that b′ |⌣

F

e. Since the binding group AutF (q/C, r) acts transitively on q(U), there is

some σ ∈ AutF (q/C, r) such that σ(b′) = b. Since e is fixed by σ, we have that b |⌣
A

e. In

particular, q ⊥w r.

For the moreover statement, assume that q is also fundamental. Fix some a |= p. Since
q ⊥w r, f(a) |⌣

F

π(a). We conclude that dcl(Fa) = dcl(Ff(a)π(a)). Since f : p → q and

π : p → s are F -definable, dcl(Ff(a)π(a)) ⊆ dcl(Fa). So we prove the reverse inclusion.
Let α ∈ AutFf(a)π(a)(U). Then α(a) |= tp(a/Fπ(a)), meaning that E(a, α(a)). Hence,
there exists σ ∈ AutF (q/C) such that σ(f(a)) = f(α(a)) and s(σ)(a) = α(a). On the other
hand, σ(f(a)) = f(a) and since q is fundamental, σ acts freely (see Fact 2.2.40). Thus,
σ = id. Since s is a morphism of groups, s(σ) = s(id) = id. Thus, the orbit of a under
AutFf(a)π(a)(U) is a singleton, showing that dcl(Fa) = dcl(Ff(a)π(a)).

We have shown that dcl(Fa) = dcl(Ff(a)π(a)) with f(a) |⌣
F

π(a). By definition,

f : p → q splits.

The assumption that q is fundamental can always be obtained by replacing q with a
Morley product q(n), for sufficiently large n (see for example [41, Fact 2.4]). However, the
lemma would then give that (f, ..., f) : p(n) → q(n) splits instead of f : p → q splits, so the
lemma alone is not enough to obtain splitting of f .

The key use of q being fundamental (and weakly C-orthogonal) is that for every a, b |= q,
there is a unique σ ∈ AutF (q/C) such that σ(a) = b. This means that s(σ) should map
the fiber above a to the fiber above b, where s : AutF (q/C) → AutF (p/C) is the F -
definable section map witnessing splitting of the short exact sequence. We can replace the
assumption of q being fundamental with the following related assumption:
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Definition 4.2.3. Let (F, δ) be an algebraically closed differential field and f : p → q be
a fibration of C-internal types p, q ∈ S(F ). Suppose that q is weakly C-orthogonal and the
short exact sequence

1 → K → AutF (p/C)
f̃−→ AutF (q/C) → 1

F -definably splits with a section map s. Let H be a definable subgroup of AutF (q/C). We
say that H satisfies (⋆) if for any b |= q and σ ∈ H where σ(b) = b, then s(σ) restricted
to the fiber of f above b is the identity.

While this definition is quite technical, it is satisfied by some natural conditions from
algebraic groups. Note that binding groups for C-internality are always definably isomor-
phic to the C-points of algebraic groups. We therefore say that a binding group is linear,
or unipotent etc., to mean that the corresponding algebraic group is.

Example 4.2.4. Let (F, δ) be an algebraically closed differential field and f : p → q be a
fibration of stationary C-internal types p, q ∈ S(F ). Suppose that q is weakly C-orthogonal
and the short exact sequence

1 → K → AutF (p/C)
f̃−→ AutF (q/C) → 1

F -definably splits with a section map s.

1. If H is a central subgroup of AutF (q/C), then H satisfies (⋆).

2. If H is a subgroup of AutF (q/C) which is definably isomorphic to the C-points of a
linear unipotent algebraic group and the binding group of the fibers of f are diago-
nalizable, then H satisfies (⋆).

3. If H is a subgroup of AutF (q/C) which is definably isomorphic to the C-points of a
linear nilpotent algebraic group and the binding group of the fibers of f are diago-
nalizable, then H satisfies (⋆).

Proof. 1. Since q ⊥w C, its binding group acts transitively by Fact 2.2.40. Fix b |= q.
Hence, every stabilizer is conjugate to the stabilizer of b. Thus the stabilizers intersected
with H are all conjugate. Then, for any σ in the stabilizer of b intersected with H, we have
that for every b′ |= q, there is some τ ∈ AutF (q/C) such that τ ◦ σ ◦ τ−1 is in the stabilizer
of b′. Since H is central, b′ = τ ◦ σ ◦ τ−1(b′) = σ(b′). Hence, for any σ ∈ H, if σ(b) = b,
then σ = id. So, s(σ) = s(id) = id|p which is condition (⋆).
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2. Every morphism from a unipotent group to a diagonalizable group has trivial image.
Hence, for any b |= q and σ ∈ H such that σ(b) = b, s(σ) ∈ AutFf(a)(tp(a/Ff(a))/C). So
s : G → AutFf(a)(tp(a/Ff(a))/C), where G = {σ ∈ H | σ(b) = b}, is a morphism from a
unipotent group to a diagonalizable group. Thus s(σ) restricted to the fiber above b is the
identity. So H satisfies (⋆).

3. Since AutF (q/C) is linear nilpotent, by Fact 4.1.1, it is F -definably isomorphic to Gu×T
where Gu is the maximal unipotent subgroup and T is its maximal torus. Since q is C-
internal and q ⊥w C, q is isolated by Remark 2.2.42. In particular, q(U) is a definable set,
so we may apply Lemma 4.1.2 to get that for all b |= q, Gu · b ∩ T · b = {b}.

Recall that tori in connected nilpotent algebraic groups are central, hence by (1), T
satisfies (⋆). Since Gu is definably isomorphic to the C-points of a linear unipotent alge-
braic group, it satisfies (⋆) by (2). Fix b |= q and σ ∈ AutF (q/C) such that σ(b) = b.
Since AutF (q/C), is definably nilpotent, σ = σuσT for some σu ∈ Gu and σT ∈ T . Since
σ(b) = b, σT (b) = σ−1

u (b). Since Gu · b ∩ T · b = {b}, we have that σu(b) = σT (b) = b. Thus
s(σu) and s(σT ) both restricted to the fiber above b are the identity. Hence, s(σ) restricted
to the fiber over b is the identity.

We can then show that when the binding group of q is linear nilpotent and the binding
groups of the fibers of p are diagonalizable, splitting of the induced short exact sequence
of binding groups forces f : p → q to split and the fibers of f to be C-algebraic as opposed
to simply C-internal. The latter claim is used to prove Theorem 4.3.3.

Lemma 4.2.5. Let (F, δ) be an algebraically closed differential field and f : p → q be a
fibration of stationary C-internal types p, q ∈ S(F ). Suppose that q is weakly C-orthogonal
and AutF (q/C) is linear nilpotent. If

1 −→ K −→ AutF (p/C)
f̃−→ AutF (q/C) → 1

F -definably splits, then f : p → q splits. If in addition, K is finite, then the fibers of f are
C-algebraic.

Proof. Suppose that q is weakly C-orthogonal, its binding group is linear nilpotent and
the short exact sequence F -definably splits. Applying Example 4.2.4, AutF (q/C) satisfies
condition (⋆) meaning that for any b |= q, if σ(b) = b, then s(σ) restricted to the fiber
above b is the identity. We denote the fibers pb := tp(a/Fb).

We use (⋆) we show that fibers of f : p → q are C-algebraic, and we use the definable
function π : p → π(p) from Lemma 4.2.2 to prove that f : p → q almost splits.
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We let E be the equivalence relation on p(U) and π : p → r the F -definable quotient
map given by Lemma 4.2.2, or rather its proof. Recall that E is defined by E(a, a′) if and
only if s(σ)|pf(a)(a) = a′ for some σ ∈ AutF (q/C) where σ(f(a)) = f(a′) and π : p → r

is the induced quotient map. By Lemma 4.2.2, q ⊥w r and so f(a) |⌣
F

π(a). Since π is

F -definable and p is C-internal, π(p) is C-internal by Lemma 2.2.23.

Finally, we conclude that dcl(Fa) = dcl(Ff(a)π(a)). Since f : p → q and π : p →
r are F -definable, dcl(Ff(a)π(a)) ⊆ dcl(Fa). So, we prove the reverse inclusion. Let
α ∈ AutFf(a)π(a)(U). Then α(a) |= pf(a) and α(f(a)) = f(a), so s(α)|q(a) = α(a). This
means that E(a, α(a)), and hence there exists σ ∈ AutF (q/C) such that σ(f(a)) = f(α(a))
and s(σ)(a) = α(a). On the other hand, σ(f(a)) = f(a) and, since AutF (q/C) satisfies
Condition (⋆), s(σ|pf(a)) = id. Thus, the orbit of a under AutFf(a)π(a)(U) is a singleton
showing that dcl(Fa) = dcl(Ff(a)π(a)).

We have shown that dcl(Fa) = dcl(Ff(a)π(a)) and f(a) |⌣
F

π(a). By definition,

f : p → q splits.

Now suppose that K is finite. For C-algebraicity of the fibers, we show that for any
a |= p, a ∈ dcl(Ff(a)C). Fix a |= p. For any σ ∈ AutFf(a)(U/C), σ|p = s(σ|q) ◦ τ , for some
τ ∈ K. Note that σ|q fixes f(a), so by (⋆) s(σ|q)|tp(a/Ff(a)) = id. Hence,

σ(a) = s(σ|q)(τ(a))
= s(σ|q)|pf(τ(a))(τ(a))
= id(τ(a)).

Since K is finite, the orbit of a under AutFf(a)(U/C) is finite. Hence, a ∈ acl(Ff(a)C).

Note that in the above proof that K will not in general be the binding group of the
fibers of f : p → q, but the binding group of tp(η/Ff(η)) where there is a fundamental
system η for p of length n such that f(η) is also a fundamental system of p (see Fact
2.2.43).

We can now prove Theorem 4A.

Theorem 4.2.6. Let (F, δ) be an algebraically closed differential field and suppose f : p →
q is a fibration of stationary types where q is C-internal, p is weakly C-orthogonal, and the
fibers of f are C-internal. Assume the binding group of q is linear nilpotent and that the
binding group of the fibers are diagonalizable.

Then, p is almost C-internal if and only if f : p → q almost splits.

61



Proof. Suppose that p is almost C-internal. We first show that we may assume that p
is C-internal. Fix a |= p. Let b ∈ dcl(Fa) be the finite tuple such that dcl(Fb) =
dcl(Fa) ∩ IntF (C) (see [58] for existence of such a tuple). Set p′ = tp(b/F ). Let g : p → p′

be the definable function given by a 7→ b. Since p is almost C-internal the definable function
g : p → p′ is finite-to-one. Since p is weakly C-orthogonal, p′ is also weakly C-orthogonal.
Since f(a) ∈ dcl(Fa) and tp(f(a)/F ) is C-internal, by definition f(a) ∈ dcl(Fb). Let
q = tp(b/F ) and h : p′ → q be the definable function given by b 7→ f(a). Note that
the fibers of h are tp(b/Fh(b)) = tp(b/Fh(g(a))) = tp(b/Ff(a)), which is the F -definable
image of a stationary type, and so is stationary by Remark 2.2.1. Then, f = h ◦ g. If
h : p′ → q almost splits, then there is some c |⌣

F

h(b) such that acl(Fb) = acl (Fch(b)).

Since g : p → p′ is finite-to-one, acl(Fa) = acl(Fb), acl(Ff(a)) = acl(Fh(b)). Hence,
acl(Fa) = acl(Ff(a)c) showing that f : p → q almost splits.

Since tp(b/F ) is C-internal, the extension stp (b/Fh(b)) is C-internal by Lemma 2.2.23.
The definable function g : p → p′ induces a function on the fibers g : tp(a/Ff(a)) →
tp(b/Ff(a)) which in turn induces a definable surjective homomorphism

g̃ : AutFf(a)(tp(a/Ff(a))/C) → AutFh(b)(tp(b/Fh(b))/C)

where f(a) = h(b). Since AutFh(b)(tp(b/Fh(b))/C) is the image of the diagonalizable group
AutFf(a)(tp(a/Ff(a))/C), it is diagonalizable. Lastly, since q and q′ are interalgebraic
over F , their binding groups are definably isogeneous. Since quotients and extensions of
linear nilpotent algebraic groups are again linear nilpotent, the binding group of q′ is linear
nilpotent.

We have shown that h : p′ → q′ is a fibration where p′ is C-internal and weakly
C-orthogonal, the binding group of q′ is linear nilpotent and the binding group of the
fibers of h are diagonalizable. Hence, to show that f : p → q almost splits, we may
assume that p is outright C-internal. For every a |= p, we denote the fiber above f(a) as
pf(a) = tp(a/Ff(a)).

Since p is C-internal and weakly C-orthogonal, AutF (p/C) is connected, by Fact 2.2.41.
The definable function f : p → q induces an F -definable morphism f̃ : AutF (p/C) →
AutF (q/C) and a short exact sequence

1 → K → AutF (p/C)
f̃−→ AutF (q/C) → 1.

By Fact 2.2.43, K is definably isomorphic to AutFf(ā)(tp(ā/Ff(ā))/C), where ā =
(a1, ..., an) is a fundamental system for p and f(ā) = (f(a1), ..., f(an)) is a fundamental
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system for q. Then, K is definably isomorphic to a subgroup of
∏n

i=1 AutFf(ai)(pf(ai)/C).
Since the binding groups of the fibers of f : p → q are diagonalizable, meaning they are
subgroups of Gni

m for some ni, we have that K is definably isomorphic to a subgroup of
Gm(C)ℓ for some ℓ ≥ 1. If K is connected, then K is a torus and we can apply Fact
4.1.3 to obtain F -definable splitting of the short exact sequence. However, K may not be
connected. We show that we can replace K with its connected component by replacing p
with an interalgebraic type.

We have AutF (p/C) is connected, K is diagonalizable and AutF (q/C) is linear nilpotent.
By Fact 4.1.3, AutF (p/C) is linear nilpotent. Since tori are commutative and K is a
subgroup of the maximal torus of AutF (p/C), which exists as AutF (p/C) is connected, K
is commutative.

Claim 1. K is F -definably isomorphic to the C-points of a diagonalizable algebraic group
K̂ defined over A ∩ C.

Proof of claim: This proof is a slight modification of the proof of [41, Lemma 2.2].
Since K is commutative, K ⊂ dcl(FC) (see for example the proof of Lemma 2.2 in [41]).
By compactness, K is the image under an F -definable function of an F -definable subset
of some cartesian power of C. Since C is a stably embedded pure algebraically closed field,
its induced structure eliminates imaginaries, hence we obtain an F -definable isomorphism
between K and D, an F ∩ C-definable group in the field structure on C. Since K is
diagonalizable, D must also be diagonalizable. Thus D is of the form K̂(C), where K̂ is a
diagonalizable algebraic group. ■

Since F ∩ C is an algebraically closed field and K̂ is diagonalizable, K̂ = R̂ × Gℓ
m(C)

for some ℓ ≥ 0 and some finite F ∩ C-definable group R̂ (see Proposition 8.7 and 8.11 in
[8]). Let g : K → K̂ be an F -definable isomorphism. Then f−1(R̂×Gℓ

m(C)) = R×K◦ for
some finite group R and torus K◦. Thus K is F -definably isomorphic to R×K◦ for some
F -definable finite group R and torus K◦.

The subgroup R induces an equivalence relation E on p(U) such that E(x, y) if and
only if there exists some σ ∈ R such that σ(x) = y. Let η : p → s be the quotient map. It
induces an F -definable morphism η̃ : AutF (p/C) → AutF (s/C).

Claim 2. ker(η̃) = R

Proof of claim: The kernel of η̃ is all σ ∈ AutF (p/C) such that for all a |= p, there
exists some τ ∈ R where σ(a) = τ(a). Since R < K and K is a subgroup of the maximal
torus of AutF (p/C), if σ is in the maximal unipotent subgroup of AutF (p/C), by Lemma
4.1.2, σ(a) = a = τ(a). Hence, by the proof of Lemma 4.1.2, ker(η̃) < T . Since p ⊥w C,
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by Fact 2.2.40, AutF (p/C) acts transitively on p(U). Since T is central, ker(η̃) is central.
Then, the stabilizers of any two realizations of p are equal. If τ ∈ ker(η̃) fixes some x |= p,
it fixes all x |= p. Since the action is faithful, τ = id. Hence, ker(η̃) acts freely. Thus, for
all τ ∈ ker(η̃), τ = σ in R. ■

Since R is a definable subgroup of K = ker(f̃), there is a definable function g : s → q
given by mapping η(a) 7→ f(a) (recall that s = tp(η(a)/F )). By Lemma 2.2.6, there exists
a stationary type q′ ∈ S(F ), a fibration g′ : s → q′ and a finite-to-one definable function
π : q′ → q such that g = π ◦ g′. If g′ : s → q′ splits, then η(a) ∈ acl(Fcg′(η(a)) =
acl(Fcf(a)) for some c |⌣

F

f(a). Since η : p → s is finite-to-one, we obtain a ∈ acl(Fcf(a)),

hence f : p → q almost splits. It suffices to show that g′ : s → q′ splits. Since q′ and q
are interalgebraic over F and the binding group of q is linear nilpotent, by Lemma 2.2.47,
we have that the binding group of q′ is linear nilpotent as images and quotients of linear
nilpotent algebraic groups are again linear nilpotent.

The definable function g′ : s → q′ induces a short exact sequence

1 −→ K◦ −→ AutF (s/C)
g̃′−→ AutF (q

′/C) −→ 1

where K◦ is a torus, AutF (q
′/C) is linear nilpotent and the maximal tori of AutF (s/C)

and AutF (q
′/C) are F -definably isomorphic to the C-points of a tori, by the same proof

of Claim 1. Thus, by Lemma 4.1.3, AutF (s/C) is linear nilpotent and the short exact
sequence induced by g′ : s → q′ F -definably splits. Since q is weakly C-orthogonal and q′ is
interalgebraic with q, q′ is weakly C-orthogonal. So, we can apply Lemma 4.2.5 to obtain
that g′ : s → q′ splits. By the previous discussion, this shows that f : p → q almost splits.

For the reverse direction, if f : p → q almost splits, then acl(Fa) = acl(Fbf(a)) for
some b |⌣

F

f(a). Then tp(b/Ff(a)) is interalgebraic with the C-internal fiber tp(a/Ff(a)).

Since tp(b/Ff(a)) is a non-forking extension of tp(b/F ), by Lemma 2.2.23, tp(b/F ) is
almost C-internal. Since tp(b/F ) and tp(f(a)/F ) are almost C-internal, by Lemma 2.2.23
tp(bf(a)/F ) is almost C-internal. By Lemma 2.2.23, tp(a/F ) is almost C-internal.

4.3 Splitting the logarithmic derivative map

Recall that in Section 3.1, we defined logarithmic-differential maps on Gk
m × Gl

a. In the
rest of this chapter we restrict to Gm. So δlogGm

: U \ {0} → U is the definable function
δlogGm

(a) = δ(a)
a

. It is a homomorphism from the multiplicative group to the additive
group and its kernel is Gm(C).
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We prove Theorem 4B, obtaining an algebraic criterion for internality for a type p where
δlogGm

is a fibration from p to q. Such types are defined as:

Definition 4.3.1. Let q ∈ S1(F ). Its pullback under the logarithmic derivative δlogGm
, de-

noted by p := δlog−1
Gm

(q), is the type of a such that δlogGm
(a) |= q and a ̸∈ acl(F, δlogGm

(a)).

It is well-known that p exists and is unique, and that each fiber of δlogGm
: p → q is

a minimal C-internal type (see for example [44, Proposition 5.3]). Suppose q ∈ S1(F ) is
stationary. If q is finite dimensional, its pullback p under the logarithmic derivative is also
finite dimensional: for a |= p,

dim(a/F ) = trdegF (F ⟨a⟩)

= dim
F ⟨ δ(a)

a
⟩ (F ⟨a⟩) + dimF

(
F ⟨δ(a)

a
⟩
)

= 1 + dim(q).

If q is a C-internal type, the pullback under the logarithmic derivative need not be
C-internal, but δlogGm

witnesses that p = δlog−1
Gm

(q) is 2-step analyzable in the constants.
For example, the generic type of δ( δ(x)

x
) = 0, considered in Example 2.2.35 is the pullback

under the logarithmic derivative of the generic type of the constants, but is not almost
C-internal.

In his thesis [44], Jin introduced the notion of product-splitting (which he called split-
ting):

Definition 4.3.2. Let p ∈ S(F ). We say δlogGm
: p → q product-splits if there is an

integer k ̸= 0 such that for some a |= p there are w1, w2 such that ak = w1w2 and:

• w1 ∈ dcl(FδlogGm
(a))

• δlogGm
(w2) ∈ F.

We show that under the same assumptions as Theorem 4A, product-splitting of δlogGm
:

p → q is equivalent to almost splitting, and hence to almost C-internality of p. We then
use product splitting to obtain an algebraic criterion for almost C-internality under these
conditions. The following relies heavily on the proof of Theorem 4.2.6.

Theorem 4.3.3. Let (F, δ) be an algebraically closed differential field and let q(x) ∈ S1(F )
be weakly C-orthogonal and C-internal with a linear nilpotent binding group. Let p =
δlog−1

Gm
(q). Then the following are equivalent:
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1. δlogGm
: p → q product splits,

2. δlogGm
: p → q almost splits,

3. p is almost C-internal.

Proof. (1) =⇒ (2) This is in [44, Remark 5.5], but we give the argument here. Fix
a |= p, k ̸= 0 and let w1, w2 be such that ak = w1w2 where w1 ∈ dcl(F, δlogGm

(a)) and
δlogGm

(w2) ∈ F . In particular, a ∈ acl(Fw1w2) ⊆ acl(FδlogGm
(a)w2).

Since w2 is a singleton and δ(w2)
w2

∈ F , dim(w2/F ) = 1. Hence, either δlogGm
(a) |⌣ w2

F

or w2 ∈ acl(FδlogGm
(a)). If w2 ∈ acl(FδlogGm

(a)), then a ∈ acl(FδlogGm
(a)w2)) =

acl(F, δlogGm
(a)), a contradiction since the fibers of logδ : p → q are minimal. Hence,

δlogGm
(a) |⌣

F

w2. Since w1 ∈ dcl(Fa), w2 =
ak

w1
∈ dcl(Fa). Hence, δlogGm

(a), w2 ∈ acl(Fa).

We have shown that δlogGm
(a) |⌣

F

w2 and acl(Fa) = acl(FδlogGm
(a)w2). Thus logδ : p → q

almost splits.

(2) =⇒ (3) Assume that δlogGm
: p → q almost splits. Let a |= p and b be such that

b |⌣
F

δlogGm
(a) and acl(Fa) = acl(FδlogGm

(a)b). Since tp(b/FδlogGm
(a)) is interalgebraic

with the C-internal fiber tp(a/FδlogGm
(a)) and b |⌣

F

δlogGm
(a), by Lemma 2.2.23, tp(b/F )

is almost C-internal.

Since q = tp(δlogGm
(a)/F ) and tp(b/F ) are almost C-internal, by Lemma 2.2.23,

tp(δlogGm
(a)b/F ) is almost C-internal. Hence, by interalgebraicity and Lemma 2.2.23,

p = tp(a/F ) is almost C-internal.

(3) =⇒ (1) Suppose that p is almost C-internal.

First, suppose that p(U) ̸⊆ acl(Fq(U)C). Then δlogGm
: p → q product splits by [20,

Theorem 4.5]. So we may assume that p(U) ⊆ acl(Fq(U)C). We show that the fibers of
δlogGm

: p → q are not C-orthogonal. In that case, we show that δlogGm
: p → q.

Suppose that p(U) ⊆ acl(Fq(U)C) and that the fibers δlogGm
: p → q are weakly C-

orthogonal and derive a contradiction. If p ̸⊥w C, then a ̸ |⌣
F

c for some tuple c ⊆ C. Hence,

aδlogGm
(a) ̸ |⌣

F

c. So either δlogGm
(a) ̸ |⌣

F

c, contradicting that q ⊥w C, or a ̸ |⌣
FδlogGm

(a)

c

contradicting that tp(a/FδlogGm
(a)) ⊥w C. Thus, we may assume that p ⊥w C and the

fibers of δlogGm
: p → q are weakly C-orthogonal and derive a contradiction.
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By Lemma 2.2.24, there exists a finite-to-one definable function π : p → s such that
s ∈ S(F ) is C-internal.

Let s′ := tp(π(a)δlogGm
(a)/F ). Since s′(U) ⊆ dcl(Fp(U)) and p(U) ⊆ acl(Fq(U)C),

s′(U) ⊆ acl(Fq(U)C). Since s′ is C-internal, by Fact 2.2.23, the proof of Corollary 2.2.47
shows that AutF (s

′/q, C) is finite. This is the kernel of f̃ : AutF (s
′/C) → AutF (q/C).

Note that the fibers of f : s′ → q′ are of the form tp(π(a)/FδlogGm
(a)), which is a

definable image of tp(a/FδlogGm
(a)). By assumption, tp(a/FδlogGm

(a)) is stationary with
a diagonalizable binding group. By Lemma 2.2.1, f : s′ → q is a fibration and its fibers
also have diagonalizable binding group, as the image of a diagonalizable group is again
diagonalizable. We have that q is weakly C-orthogonal with a linear nilpotent binding
group. Since s′ is C-internal, f : s′ → q almost splits by Theorem 4.2.6, and in particular,
the short exact sequence

1 −→ AutF (s
′/q, C) −→ AutF (s

′/C) f̃−→ AutF (q/C)

F -definably splits (see the proof of Theorem 4.2.6). Since AutF (s′/q, C) is finite, by Lemma
4.2.5, π(a) ∈ acl(FδlogGm

(a)C). Since π : p → s is finite-to-one, we have that the fibers of
δlogGm

are C-algebraic, contradicting that they are weakly C-orthogonal.

Finally, we may assume that the fibers of δlogGm
: p → q are not weakly C-orthogonal.

In particular, stp(a/FδlogGm
(a)) is non-weakly C-orthogonal, and so there is some e ∈

C∩F ⟨a⟩alg and e ̸∈ F ⟨δlogGm
(a)⟩alg by Fact 2.2.15. Since δlogGm

(a) = δ(a)
a

∈ F ⟨δlogGm
(a)⟩,

δ(a) ∈ F (a). Hence, F ⟨a, δlogGm
(a)⟩ = F (a). Thus e = f(a)

g(a)
for some f =

n∑
i=0

bixi and

g =
m∑
j=0

cjx
j in F ⟨δlogGm

(a)⟩[x] with bn, cm ̸= 0. We may assume that n ≥ m, otherwise

replace e ̸= 0 with 1/e.

Since e is a constant, we get that 0 = δ(e) = δ(f(a))g(a) − f(a)δ(g(a)), a polynomial
expression of a over F ⟨δlogGm

(a)⟩. Since a ̸∈ acl(FδlogGm
(a)) = F ⟨δlogGm

(a)⟩alg, we have
that the right hand side of the equations must have all its coefficients be zero. Computing
the coefficient for an+m, we obtain cm

(
δ(bn) + nbnδlogGm

(a)
)
= bn

(
δ(cm) +mcmδlogGm

(a)
)
.

Since bn, cm ̸= 0, rearranging we get, δlogGm
(an−m) = δlogGm

( cm
bn
). Thus, there is some

µ ∈ C such that an−m = µ cm
bn

. If n ̸= m, let k = n − m > 0, w1 = cm
bn

and w2 = µ.
Then w1 ∈ F ⟨δlogGm

(a)⟩ = dcl(FδlogGm
(a)) and δlogGm

(w2) = 0 ∈ F . Then an−m = w1w2

showing that δlogGm
: p → q product splits.

If n = m, then bn
cm

= µ ∈ C. Using Euclidean division, we find an h ∈ F ⟨δlogGm
(a)⟩[x]

with δlogGm
(h) < δlogGm

(f) such that h(a)
g(a)

= −µ. Since e ̸∈ F ⟨δlogGm
(a)⟩ and bn

cm
= µ ∈
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F ⟨δlogGm
(a)⟩, we have that e − µ ̸∈ F ⟨δlogGm

(a)⟩. Since e, µ ∈ C, e − µ ∈ C. Repeating
the proof with h(a)

g(a)
= e − µ, we obtain w1 ∈ dcl(FδlogGm

(a)), δlogGm
(w2) ∈ F and k ̸= 0

such that ak = w1w2. Hence, δlogGm
: p → q product-splits. Notice that we only used that

the fibers were weakly orthogonal to the constants and not that δlogGm
almost splits.

The following is Theorem 4B.

Corollary 4.3.4. Let (F, δ) be an algebraically closed differential field and q ∈ S1(F ) be
the generic type over F of the differential equation δn(x) = f(x, δ(x), ..., δn−1(x)) where
f ∈ F (x0, ..., xn−1) is a rational function and n ≥ 1.

Assume that q is weakly C-orthogonal and C-internal with a linear nilpotent binding group.
Let p = log−1

δ (q). Then the following are equivalent,

1. p is almost C-internal

2. there is a non-zero h ∈ F (x0, ..., xn), a constant e ∈ F and a non-zero integer k such

that (kx0 − e)h = hδ +
n−2∑
i=0

∂h
∂xi

xi+1 +
∂h

∂xn−1
f .

Proof. By Theorem 4.3.3, p is almost C-internal if and only δlogGm
: p → q product splits.

Hence, it suffices to show that δlogGm
: p → q product splits if and only if the differential

equation in (2) is satisfied.

Suppose δlogGm
: p → q product splits. Let a |= p, k ̸= 0 and w1, w2 be such that

ak = w1w2, w1 ∈ dcl(FδlogGm
(a)), and δlogGm

(w2) ∈ F. Since a ̸= 0, w1, w2 ̸= 0. Let b =
δlogGm

(a) and e = δlogGm
(w2). Since q is the generic type of δn(x) = f(x, δ(x), ..., δ−1(x)),

δn(b) = f(b, ...., δn−1(b)). Let b = (b, δ(b), ..., δn−1(b)). Since w1 ∈ dcl(F, δlogGm
(a)) =

dcl(F, b). Hence, there is a non-zero h ∈ F (x1, ..., xn) such that w1 = h(b). Then, ak =

h(b)w2. Applying δlogGm
to both sides, we obtain kδ(a)ak−1

ak
= δ(h(b))w2+h(b)δ(w2)

h(b)w2
.

Simplifying gives

(kb− e)h(b) = δ(h(b))

= hδ(b) +
n−1∑
i=0

∂h

∂xi

(b)δ(bi)

= hδ(b) +
n−2∑
i=0

∂h

∂xi

(b)bi+1 +
∂h

∂xn

(b)f(b).
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Since b is a generic realization of q, dim(q) = n − 1 and this equation is order n − 1,

(kx0 − e)h = hδ +
n−2∑
i=1

∂h
∂xi

xi+1 +
∂h
∂xn

f .

For the reverse direction, suppose there exists h, e, and k as in the conclusion. Fix
a |= p and let b = δlogGm

(a). Let b̄ = (b, δ(b), ..., δn−1(b)). If h(b̄) = 0, then

trdeg(b, δ(b), ..., δn−1(b)/F ) < n = dim(q),

contradicting genericity of b. Let w1 = h(b̄) and w2 = ak

h(b)
. Hence, ak = w1w2. Then

w1 ∈ dcl(F, b̄) = dcl(F, δlogGm
(a)). We compute δlogGm

(w2) to show that δlogGm
(w2) ∈ F.

δlogGm
(w2) =

kδ(a)ak−1

ak
− δlogGm

(h(b̄))

= kb− δ(h(b̄))

h(b̄)

= kb−
hδ(b̄) +

n−1∑
i=0

∂h
∂xi

(b̄)δi+1(b)

h(b̄)

= kb− (kb− e)

= e ∈ F.

We have shown that ak = w1w2 for some k ̸= 0, w1 ∈ dcl(FδlogGm
(a)) and w2 ∈ dcl(F ).

Hence, δlogGm
: p → q product splits.

Example 4.3.5. Let (F, δ) be an algebraically closed differential field. Suppose q is the
generic type of an order n linear differential equation. Assume that q is weakly C-orthogonal
with a linear nilpotent binding group. Then p = δlog−1

Gm
(q) is not almost C-internal.

Proof. Let q be the generic type of a linear differential equation, δn(x) = c+c0x+
n−1∑
i=1

ciδ
i(x)

for some c, c0, ..., cn−1 ∈ F . Then, q is C-internal (see Example 2.2.18). Recall that the
fibers of δlogGm

: p → q for any types p and q are almost C-internal. Suppose, for sake
of contradiction, that p is almost C-internal. Since q ⊥w C and q has a linear nilpotent
binding group, by Corollary 4.3.4, there is some non-zero h ∈ F (x0, ..., xn−1), e ∈ F and
non-zero integer k such that

(kx0 − e)h = hδ +
n−1∑
i=0

∂h

∂xi

xi+1 +
∂h

∂xn

(c+ c0x+
n−1∑
i=1

cixi).
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Let νi be the valuation in F (x0, ..., xn−1) with respect to xi. That is we view F (x0, ..., xn−1)
as F (x0, ...xi−1, xi+1, ..., xn−1)(xi) and equip it with the valuation where for any P,Q ∈
F (x0, ...xi−1, xi+1, ..., xn−1)[xi], we set νi(P ) = − deg(P ), and νi(

P
Q
) = νi(P ) − νi(Q). We

have, for all P,Q ∈ F (x0, ...xi−1, xi+1, ..., xn−1)[xi], νi( ∂P
∂xj

) ≥ νi(P ) and νi(P
δ) ≥ νi(P ),

from which we deduce that νi(
∂ P

Q

∂xj
) ≥ νi(

P
Q
) and νi(

P
Q

δ
) ≥ νi(

P
Q
).

We can write h = h̃x
−ν0(h)
0 + g(x0, ..., xn−1) with h̃ ∈ F (x1, ..., xn−1) and ν0(g) > ν0(h).

We have:

kh̃ = c0
∂h̃

∂xm−1

.

Consider the valuation νn−1 in F (x0, ..., xn−1) with respect to xn1 . The valuation of the
left hand side is νn−1(h̃) but the valuation of the right hand side is strictly greater than
νn−1(h̃), unless h̃ = 0. If h̃ = 0, then h = g, contradicting that ν0(g) > ν0(h). Hence, p is
not C-internal.
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Chapter 5

Lotka-Volterra systems

In this chapter we focus on Lotka-Volterra systems

LVa,b,c,d =

{
δ(x) = x(ay + b)

δ(y) = y(cx+ d)

where a, b, c, d are non-zero constants. Note that these equations define a vector field on A2,
and hence are examples of the objects of study in Chapter 3. But, we are now concerned
with different issues than internality to the constants.

The first problem is determining when LVa,b,c,d has a minimal (or even strongly minimal,
see Section 5.1 below) generic type. Duan and Nagloo [17] showed that this is the case
when b and d are linearly independent over Q. It is also well known that the generic type
is not minimal when b = d. We are able to fill the gap here. The following appears as
Proposition 5.2.3 below:

Theorem 5A. If b ̸= d, then the generic type of LVa,b,c,d is strongly minimal.

We then ask the related question of whether the generic type of the Lotka-Volterra
system is totally disintegrated, meaning that any tuple of distinct realizations form an
independent set. Total disintegration means there is no non-trivial algebraic relations,
over any field of definition, between realizations of the type. In the strongly minimal case,
we use a generalization of a theorem of Brestovski [9] to show that the type is totally
disintegrated. In fact, we show a stronger result that, under a mild constraint on the
parameters, there are no interesting relations between distinct realizations to generic types
of multiple Lotka-Volterra systems. This appears as Corollary 5.3.3 below.

71



Theorem 5B. Let F be an algebraically closed field of constants. For i = 1, ..., n, let
ai, bi, ci, di ∈ F be non-zero and pi be the generic type over F of LVai,bi,ci,di. Suppose that

1. bi ̸= di, and

2. for all j ̸= i, {bi, di} ̸= {bj, dj},

If (u1, v1), ..., (um, vm) are distinct realizations of any of the pis, then trdeg(u1, v1, ..., um, vm/C) =
2m.

Finally, in the non-strongly minimal case when b = d, Proposition 5.4.1 below classifies
all 1-dimensional D-subvarieties of LVa,b,c,d over any (potentially non-constant) differential
field of definition:

Theorem 5C. The only irreducible 1-dimensional D-subvarieties of LVa,b,c,d over any
differential field of definition are those defined by:

1. x = 0,

2. y = 0, and

3. cx− ay − z0 = 0 where z0 ∈ U satisfies δ(z) = bz.

This chapter is based on joint work with Yutong Duan and Léo Jimenez work appearing
in [16]. We continue to work over a sufficiently saturated model (U , δ) |= DCF0 with field
of constants C.

5.1 Preliminaries on strong minimality

Recall that by Zilber’s dichotomy in DCF0, the behaviour of minimal types is well-understood.
In general, a stronger condition than a type being minimal is being strongly minimal.

Definition 5.1.1. A definable set D is strongly minimal if any definable subset of D is
either finite or co-finite. A non-algebraic stationary type is strongly minimal if it contains
a formula defining a strongly minimal set.
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Note that any strongly minimal type is itself minimal. The converse is true in certain
cases, for example when U -rank and Morley Rank agree. Recall that a stationary type p is
minimal if and only if U(p) = 1. Similarily, a stationary type p is strongly minimal if and
only if RM(p) = 1 (see [53, Corollary 6.2.10]). Moreover, U(p) ≤ RM(p) ≤ dim(p) (see for
example [54, Chapter 2 Lemma 5.4]). Hence, a 1-dimensional and non-algebraic type is
both strongly minimal and minimal. For definable sets of dimension 2, Freitag and Moosa
[25, Theorem 6.1] expand upon a result of Marker and Pillay to show that the U -rank and
Morley rank of the generic type of S agree.

Fact 5.1.2. Let p be the generic type of a 2-dimensional D-variety over an algebraically
closed field. Then p is strongly minimal if and only if p is minimal.

In this chapter we are interested in (regular) algebraic vector fields of dimension 2, hence
minimality and strong minimality of their generic types are equivalent. We use the strong
minimality language in this chapter as the literature surrounding the questions considered
here use this terminology. A good survey of strongly minimal types of dimension greater
than 1 can be found in [15].

We note here that in the case of a 2-dimensional algebraic vector field, minimality
agrees with a type satisfying exchange. This allows us to use an algebraic result of Jaoui
[39] to conclude when certain generic types of vector fields are strongly minimal. Exchange
is a property of type in a general stable theory.

Definition 5.1.3. A type p = tp(a/A) satisfies exchange if for any c ∈ acl(Aa) \ acl(A),
then a ∈ acl(Ac).

Note that every minimal type tp(a/A) satisfies exchange: if b ∈ acl(Aa) \ acl(A), then
b ̸ |⌣

A

a. Hence, U(a/Ab) < U(a/A) = 1 showing that U(a/Ab) = 0 and a ∈ acl(Ab).

Not every type that satisfies exchange is minimal (see [26, Section 4.2] for an example).
However, in DCF0, non-minimal types satisfying exchange are of a special form.

Fact 5.1.4. [41, Theorem 6.8] Let F be an algebraically closed differential field of constants
and p ∈ S(F ) be a stationary non-algebraic type. If p satisfies exchange then either p is
minimal or there is a finite-to-one definable function f : p → q where q is C-internal
and its binding group is definably isomorphic to the C-points of a simple abelian variety of
dimension > 1.

Let (Ak, s) be a (regular) vector field in the variables x̄ = (x1, ..., xk) with its section
map given by s(x̄) = (x̄, s1(x̄), ..., sk(x̄)). By (a1, ..., ak) ∈ (Ak, s)♯(C) we mean that for all
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i = 1, ..., k, δ(ai) = 0 and δ(ai) = si(a1, ..., ak), and hence si(a1, ..., an) = 0. If (Ak, s) is an
algebraic vector field over F , we say that an algebraic vector field (Y, s|Y ) is a restriction of
(Ak, s) to Y if Y is a subvariety of Ak and s|Y : Y → TY is a section map to the projection
π : TY → Y . We allow our restrictions of vector fields to have the subvariety Y defined
over a field extension of F .

Corollary 5.1.5. Let p be the generic type of an algebraic vector field X = (A2, s) over an
algebraically closed field of constants, F. If there is a point of X♯(C) that is not contained
in any 1-dimensional restriction of X defined over any field of constants, then p is strongly
minimal.

Proof. Suppose there is some a ∈ X♯(C) that is not contained in any 1-dimensional restric-
tion of X. Since dim(p) = 2, these are exactly the assumptions in the restatement of [39,
Theorem B] in [16]. Hence, p satisfies exchange.

By Fact 5.1.4, either p is minimal or there is a finite-to-one definable function f : p → q
where q is C-internal and AutF (q/C) = A(C) for some A, a simple abelian variety of
dimension > 1.

On the other hand, since p is the generic type of (A2, s) over constant parameters, by
Fact 3.1.5, A must be a linear algebraic group of dimension > 1. However, infinite simple
linear algebraic groups are all dimension 1. Hence, the binding group of p must be finite. In
particular, every realization of p has a finite F ∪C orbit, and hence must be algebraic over
the constants. Since C is an algebraically closed field, p is realized by a tuple of constants,
say c1, c2 ∈ C. But, 2 = dim(p) = trdeg(c1, c2/F ) and so c1 ∈ acl(Fc1c2) \ acl(Fc2)
and c2 ̸∈ acl(Fc1). Hence, p does not satisfy exchange, a contradiction. Thus p must be
minimal. Since dim(p) = 2, by Fact 5.1.2, p is strongly minimal.

5.2 Strong minimality and the Lotka-Volterra system

In this section, we prove Theorem 5A. We first provide a brief introduction to the generic
types of the vector fields induced by the Lotka-Volterra equations. The classical Lotka-
Volterra system of equations is:

LVa,b,c,d :=

{
δ(x) = x(ay + b)

δ(y) = y(cx+ d)

where a, b, c, d are non-zero elements of a field of an algebraically closed field of constants, F .
This system of differential equations allows us to define an algebraic vector field (A2, sa,b,c,d)
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over F where sa,b,c,d(x, y) = (x, y, x(ay + b), y(cx+ d)). This is an algebraic vector field of
dimension 2, hence minimality of its generic type is equivalent to strong minimality.

Duan and Nagloo [17] show that when b and d are Q-linearly independent, the generic
type over F of (A2, sa,b,c,d) is strongly minimal. They also show that when b = d, the
type is not strongly minimal. We improve upon this result to show that the generic
type of (A2, sa,b,c,d) is strongly minimal if and only if b ̸= d. To use Corollary 5.1.5, we
need to understand the 1-dimensional restrictions of (A2, sa,b,c,d) over any field of constant
parameters.

Example 5.2.1. Let (A2, sa,b,c,d) be the algebraic vector field corresponding to a Lotka-
Volterra system of equations over F , an algebraically closed field of constants.

1. Let X, Y ⊆ A2 be subvarieties given by x = 0 and y = 0, respectively. Then
(X, sa,b,c,d|X) and (Y, sa,b,c,d|Y ) are 1-dimensional algebraic vector field restricions of
(A2, sa,b,c,d).

2. Let X ⊆ A2 be given by cx − ay = 0. If b = d, (X, sa,b,c,b|X) is a 1-dimensional
algebraic vector field restriction of (A2, sa,b,c,d).

Proof. 1. Let s := sa,b,c,d. To show s|X : X → TX, we need only check that for any

(u, v) ∈ X is a solution to δ(x) = 0, since TX is defined by

{
x = 0

δ(x) = 0.
Since u = 0,

δ(u) = 0. Then dim(0, v/F ) = trdeg(v, δ(v), .../F ) = 1 since δ(v) = v(c0+d) = dv ∈ F (v).
Hence, (X, s|X) is a 1-dimensional algebraic vector field. Similarly, if Y is the algebraic
subvariety of A2 defined by y = 0, then (Y, s|Y ) is a 1-dimensional algebraic vector field.

2. Let s := sa,b,c,d. To show that s|X : X → TX, we show that for any (u, v) ∈ X, (u, v) is
a solution to δ(cx− ay) = 0.

By definition, δ(cx − ay) = cδ(x) − aδ(y). Let (u, v) ∈ X. Then u = a
c
v, hence

δ(cu − av) = cδ(u) − aδ(v) = cδ(a
c
v) − aδ(v) = aδ(v) − aδ(v) = 0. Thus, (X, s|X) is an

algebraic vector field. Since u, δ(u), δ(v) ∈ F (v), dim(u, v/F ) = 1. Hence, (X, s|X) is a
1-dimensional algebraic vector field.

In Lemma 3.1 of [16], it is shown that these are the only 1-dimensional algebraic vector
field restrictions of (A2, sa,b,c,d) over any field of constants.

Fact 5.2.2. [16, Lemma 3.1] If b ̸= d, the only irreducible 1-dimensional algebraic vec-
tor field restrictions of (A2, sa,b,c,d), over any field of constants, are (X, sa,b,c,d|X) and
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(Y, sa,b,c,d|Y ) where X is defined by x = 0 and Y is defined by y = 0. If b = d, the
only other irreducible algebraic vector field restrictions of (A2, sa,b,c,d), over any field of
constants, is (Z, sa,b,c,d|Z) where Z is defined by cx− ay = 0.

Proposition 5.2.3. Let F be an algebraically closed field of constants and a, b, c, d ∈ F are
non-zero. Let p be the generic type over F of the algebraic vector field (A2, sa,b,c,d) where
s(x, y) = (x, y, x(ay + b), y(cx+ d)). If b ̸= d, then p is strongly minimal.

Proof. Suppose that b ̸= d. Let s := sa,b,c,d. To show strong minimality using Corollary
5.1.5, we find a point in (A2, s)♯(C) that is not contained in any 1-dimensional vector
field restriction of (A2, s) over the constants. Consider the point (−d

c
, −b

a
) ∈ C2. Then

−d
c
(a−b

a
+ b) = 0 = δ(−d

c
) and −b

a
(c−d

c
+ d) = 0 = δ(−b

a
). Hence, (−d

c
, −b

a
) ∈ (A2, s)♯. By

Fact 5.2.2, the only 1-dimensional vector field restrictions of (A2, s) over C are (X, s|X)
with X the zero set of x = 0 and (Y, s|Y ) with Y the zero set of y = 0. Since b, d ̸= 0,
(−d

c
, −b

a
) ̸∈ (X, s|X) and (−d

c
, −b

a
) ̸∈ (Y, s|Y ). Thus, p is strongly minimal.

That p is not strongly minimal when b = d is well-known, see for example [17, sub-
subsection 3.1.1]. Hence, the generic type of (A2, sa,b,c,d) over an algebraically closed field
of constants is strongly minimal if and only if b ̸= d. A consequence of Hrushovski and
Sokolovic’s classification of non-trivial strongly minimal sets in DCF0 [37], is that most
strongly minimal types over constant parameters are trivial. See [12, Proposition 5.8] for
a proof:

Fact 5.2.4. Let F be an algebraically closed field of constants and let p ∈ S(F ) be strongly
minimal. If the dimension of p is greater than 1, then p is trivial.

When b ̸= d, we have that the generic type p over F of the algebraic vector field
(A2, sa,b,c,d) is strongly minimal and dimension 2, hence p is a trivial type. This triviality
is useful in proving theorems 5B and 5C. Additionally, p is orthogonal to the constants by
Zilber’s dichotomy (Fact 2.2.16).

In terms of transcendence degree, p is trivial means that for any m realizations of p,
(u1, v1), ..., (um, vm), if trdeg(u1, v1, ..., um, vm/F ) < 2m, then for some 1 ≤ i < j ≤ m,
trdeg(ui, vi, uj, vj/F ) < 4. We can consider another condition on the realizations of p,
which is an intermediary step in proving Theorem 5B.

Definition 5.2.5. A stationary type p ∈ S(F ) is totally disintegrated if any n distinct
realizations of p form an F -independent set.
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In terms of transcendence degree, the generic type p over F of the D-variety (A2, s), is
totally disintegrated means that for any distinct m realizations of p, trdeg(u1, v1, ..., um, vm/F ) =
2m.

A key idea behind the proof for Theorem 5B is a result of Brestovski which says that
given two algebraically dependent generic solutions to a differential equation of a specific
form which defines a strongly minimal set, there is a relation of a specific form between
these two solutions.

Fact 5.2.6. [9, Theorem 2] Let F be an algebraically closed field of constants and let
f, f1, ..., fn ∈ F{x} be differential polynomials of order ≤ 1 and c1, ..., cn ∈ F be Q-linearly
independent. Suppose that the generic type over F of the irreducible equation

δ(f) =
n∑

i=1

ci
δ(fi)

fi

is strongly minimal. Given u, v generic solutions to the equation, if u, v are dependent over
F , then f(u)m = f(v)m for some m ̸= 0

Duan, Jimenez and I give a partial generalization of Brestovski’s theorem for relations
between solutions to two distinct differential equations of the same form without the as-
sumption that c1, ..., cn are Q-linearly independent (although the assumption of Q-linear
independence is not necessary in Brestovski’s proof). This generalization also allows one
to say something about the algebraic relations for realizations of strongly minimal generic
types of non-strongly minimal definable sets, which is the case in which we apply the result.
The relation obtained is weaker than Brestovski’s conclusion, and is an intermediary step
in Brestovski’s original proof. The proof relies heavily on differential forms.

Fact 5.2.7. [16, Theorem 2.21] Let F be an algebraically closed field of constants and
c1, ..., cn, d1, ..., dm ∈ F . Let f, f1, ..., fn, g, g1, ..., gm ∈ F{x} be differential polynomials of
order ≤ 1. Consider the differential equations

δ(f) =
n∑

i=1

ci
δ(fi)

fi
(E1)

δ(g) =
m∑
i=1

di
δ(gi)

gi
. (E2)

For i = 1, 2, let ui be a generic solution of Ei such that the type qi = tp(ui/F ) is strongly
minimal and 2-dimensional. For any v1 |= q1 and v2 |= q2 which are dependent over F ,
then f(v1) = eg(v2) + l for some constants e and l.
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Corollary 5.2.8. Let F be an algebraically closed field of constants and a, b, c, d ∈ F be
non-zero. If b ̸= d, the generic type over F of the algebraic vector field induced by a
Lotka-Volterra system, (A2, sa,b,c,d), is totally disintegrated.

Proof. Let s := sa,b,c,d and p be the generic type over F of (A2, s). Since b ̸= d, by
Proposition 5.2.3, p is strongly minimal (equivalently RM(p) = 1). Moreover, p is trivial
by Fact 5.2.4. Let (u1, v1), ...., (um, vm) |= p be a non-F -independent. So, we show that for
some i ̸= j, (ui, vi) = (uj, vj). Since our sequence of realizations of a minimal type is not F -
independent and p is trivial, it cannot be a pairwise F -independent sequence. Without loss
of generality let u1v1 ̸ |⌣

F

v2v2. In particular, by minimality of p, F ⟨u1, v1⟩alg = F ⟨u2, v2⟩alg.

For i = 1, 2, since (ui, vi) ∈ (A2, s)♯, we have that

δ(cui − avi) = cbui − advi = b
δ(vi)

vi
− d

δ(ui)

ui

.

Additionally we compute

δ(cui − avi)− b(cui − avi) = (d− b)avi, and
δ(cui − avi)− d(cui − avi) = (d− b)cui.

Since b ̸= d, F ⟨cui − avi⟩ = F ⟨ui, vi⟩. In particular, cui − avi is interdefinable over
F with (ui, vi) and cu1 − av1 ∈ F ⟨cu2 − av2⟩alg. Since p = tp(ui, vi/F ) and RM(p) = 1,
by iteralgebraicity over F , RM(cui − avi/F ) = 1. Hence, tp(cui − avi/F ) is also strongly
minimal for i = 1, 2.

Let f := x, f1 := δ(x) − bx, f2 := δ(x) − dx ∈ F{x}. Then, cu1 − av1 and cu2 − av2
satisfy the equation

δ(f) = b
δ(f1)

f1
− d

δ(f2)

f2
. (E1)

Also note that 2 = dim(p) = dim(tp(cu1 − av1/F )) = dim(tp(cu2 − av2/F )) and
tp(cu1 − av1/F ) and tp(cu2 − av2/F ) are strongly minimal. Since cu1 − av1 ̸ |⌣

F

cu2 − av2,

we have that cu1−av1 and cu2−av2 satisfy the assumptions of Fact 5.2.7 with (E1) = (E2).
Thus, there exists e, l ∈ C such that

(cu1 − av1) = e(cu2 − av2) + l. (1)
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Note that e ̸= 0 since cu1 − av1 ̸∈ C, otherwise 1 = dim(cu1 − av1/F ) = dim(p) = 2, as p
is finite-dimensional and u1, v1 is interalgebraic over F with cu1 − av1.

Differentiating this equation and using that δ(ui) = ui(avi + b) and δ(vi) = vi(cui + d),
since (ui, vi) ∈ (A2, sa,b,c,d)

♯ for i = 1, 2, we obtain the equality

bcu1 − adv2 = ebcu2 − eadv2 (2)

Computing b(1)− (2) and d(1)− (2) we obtain the expressions

u1 = eu2 −
d

c(b− d)
l,

v1 = ev2 −
b

a(b− d)
l.

By the above equation, δ(u1) = eu2(av2 + b) and δ(v1) = ev2(cu2 + d). Using these
together with δ(u1) = u1(av1 + b) and δ(v1) = v1(ca1 + d), since (u1, v1) ∈ (A2, s)♯, we
obtain a polynomial expression in u2 and v2:

ae(e− 1)u2v2 −
(
e

b

(b− d)
l

)
u2 −

(
ae

−d

c(b− d)
l

)
v2 +

bd

c(b− d)2
l2 − bd

c(b− d)
l = 0.

If the coefficients of the polynomial are not all zero, then

dim(u2, v2/F (e, l)alg) = trdeg(u2, v2/F (e, l)alg) = 1 < 2 = dim(u2, v2/F ).

Hence, u2, v2 ̸ |⌣
F

e, l, where e, l ∈ C, contradicting that p is orthogonal to the constants as

p is minimal and trivial. Hence, l = 0 and e = 1 which gives that u1 = u2 and v1 = v2.

We have shown that any set of distinct realizations for p is F -independent. Hence, p is
totally disintegrated.

Note that we cannot directly apply Brestovski’s original theorem to cu1 − av1 and
cu2 − av2 instead of Fact 5.2.7 since b and d may be Q-linearly dependent. Additionally,
the differential equation (E1) is not irreducible.
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5.3 Algebraic relations between solutions of Lotka-Volterra
systems

In this section we show that under a mild condition, the generic types of distinct rational
vector fields induced by distinct Lotka-Volterra equations are orthogonal. This result
together with total disintegration of the generic types give Theorem 5B. To obtain the
mild condition for orthogonality, we first look at what relations exist between realizations
of distinct generic types.

Example 5.3.1. Let F be an algebraically closed field of constants and a, b, c, d ∈ F be
non-zero. Let p1 be the generic type over F of the algebraic vector (A2, sa,b,c,d).

1. Let p2 be the generic type over F of the algebraic vector field (A2, s1,b,1,d). We have
definable maps f : p1 → p2 given by (u, v) 7→ (cu, av) and g : p2 → p1 given by
(u, v) 7→ (u

c
, v
a
). Hence, p1 and p2 are interdefinable over F . In particular, p1 ̸⊥ p2.

2. Let p2 be the generic type over F of the algebraic vector field (A2, sa,d,c,b). The
function g : p1 → p2 given by (u, v) 7→ (v, u) is definable. Hence, p1 and p2 are
interdefinable over F . In particular, p1 ̸⊥ p2.

In both examples, we obtain something stronger than the two types being non-orthogonal,
but rather that the types are interdefinable. For two types to be orthogonal we thus need
to rule out the possibilities:

1. b1 = b2 and d1 = d2,

2. b1 = d2 and d1 = b2.

The proof that these are the only possible relations between two generic types of rational
vector fields induced by distinct Lotka-Volterra systems is similar to that of Theorem 5.2.8.

Theorem 5.3.2. Let F be an algebraically closed field of constants and fix non-zero
a1, b1, c1, d1, a2, b2, c2, d2 ∈ F . For i = 1, 2, let pi be the generic type over F of (A2, si)
where si(x, y) = (x, y, x(aiy + bi), y(cix+ di)). If

1. b1 ̸= d1, b2 ̸= d2, and

2. {b1, d1} ̸= {b2, d2},
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then p1 is orthogonal to p2.

Proof. Since b1 ̸= d1 and b2 ̸= d2, by Proposition 5.2.3, p1 and p2 are strongly minimal
types. As p1 and p2 are both 2-dimensional, by Fact 5.2.4, p1 and p2 are trivial types, and
thus are orthogonal to the constants. Since p1 and p2 are trivial types, by Fact 2.2.10,
p1 ⊥ p2 if and only if p1 ⊥w p2. Hence, it suffices to show that for any (u1, v1) |= p1 and
(u2, v2) |= p2, u1v1 |⌣

F

u2v2. Suppose that u1v1 ̸ |⌣
F

u2v2 and derive a contradiction.

For i = 1, 2, since (ui, vi) ∈ (A2, si)
♯, δ(ciui − aivi) = bi

δ(vi)
vi

− di
δ(ui)
ui

. Additionally,{
δ(ciui − aivi)− di(ciui − aivi) = (di − bi)ciui,

δ(ciui − aivi)− bi(ciui − aivi) = (di − bi)aivi
.

Since bi ̸= di, F ⟨ciui − aivi⟩ = F ⟨ui, vi⟩. Hence, tp(ciui − aivi/F ) is interdefinable over F
with tp(ui, vi/F ).

For strong minimality, since p1 and p2 are strongly minimal, they have Morley rank 1.
By interdefinability, tp(c1u1 − a1v1/F ) and tp(c2u2 − a2v2/F ) are also strongly minimal.

Let f := x, f1 := δ(x) − b1x, f2 := δ(x) − d1x ∈ F{x}. Then f, f1, f2 are differential
polynomials of order ≤ 1, c1u1 − a1v1 is a solution of the equation

δ(f) = b1
δ(f1)

f1
− d1

δ(f2)

f2
(E1)

with tp(c1u1 − a1v1/F ) strongly minimal and of dimension 2. For the second equation let
g := x, g1 := δ(x)−b2x, g2 := δ(x)−d2x ∈ F{x}. Then g, g1, g2 are differential polynomials
of order ≤ 1, c2u2 − a2v2 is a solution of the equation

δ(g) = b2
δ(g1)

g1
− d2

δ(g2)

g2
(E2)

with tp(c2u2 − a2v2/F ) strongly minimal and of dimension 2. By assumption, c1u1 − a1v1
and c2u2 − a2v2 are dependent over F . Hence, (E1), (E2), c1u1 − a1v1 and c2u2 − a2v2
satisfy the assumptions of Fact 5.2.7. Thus, there is some e, l ∈ C such that

c1u1 − a1v1 = e(c2u2 − a2v2) + l. (1)

Differentiating (1) and using that δ(ui) = ui(aivi + bi) and δ(vi) = vi(ciui + di) for
i = 1, 2, we obtain that
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b1c1u1 − a1d1v2 = eb2c2u2 − ea2d2v2. (2)

Using b1(1)− (2) and d1(1)− (2) we obtain the expressions{
u1 = e c2

c1
( b2−d1
b1−d1

)u2 + ea2
c1
(d2−d1
b1−d1

)v2 − d1
c1(b1−d1)

l

v1 = e c2
a1
( b2−b1
b1−d1

)u2 + ea2
a1
( b1−d2
b1−d1

)v2 − b1
a1(b1−d1)

l

Let A = c2
c1
( b2−d1
b1−d1

), B = a2
c1
(d2−d1
b1−d1

), C = c2
a1
( b2−b1
b1−d1

) and D = a2
a1
( b1−d2
b1−d1

). Note that since
{b1, d1} ̸= {b2, d2}, A,B,C,D ̸= 0.

Since (ui, vi) ∈ (A2, si), δ(ui) = ui(aivi + bi) and δ(vi) = vi(ciui + di) for i = 1, 2. Using
these identities and (2) we obtain a polynomial expression in u2, v2.

0 = e2a1ACu2
2 + e2a1BCv22 + e(ea1AD + ea1BC − a2A− c2B)u2v2

+e

(
(b1 − b2)A− l

b1 − d1

(
b1
a1

A+
d1
c1
C

))
u2

+e

(
(b1 − d2)B − l

b1 − d1

(
b1
a1

B +
d1
c1
D

))
v2

+l2
b1d1

a1c1(b1 − d1)2
+ l

b1d1
c1(b1 − d1)

If the coefficients in the expression are not all zero, then trdeg(u1, v1/F (e, l)alg) < 2,
hence by strong minimality of tp(u2, v2/F ), u2, v2 ∈ F (e, l)alg \F . But, e, l ∈ C and p2 ̸⊥ C,
a contradiction. Since A,C ̸= 0 and e2AC = 0, we get that e = 0. Then c1u1−a1v1 = l ∈ C,
contradicting that p1 ⊥ C. Thus, u1, v1 |⌣

F

u2, v2 showing that p1 ⊥ p2.

The orthogonality gives the following transcendence result over the whole field of con-
stants which is Theorem 5B.

Corollary 5.3.3. Let F be an algebraically closed field of constants and for i = 1, ...,m, let
ai, bi, ci, di ∈ F be non-zero. Let pi be the generic type over F of the algebraic vector field
(A2, si) with si(x, y) = (x, y, x(aiy + bi), y(cix + di)). Let (u1, v1), ..., (um, vm) be distinct
realizations of any of the pis. If for all i = 1, ...,m
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1. bi ̸= di, and

2. for all i ̸= j, {bi, di} ̸= {bj, dj},

then trdeg(u1, v1, ..., um, vm/C) = 2m.

Proof. For every j = 1, ...,m, there is some i = 1, ..., n such that (uj, vj) |= pi. Note that
when j ̸= k, it is possible for (uj, vj) and (uk, vk) to realize the same type. After relabeling
and changing n, we may assume that for all i = 1, ..., n, there is some j = 1, ...,m such that
(uj, vj) |= pi. For every i = 1, ..., n, bi ̸= di, hence pi is strongly minimal, by Proposition
5.2.3, and trivial, by Fact 5.2.4. In particular, for every i = 1, ..., n, pi is orthogonal to
the constants. We first show that trdeg(u1, v1, ..., um, vm/F ) = 2m. Notice that for all
i = 1, ...,m, δ(ui), δ(vi) ∈ F (ui, vi), hence F ⟨ui, vi⟩ = F (ui, vi).

For every i = 1, ..., n, let (ui1 , vi1 , ..., uimi
, vimi

) be the tuple of all (uj, vj) realising pi.
Then m = m1 + · · · +mn and by assumption mi > 0 for all i = 1, ..., n. Since bi ̸= di, by
Corollary 5.2.8, pi is totally disintegrated for every i = 1, ..., n. Thus, for all i = 1, ..., n,
(ui1 , vi1 , ..., uimi

, vimi
) |= p

(mi)
i . In particular, if n = 1 then trdeg(u1, v1, ..., um, vm/F ) = 2m.

So we may assume that m > 1.

Suppose (u1, v1, ..., um, vm) is not F -independent and derive a contradiction. Let k ≤ m
be minimal such that there is a subset of (u1, v1), ..., (uk, vk) which is not F -independent.
After relabelling, u1, v1 ̸ |⌣

F

u2, v2, ..., uk, vk and u1, v1 |⌣
F

u2, v2, ..., uk−1, vk−1. By total

disintegration of the pi, not all (u1, v1), ..., (uk, vk) realize the same type. After reorder-
ing, we may assume that (u1, v1) and (uk, vk) realize different types, say pi and pj re-
spectively. Since i ̸= j {bi, di} ̸= {bj, dj}, bi ̸= di, and bj ̸= dj, by Theorem 5.3.2,
pi ⊥ pj. On the other hand, if uk, vk ̸ |⌣

F

u2, v2, ..., uk−1, vk−1, by minimality of the

pis, uk, vk ∈ acl(Fu2, v2, ..., uk−1, vk−1). Thus u1, v1 ̸ |⌣
F

u2, v2, ..., uk−1, vk−1, a contra-

diction. We have that u1, v1 |⌣
F

u2, v2, ..., uk−1, vk−1, uk, vk |⌣
F

u2, v2, ..., uk−1, vk−1 and

u1, v1 ̸ |⌣
Fu2,v2,...,uk−1,vk−1

uk, vk. Hence, pi ̸⊥ pj, a contradiction to pi ⊥ pj. We have shown

that (u1, v1), ...., (um, vm) is F -independent.

Note that if p
(m1)
1 ⊗ · · · ⊗ p

(mn)
n ̸⊥ C, then there is K ⊇ F1, ..., Fn,

(a1,1, ..., a1,m1 , ...., an,1, ..., an,mn) |= (p
(m1)
1 ⊗ · · · ⊗ p

(mn)
n )|K and a tuple c ⊂ C such that

a1,1, ..., a1,m1 , ...., an,1, ..., an,mn ̸ |⌣
K

c. Thus for some j ≤ n, k ≤ mj we have that
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aj,k |⌣
K

a1,1, ..., a1,m1 , ..., aj,k−1 and aj,k ̸ |⌣
Ka1,1,...,a1,m1 ,...,aj,k−1

c, contradicting that pj ⊥ C. Thus

p
(m1)
1 ⊗ · · · ⊗ p

(mn)
n ⊥ C. Hence, trdeg(u1, v1, ..., um, vm/C) = trdeg(u1, v1, ..., um, vm/F ) =

2m

5.4 The non-strongly minimal case

We saw that when b = d, the generic type of p of (A2, sa,b,c,b) is not strongly minimal.
Hence, there is some non-trivial algebraic relations between realizations of its generic type.
To understand the possible algebraic relations between realizations of the generic type, we
classify all 1-dimensional D-subvarieties of (A2, sa,b,c,d) over any, potentially non-constant,
differential field extending F .

Let C be the algebraic variety defined by cx − ay − z0 = 0 for any z0 ∈ U satisfying
δ(z) = bz. Then (C, sa,b,c,b|C) is a 1-dimensional D-subvariety of (A2, sa,b,c,d) over F (z0).
To see this we show that sa,b,c,d|C : C → τC is a section map to π : τC → C. Since
τC ⊆ A4 is defined by {

cx− ay − z0 = 0

δ(cx− ay − z0) = 0

and for any (u, v) ∈ C, δ(cu−av−z0) = b(cu−av−z0) = 0. We have that for any (u, v) ∈ C,
sa,b,c,d(u, v) = (u, v, u(av + b), v(cu + b)) ∈ τC. Hence, (C, sa,b,c,d|C) is a D-subvariety of
dimension 1.

Proposition 5.4.1. Let F be an algebraically closed field of constants with non-zero
a, b, c ∈ F . Let (A2, s) be the algebraic vector field given by s(x, y) = (x, y, x(ay+b), y(cx+
b)). The only irreducible 1-dimensional D-subvarieties of (A2, s), over any differential field
extension of F , are the D-subvarieties given by x = 0, y = 0 and cx− ay − z0 = 0 for all
z0 ∈ U satisfying δ(z) = bz.

Proof. Let p be the generic type of (A2, s) over F . Let r be the generic type of the constants
over ∅. By Fact 5.2.2, the only 1-dimensional D-subvarities of (A2, s) over F are given by
x = 0, y = 0 and cx − ay = 0, all of which are irreducible. Let L ⊇ F and p′ be the
generic type over L of an irreducible 1-dimensional D-subvariety (C, s) of (A2, s) over L.
Fix (u, v) |= p′. Then trdeg(u, v/L) = 1. If u, v |⌣

F

L, then trdeg(u, v/F ) = 1. Hence,

(u, v) is in one of the 1-dimensional D-subvarieties of (A2, s) over F , (C ′, s). Then C ⊆ C ′

and since C ′ is irreducible, C = C ′. Thus (C, s) = (C ′, s).
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So we may assume that u, v ̸ |⌣
F

L, and hence trdeg(u, v/F ) = 2. In particular, (u, v)

realizes p. Recall that, by Lemma 3.3.3, ((u, v), u
a
− v

c
, 1) is a C-analysis for p. Let q =

tp(u
a
− v

c
/F ), so U(q) = 1 and q is almost C-internal.

If u
a
− v

c
|⌣
F

L, then trdeg(u
a
− v

c
/L) = 1. Since L(u

a
− v

c
) ⊆ L(u, v) and trdeg(u, v/L) = 1,

we have that L(u, v)alg = L(u
a
− v

c
)alg. Since (u, v) ∈ (A2, sa,b,c,d)

♯, δ(u
a
− v

c
) = b(u

a
− v

c
). We

show that u
a
− v

c
∈ Lalg, and hence every L-conjugate of u

a
− v

c
also satisfies the equation

δ(z) = bz.

Suppose that u
a
− v

c
̸∈ Lalg. We show this implies that p := tp(u, v/F ), is almost C-

internal, contradicting Proposition 3.3.2. Since u
a
− v

c
̸∈ Lalg and U(u

a
− v

c
/F ) = 1, we have

that u
a
− v

c
|⌣
F

L.

We have that u
a
− v

c
|⌣
F

L and u, v ̸ |⌣
F

L, hence u, v ̸ |⌣
F,u

a
− v

c

L. By definition of a C-

analysis, stp(u, v/F, u
a
− v

c
) is almost internal to C. Note that this type is not algebraic

since U(u, v/F, u
a
− v

c
) = U(u, v/F ) − U(u

a
− v

c
/F ) = 1. Thus, tp(u, v/F, u

a
− v

c
) is non-

algebraic and almost C-internal.

Let w := (u, v), q := tp(u
a
− v

c
/F ) and f : p → q be the definable function given by

u, v 7→ u
a
− v

c
. We first show that there is an e such that tp(e/F ) is almost C-internal,

w ̸ |⌣
F

e and f(w) |⌣
F

e. Let C = Cb(wf(w)/L), or rather C is the finite tuple inter-

algebraic with the canonical base, and let w0f(w0), w1f(w1), ..., wmf(wm) be a Morley
sequence in stp(wf(w)/L) such that w0f(w0) = wf(w) and C ⊆ acl(w0, ...wm), which
exists by Fact 2.2.3. Hence, w ̸ |⌣

Ff(w)

C. Since stp(wi/Ff(wi)) is almost C-internal, by

Lemma 2.2.23 tp(w0, ..., wm/Ff(w0), ..., f(wm)) is almost C-internal. By Lemma 2.2.23,
tp(C/Ff(w0), ..., f(wm)) is almost C-internal. Since f(w) |⌣

F

L, a simple forking calculus

argument shows that f(w0), ..., f(wm) |⌣
F

L and tp(C/Ff(w0), ..., f(wm)) is non-algebraic.

By Fact 2.2.2, C ⊆ acl(L), hence f(w0), ..., f(wm) |⌣
F

L, and so f(w0), ..., f(wm) |⌣
F

C. By

Lemma 2.2.23, tp(C/F ) is almost C-internal and non-algebraic. Let dcl(Fe) = Cb(C/Fw).
Since w ̸ |⌣

Ff(w)

C and w |⌣
Fe

C, forking calculus yields w ̸ |⌣
Ff(w)

e. By Fact 2.2.3, e ∈

acl(FC0, ..., Cn) for some Morley product in stp(C/Fa). Since stp(Ci/F ) is almost C-
internal, by Lemma 2.2.23 and Lemma 2.2.23 stp(e/F ) is almost C-internal and non-
algebraic. On the other hand, by Fact 2.2.2, e ∈ acl(Fw).
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We have that e ∈ acl(Fw) and w ̸ |⌣
Ff(w)

e. Since e ∈ acl(Fw), U(e/F ) ≤ U(w/F ) = 2. If

U(e/F ) = 2, then acl(Fw) = acl(Fz) showing that p := tp(w/F ) is almost C-internal which
contradicts Proposition 3.3.2. Since e ̸∈ F alg, we have that U(e/F ) = 1 and tp(e/F ) is
stationary. Thus tp(e/F ) is minimal. If f(w) ̸ |⌣

F

e, then e ∈ acl(Ff(w)), which contradicts

that w ̸ |⌣
Ff(w)

e. Hence f(w) |⌣
F

e. Then U(f(w), e/F ) = 2, hence acl(Fw) = acl(Ff(w)e).

By Lemma 2.2.23, tp(f(w), e/F ) is almost C-internal, thus p := tp(w/F ) is almost C-
internal by Lemma 2.2.23. This contradicts Proposition 3.3.2.

So it must be the case that f(w) := u
a
− v

c
∈ Lalg. Let z0 := u

a
− v

c
and let z0, ..., zm

be the finitely many L-conjugates of u
a
− v

c
. In particular, since b ∈ L, δ(zi) = bzi for all

i = 0, ...,m.

Clearly cx − ay − z0 = 0 ∈ tp(u, v/F, z0). Hence, (u, v) is in the D-subvariety over L
given by cx − ay − z0 = 0. For any (u′, v′) |= tp(u, v/L), there exists σ ∈ AutL(U) such
that (u′, v′) = σ(u, v). Hence, σ(z0) = zi for some i = 0, ...,m. Thus cu′ − av′ − σ(z0) = 0.
So, C = C0 ∪ · · · ∪Cm where Ci is the algebraic variety over L defined by cx− ay− zi = 0.
Since C is irreducible, C = Ci for some i = 0, ...,m, and so (C, s) is given by the curve
cx− ay − z = 0 for some solution of δ(z) = bz.

To show that u
a
− v

c
∈ Lalg we are using the idea that given a definable function

f : tp(a/F ) → tp(b/F ), if f(a) ̸ |⌣
F

d and a |⌣
F

d for any d, we can choose d such that

tp(d/F ) is minimal. In the following chapter, we see that this form of argument is not
unique to the Lotka-Volterra systems, or even the DCF0 setting.

86



Chapter 6

Semiminimal fibrations

Recall that a stationary type is semiminimal if it is non-algebraic and almost internal
to a minimal type. We then say a fibration is semiminimal if some (equivalently) any
fiber is semiminimal. Such fibrations are ubiquitous: by an observation of Moosa and
Pillay [58], any fibration that is indecomposable in the natural sense that it does not
factor nontrivially through other fibrations, is semiminimal. The goal of this chapter is
to give structure theorems which allow us to understand a semiminimal fibration of finite
U-rank types in terms of the image and the fiber. These structure theorems are in terms of
domination equivalence, a certain important equivalence relation on stationary types that
we recall and discuss in Section 6.1 below.

In this chapter we work not necessarily in DCF0, but rather in an arbitrary totally
transcendental theory T eliminating imaginaries.

Our main result is:

Theorem 6. Let f : p → q be a semiminimal fibration of stationary finite rank types. Let
r be a minimal type such that some fiber of f : p → q is almost r-internal. Then p is
domination equivalent to r(m) ⊗ q for some 0 ≤ m ≤ U(p)− U(q).

This appears as the main clause in Theorem 6.3.1. We show that even in DCF0 the power m
can be strictly between 0 and U(p)−U(q). However, when the fibration is indecomposable
we prove that it must be either 0 or U(p) − U(q). This is Corollary 6.3.3 below. We get
further precise information when the fibers are almost internal to a minimal trivial type;
this is Theorem 6.3.6 below.

The contents of this chapter are based on joint work with Léo Jimenez and appear in
[18]. Throughout this chapter, we work in a sufficiently saturated model U |= T .
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6.1 Preliminaries on domination

Some good references for domination are [2, Part A Chapter VI], [11, Section 5.6] and [63,
Section 1.4.5].

Definition 6.1.1. 1. Let a, b be tuples and C a set. We say that a dominates b over
C, denoted a ⊵C b, if for any set d, whenever a |⌣

C

d, then b |⌣
C

d.

2. If p, q ∈ S(C), we say that p dominates q over C, denoted p ⊵C q if there are a |= p
and b |= q such that a dominates b over C.

3. If p dominates q over C and q dominates p over C, we say that p is domination
equivalent to q over C, denoted p □ Cq.

4. If p ∈ S(A), q ∈ S(B) are two stationary types, over potentially different sets of
parameters, we say that p dominates q, denoted p ⊵ q, if there is some C ⊇ A ∪ B
such that p|C dominates q|C .

5. If p dominates q and q dominates p, we say that p and q are domination equivalent,
denoted p □ q.

If p ∈ S(A) is algebraic, then for any stationary type q ∈ S(A), q ⊵ p and if p ⊵ q, then
q is also algebraic. Sometimes in the literature p ⊵ q is referred to as eventual domination
with domination defined as p ⊵A q.

Let p ∈ S(A) and q ∈ S(B) be stationary types. Then p dominates q if and only if for
some (any) ℵ1-saturated model M ⊃ A ∪ B, there are a |= p|M and b |= q|M such that
a ⊵M b (for a proof, see for example [63, Proposition 5.6.4]). Domination is also transitive,
hence p dominates q and q dominates r implies that p dominates r. Moreover, domination is
a condition on parallelism classes, that is domination is invariant under taking non-forking
relations. The following is well-known (for example see [63, Lemma 1.4.3.4]).

Fact 6.1.2. Let a, b be tuples and C be a set.

1. Suppose a dominates b over C, C0 ⊆ C and ab |⌣
C0

C. Then a dominates b over C0.

2. Suppose a dominates b over C, C ⊆ C1 and a |⌣
C

C1. Then a dominates b over C1

(and b |⌣
C

C1).
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It is well-known that domination is compatible with Morley products (for example see
[11, Remark 5.6.3]).

Fact 6.1.3. Let p ∈ S(A), q ∈ (B) and r ∈ S(C) be stationary. Domination is preserved
by taking Morley products. Precisely, if p dominates q, then p⊗ r dominates q ⊗ r

On minimal types, domination is equivalent to non-orthogonality.

Fact 6.1.4. [63, Lemma 1.4.4.2] Let r ∈ S(A) and s ∈ S(B) be minimal types. Then r
dominates s if and only if s dominates r if and only if r is non-orthogonal to s.

Every stationary type of finite U -rank is domination equivalent to a finite Morley prod-
uct of minimal types (see for Example [11, Theorem 6.3.6]). Such a product is called a
domination decomposition for p.

Classically, domination decompositions are stated for a-models and regular types in-
stead of minimal types. Since we work in a totally transcendental stable theory, every
ℵ1-saturated model is an a-model, and we can state the result with minimal types instead
of regular types.

Fact 6.1.5 (Domination Decomposition). Let p ∈ S(A) be stationary, non-algebraic and
finite U-rank. Then for some (any) ℵ1-saturated model M ⊃ A, there are pairwise orthog-
onal minimal types r1, ..., rn ∈ S(M) such that p|M is domination equivalent over M with
the product r(k1)1 ⊗ · · · ⊗ r

(kn)
n for some positive integers k1, ..., kn.

In particular, p is domination equivalent to the product r(k1)1 ⊗ · · · ⊗ r
(kn)
n .

Up to re-ordering and domination equivalence, the ri are unique. In particular, we have
the following:

Lemma 6.1.6. Let p ∈ S(A) be stationary, non-algebraic and finite U-rank. Let r ∈ S(B)

be minimal. Let p be domination equivalent to the product r(k1)1 ⊗ · · · ⊗ r
(kn)
n for pairwise

orthogonal minimal types and 0 < k1, ..., kn. Then r is non-orthogonal to p if and only if r
is non-orthogonal to ri for some i = 1, ..., n.

Proof. By taking non-forking extensions, we may assume that r, r1, ..., rn ∈ S(B). Suppose
p ̸⊥ r and let C ′ ⊇ A ∪ B, be such that p|C′ ̸⊥w r|C′ . Let C ⊇ A ∪ B, a |= p|C and
c = (c1, ..., cn) |= (r

(k1)
1 ⊗· · ·⊗ r

(kn)
n )|C be such that c ⊵C a. Let D = C ∪C ′ and a′c′ ≡C ac

such that a′c′ |⌣
C

D. By Fact 6.1.2, c′ ⊵D a′.
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Since p|C′ ̸⊥w r|C′ , the non-forking extensions p|D and r|D are also non-weakly orthog-
onal. Let a′′ |= p|D and b′′ |= r|D be such that a′′ ̸ |⌣

D

b′′. Then tp(a′′/D) = tp(a′/D) = p|D

so there is σ ∈ AutD(U) such that a′ = σ(a′′). Let b′ = σ(b′′). Then a′ ̸ |⌣
D

b′ and c̄ ⊵D a′,

hence c1
′, ..., cn

′ ̸ |⌣
D

b′. By definition, r ̸⊥ r
(k1)
1 ⊗ · · · ⊗ r

(kn)
n . By minimality of r, r ̸⊥ ri for

some i = 1, ..., n (see for example [11, Lemma 5.6.1]).

For the reverse direction, without loss of generality, suppose that r ̸⊥ r1. By Fact 6.1.4,
r1 □ r. Since p ⊵ r

(k1)
1 ⊗ · · · ⊗ r

(kn)
n ⊵ r1. Thus p ⊵ r. Hence, for some C ⊇ A∪B, a |= p|C

and b |= r|C , for any d, a |⌣
C

d implies b |⌣
C

d. Since b |⌣
B

C, b ̸∈ acl(C), and hence b ̸ |⌣
C

b.

By domination, a ̸ |⌣
C

b which proves that p ̸⊥ r.

A useful consequence of domination decompositions is that non-domination equivalence
of two types can be witnessed by a minimal type.

Lemma 6.1.7. Let p ∈ S(A) and q ∈ S(B) be finite U -rank stationary types. Then the
following are equivalent:

1. p dominates q,

2. for some (any) ℵ1-saturated model M ⊃ A ∪ B, there exists a |= p|M and b |= q|M
such that whenever tp(e/M) is minimal and a |⌣

M

e, then b |⌣
M

e.

Proof. If p ⊵ q, then by taking non-forking extensions to any ℵ1-saturated model M ⊃
A ∪B, there exists a |= p|M and b |= q|M such that for all d, a |⌣

M

d implies b |⌣
M

d. Hence,

for every minimal type tp(e/M), if a |⌣
M

e, then b |⌣
M

e.

For the reverse direction, suppose that p ̸̸⊵ q. Then for some (any) M ⊃ A ∪ B,
p|M ̸⊵M q|M . In particular, q is not algebraic. Fix a |= p|M and b |= q|M . By Fact 6.1.5,
there are pairwise orthogonal minimal types r1, ..., rn ∈ S(M) and k1, ..., kn > 0 such that
q □ r

(k1)
1 ⊗ · · · ⊗ r

(kn)
n . We show that for some i = 1, ..., n and e |= ri, a |⌣

M

e and b ̸ |⌣
M

e.

Fix (c1, ..., cn) |= r
(k1)
1 ⊗ · · · ⊗ r

(kn)
n with ci = (ci,1, ..., ci,mi

) such that b ⊵M c1, ..., cn.
Clearly, for all i = 1, ..., n and j = 1, ..., ki, b ̸ |⌣

M

ci,j.
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If for all i = 1, ..., n and j = 1, ..., ki, a ̸ |⌣
M

ci,j, by minimality ci,j ∈ acl(Ma). Hence, if

a |⌣
M

d, then d |⌣
M

c1, ..., cn. By definition, p|M ⊵M r
(k1)
1 ⊗ · · · ⊗ r

(kn)
n ⊵M q|M , contradicting

that p|M ̸⊵ q|M . Thus, for some i, j, a |⌣
M

ci,j and b ̸ |⌣
M

ci,j. Taking e = ci,j, tp(e/M) = ri

is minimal.

In particular, to witness non-domination, the proof shows that we can pick e to be a
realization of any minimal type appearing in the domination decomposition of p with a
higher Morley power than in the decomposition of q.

6.1.1 Domination decompositions and parameters

In the previous section, to find a domination decomposition we had to let our minimal
types be over additional parameters. We give some sufficient conditions for when p is
domination equivalent to a Morley product of minimal types over the base parameters.
First, when a type is almost internal to a minimal type, its domination decomposition is
very simple and we do not need to refer to ℵ1-saturated models. This will be useful when
understanding semiminimal fibrations.

Lemma 6.1.8. Let p ∈ S(A) be stationary, non-algebraic and finite U-rank. Let r ∈ S(B)
be minimal. Then p is almost r-internal if and only if p is domination equivalent to r(U(p)).

Proof. We first show that if p is almost r-internal, then there exists some C ⊃ A ∪ B,
a |= p|C and (c1, ..., cm) |= r(m)|C such that acl(Ca) = acl(Cc1, ..., cn). This is a useful
formulation for almost internality. Suppose that p is almost r-internal. Hence, there exists
C ⊇ A ∪ B, a |= p|C and c1, ..., cm |= r such that a ∈ acl(Cc1, ..., cm). Choose such a C
and c1, ..., cm such that m is minimal. By Lemma 2.2.26, we may choose C and c1, ..., cm
such that c1, ..., cm is C-independent (indeed in the proof we assume that m in minimal).

To prove that c1, ..., cm ∈ acl(Ca), by minimality of r, it suffices to show that for all
i = 1, ...,m, ci ̸ |⌣

C

a. Assume that for some i = 1, ...,m, ci |⌣
C

a, and derive a contradiction.

Without loss of generality, we may assume that i = 1. Since c1, ..., cm ̸ |⌣
C

a and c1 |⌣
C

a,

c2, ..., cm ̸ |⌣
c1C

a. Since a |⌣
C

c1 and a |⌣
A

C, we have that a |⌣
A

Cc1. So setting C ′ := Cc1, this

contradicts minimality of m. Hence, acl(Ca) = acl(Cc1, ..., cm).
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Thus n = U(p) = U(a/C) = U(c1, ..., cm/C) =
m∑
i=1

U(ci/C) = m. Since for any d,

a |⌣
C

d ⇐⇒ a |⌣
C

c1, ..., cm, p|C □ Ctp(c1, ..., cm/C) . Therefore, p □ r(m) with m = U(p).

For the reverse direction, suppose that p □ r(n) and let C ⊇ A ∪ B, a |= p|C and
(c1, ..., cn) |= r(n)|C be such that a ⊵C c1, ..., cn. For every i = 1, ..., n, c1, ..., cn ̸ |⌣

C

ci, hence

a ̸ |⌣
C

ci. By minimality of r, c1, ..., cn ∈ acl(Ca). We compute

n = U(a/C) = U(c1, ..., cn/C) + U(a/Cc1, ..., cn) = n+ U(a/Cc1, ..., cn).

Thus a ∈ acl(Cc1, ..., cn). As a |= p|C , this witnesses that p is almost r-internal.

Note that in general, when a stationary type p ∈ S(A) is almost internal to a minimal
type r, p is almost internal to every A-conjugate of r by Fact 2.2.25. When we look at a
semiminimal fibration f : p → q, the fibers may all be internal to minimal types over addi-
tional parameters which depend on the choice of fiber. Since domination decompositions
are unique up to non-orthogonality, it will be useful to assume that all minimal types are
non-orthogonal, hence domination equivalent, to a minimal type over the base parameters.
When p is itself almost internal to a locally modular type, this is immediate.

Lemma 6.1.9. Let p = tp(a/A) be stationary, and suppose that p is non-orthogonal to a
minimal, locally modular type t, which is potentially over additional parameters. Then there
exists a minimal type r ∈ S(A) such that p is non-orthogonal to r and t is non-orthogonal
to r.

Proof. The proof of this statement is contained in the proof of [58, Proposition 2.3]. Fix
a |= p. Since p ̸⊥ t and t is minimal, by Fact 2.2.30, there exists c ∈ dcl(Aa) \ acl(A) such
that stp(c/A) is r-internal. Since p is stationary, tp(c/A) is stationary and t-internal since
c |⌣

A

acl(A). Recall that every locally modular minimal type is one-based, meaning that for

any tuple of realizations of t and B ⊇ A, a |⌣
acl(Aa)∩acl(B)

B.

As t is one-based, tp(c/A) is also one-based (this was shown in [70, Corollary 9]). If
tp(c/A) is minimal, then r = tp(c/A) is minimal with t ̸⊥ r by Corollary 2.2.27. Since r is
t-internal, p is non-algebraic and p ̸⊥ t, we have that p ̸⊥ r by Lemma 2.2.31. Otherwise,
there exists e = Cb(c/Ae) such that tp(c/Ae) = tp(c/A)− 1 (see for example [63, Lemma
7.2.7]). By one-basedness of tp(c/A), e ∈ acl(Ac). Hence,

U(e/A) = U(c/A)− U(c/Ae) = U(c/A)− U(c/A) + 1 = 1.
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Moreover, by Fact 2.2.3, e ∈ dcl(c1, ..., cl) for some Morley sequence in stp(c/Ae).
Hence, r = tp(e/A) is stationary and minimal. As tp(c/A) is t-internal, it is almost
internal in the family of all A-conjugates of t. Since e ∈ acl(Ac) \ acl(A), by Lemma
2.2.23, tp(e/A) is almost internal in the family of all A-conjugates of t. By Fact 2.2.25,
tp(e/A) is almost t-internal. By Corollary 2.2.27, r ̸⊥ t. Since p is almost t-internal and
non-algebraic, p ̸⊥ r by Lemma 2.2.31.

When p is almost internal to a non-locally modular minimal type, the conclusion of the
lemma need not hold. For example, consider [33, Proposition 19]. Hrushovski gives a theory
of Morley rank 2 which is almost strongly minimal meaning that given a saturated model
U , there is a formula ϕ (maybe using parameters) such that ϕ(U) is strongly minimal, and
there is some finite set A such that U ⊆ acl(A, ϕ(U)). Note that this implies in particular
that U -rank and Morley rank coincide. Hrushovski shows that in this theory, there are no
strongly minimal, and hence there are no minimal types over acleq(∅). Taking any type
p ∈ S(acleq(∅)), there cannot be any minimal type over acleq(∅) which is non-orthogonal
to p.

The following condition is enough to give our desired conclusion of Lemma 6.1.9 for
any minimal type t:

Condition 6.1.10. There is a non-locally modular minimal type t ∈ S(∅) such that any
non-locally modular minimal type is non-orthogonal to t.

This condition is a common assumption in geometric stability theory and is satisfied by
many theories of interest. In particular, DCF0 satisfies Condition 6.1.10 with the generic
type of the constants over ∅ as the unique non-locally modular type. Working under this
assumption, there is a domination decomposition for p ∈ S(A) over the base parameters.

Proposition 6.1.11. Suppose T satisfies Condition 6.1.10. Let p ∈ S(A) be stationary,
non-algebraic and finite U -rank. Then there are r1, ..., rn ∈ S(A) pairwise orthogonal
minimal types such that p is domination equivalent to r

(k1)
1 ⊗· · ·⊗r

(kn)
n for some k1, ..., kn >

0.

Proof. By Fact 6.1.5, there exists an ℵ1-saturated model M ⊃ A, minimal types t1, ..., tn ∈
S(M) and positive integers k1, ..., kn such that p □ t

(k1)
1 ⊗ · · · ⊗ t

(kn)
n . Fix i = 1, ..., n. If ti is

non-locally modular, then by Assumption 6.1.10, ti ̸⊥ t ∈ S(∅). Hence, ti ̸⊥ t|A. By Fact
6.1.4, ti □ t|A. Set ri := t|A

Now suppose that ti is locally modular. Since ti is minimal, ti satisfies exchange. By
Lemma 6.1.9, ti ̸⊥ ri with a locally modular minimal type ri ∈ S(A). Since ti and ri are
minimal types, ti □ ri.
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In either case, we have that ti □ ri. By applying Fact 6.1.3 ki-times, we obtain t
(ki)
i □ r

(ki)
i .

Again by repeated applications of Fact 6.1.3, p □ r
(k1)
1 ⊗ · · · ⊗ r

(kn)
n for r1, ..., rn ∈ S(A)

minimal.

6.2 Indecomposable fibrations

A natural way that semiminimal fibrations arise is by factoring any given fibration of finite
U -rank types until it cannot be factored further. The central notion here is the following
slight weakening of the property of exchange for stationary types defined in Definition
5.1.3.

Definition 6.2.1. A stationary type p = tp(a/A) admits no proper fibrations if whenever
b ∈ dcl(Aa) \ acl(A), then a ∈ acl(Ab).

This definition looks stronger than there being no fibrations from p to a non-algebraic
type q with U(q) < U(p) since it is about all definable functions from p and to a type
over A. However, [41, Remark 4.3] show that p admits no proper fibrations if and only if
whenever f : p → q is a fibration over A either q is algebraic or f is finite-to-one. In fact,
since p is stationary it admits no proper fibrations if and only if whenever f : p → q is a
fibration over A either q is definable or f is bijective.

Recall that a minimal type p = tp(a/A) satisfies exchange. Hence, for every b ∈
dcl(Aa) ⊆ acl(Aa) if b ̸∈ acl(A), then a ∈ acl(Ab). So every minimal type admits no proper
fibrations. Not every type which admits no proper fibrations is minimal, see Example 2.2
in [58]. However, every type that has no proper fibrations is related to a minimal type.

Fact 6.2.2. [58, Proposition 2.3] Suppose p ∈ S(A) is a stationary non-algebraic type of
finite U-rank that admits no proper fibrations. Then p is semiminimal. In fact, either

1. p is almost internal to some non locally modular minimal type, or

2. p is interalgebraic over A with r(ℓ) for some locally modular minimal type r ∈ S(A)
and ℓ ≥ 1.

Remark 6.2.3. If p ∈ S(A) is a stationary non-algebraic type of finite U-rank that satisfies
exchange then p admits no proper fibrations. Hence, by Fact 6.2.2, p is either almost
internal to some non locally modular minimal type or p is interalgebraic over A with r(ℓ)
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for some minimal type r ∈ S(A). In the later case, we have that a |= p and c1, ..., cℓ |= r(ℓ)

such that acl(Aa) = acl(Ac1, ..., cℓ). In particular, c1 ∈ acl(Aa) \ acl(A). Since p satisfies
exchange, a ∈ acl(Ac1). Thus, c2, ..., cℓ ∈ acl(Ac1), and by minimality of r, c1 ̸ |⌣

A

c2, ..., cℓ

if ℓ > 1. So ℓ = 1 and p is interalgebraic with the minimal type r. Since p is stationary, p
is minimal. Thus either p is almost internal to a non locally modular minimal type or p is
itself a minimal type.

We can talk about semiminimal fibrations whose fibers admit no proper fibrations.

Definition 6.2.4. A fibration f : p → q of stationary types p, q ∈ S(A) is indecomposable
if for any stationary type r ∈ S(A), and fibrations g : p → r and h : r → q over A with
f = h ◦ g, then either g : p → r or h : r → q is finite-to-one.

Lemma 6.2.5. Let f : p → q be a fibration of stationary types p, q ∈ S(A). Then f : p → q
is indecomposable if and only if some (equivalently any) fiber of f : p → q admits no proper
fibrations.

Proof. Suppose for some a |= p, the stationary fiber tp(a/Af(a)) admits a proper fibration.
We will show that f : p → q is not indecomposable. Let g : tp(a/Af(a)) → tp(g(a)/Af(a))
be a fibration that is not finite-to-one. In particular, the fiber tp(a/Af(a)) is non-algebraic.
Let s = tp(f(a), g(a)/A). Then (f, g) : p → s has fibers of the form tp(a′/Af(a′)g(a′)),
which are A-conjugates of the stationary fiber tp(a/Af(a)g(a)) of g. Thus (f, g) : p → s is
a fibration. Let π : s → q be the projection function given by f(a)g(a) 7→ f(a). The fibers
of π : s → q are of the form tp(g(a′)/Af(a′)) which are stationary as they are images of
the stationary fibers of f . Hence, π : s → q is a fibration. Now for any a′ |= p, we have
that π((f, g)(a′)) = π(f(a′), g(a′)) = f(a′). Hence, π ◦ (f, g) = f .

Since g : tp(a/Af(a)) → tp(g(a)/Af(a)) is not finite-to-one, a ̸∈ acl(Af(a)g(a)) show-
ing that (f, g) : p → s is not finite-to-one. Since tp(g(a)/Af(a)) is non-algebraic, the
projection map π : s → q is not finite-to-one. Thus f : p → q is not indecomposable.

For the reverse direction, fix a |= p such that the fiber tp(a/Af(a)) admits no proper
fibrations. Let s ∈ S(A) be stationary, and g : p → s and h : s → q be fibrations
such that f = h ◦ g. Since g(a) ∈ dcl(Aa) and tp(a/Af(a)) admits no proper fibrations,
either g(a) ∈ acl(Af(a)) = acl(Ah(g(a))), in which case h : s → q is finite-to-one, or
a ∈ acl(Af(a)g(a)) = acl(Ag(a)), in which case g : p → s is finite-to-one. Thus, f : p → q
is indecomposable.

Corollary 6.2.6. An indecomposable fibration f : p → q of stationary finite U-rank types
with U(p) > U(q) is a semiminimal fibration.
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Proof. Let f : p → q be an indecomposable fibration of stationary finite U -rank types. By
Lemma 6.2.5, some (equivalently any) fiber of f : p → q admits no proper fibrations. Since
U(p) > U(q), the fibers of f : p → q are all non-algebraic. Since p is finite U -rank, the
fibers are also all finite U -rank. By Fact 6.2.2, every fiber is semiminimal. By definition
f : p → q is a semiminimal fibration.

6.3 A domination decomposition of semiminimal fibra-
tions

Domination behaves well with definable maps. For example, if p, q ∈ S(A) are stationary
types and f : p → q is a definable map, then for any a |= p, since f(a) ∈ dcl(Aa) we have
that a dominates f(a) over A witnessing p dominates q. We now prove Theorem 6.

Theorem 6.3.1. Let f : p → q be a semiminimal fibration of stationary finite rank types
p, q ∈ S(A). Let r be a minimal type such that some fiber of f : p → q is almost r-internal.
Then p is domination equivalent to r(m) ⊗ q for some 0 ≤ m ≤ U(p)− U(q).

Moreover, if r ∈ S(A) then the following are equivalent:

1. p is domination equivalent to r(n) ⊗ q where n = U(p)− U(q)

2. f : p → q is uniformly almost r-internal, meaning there are a |= p and C ⊇ A with
a |⌣

A

C and c1, ..., cm |= r such that a ∈ acl(Cf(a), c1, ..., cm).

Proof. Fix a |= p and some minimal type r ∈ S(B) such that tp(a/Af(a)) is almost r-
internal. First we show that p □ r(k)⊗q for some 0 ≤ k ≤ U(a/Af(a)). Let M ⊃ A∪f(a)∪B
be an ℵ1-saturated model. Since f : p → q is a definable map, p ⊵ q. If p □ q, then setting
k = 0 we have that p □ r(k) ⊗ q. So we may assume that q ̸⊵ p.

Fix b |= p|M . We will inductively construct (c1, ..., cl) |= r(l)|Mf(b) such that c1, ..., cl ∈
acl(Mb). In particular, we show that given such c1, ..., cl, if r(l) ⊗ q ̸⊵ p, there exists
cl+1 |= r|Mf(b)c1,...,cl and cl+1 ∈ acl(Mb).

For l = 1, if q ̸⊵ p, by Lemma 6.1.7, there exists a minimal type tp(e/M) such that
e |⌣

M

f(b) and e ̸ |⌣
M

b. Thus tp(e/M) ̸⊥ tp(b/Mf(b)). Since tp(e/M) ̸⊥ tp(b/M) = p|M .

As tp(e/M) is minimal, by Fact 2.2.11 tp(b/Af(b)), tp(b/Af(b)) ̸⊥ p ∈ S(A). By Lemma
2.2.32, all fibers of f are almost internal the single minimal type r. Hence, the extension
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tp(b/Mf(b)) is almost r-internal and non-algebraic since b |⌣
Af(b)

M. Note, this type is non-

algebraic since f : p → q has non-algebraic fibers. By Lemma 2.2.31, tp(e/M) ̸⊥ r. Since
M is ℵ1-saturated, tp(e/M) ̸⊥w r|M as orthogonality is equivalent to weak-orthogonality
over an ℵ1-saturated model (see for example [63, Lemma 1.4.3.1]). Hence, by minimality
of tp(e/M) and r|M , there exists c1 |= r|M such that acl(Me) = acl(Mc1). Thus c1 |⌣

M

f(b)

and c1 ̸ |⌣
M

b. Hence, (c1, f(b)) |= (r ⊗ q)|M and c1, f(b) ∈ acl(Mb). Thus, b ⊵M f(b)c1

witnessing that p ⊵ r ⊗ q.

If r ⊗ q ⊵ p, we set k = 1 and then p □ r ⊗ q. Otherwise, suppose we have constructed
(c1, ...., cl) |= r(l)|Mf(b) such that c1, ..., clf(b) ∈ acl(Mb) and r(l) ⊗ q ̸⊵ p. Then, by Lemma
6.1.7, there is a minimal type tp(e/M) such that e |⌣

M

f(b)c1, ..., cl and e ̸ |⌣
M

b. Hence,

tp(e/M) ̸⊥ tp(b/Mf(b)). By the same argument as above, there is some cl+1 |= r|Mf(b) such
that acl(Mcl+1) = acl(Me). Hence, cl+1 |⌣

M

f(b)c1, ..., cl and cl+1 ̸ |⌣
M

b. By minimality of r,

cl+1 ∈ acl(Mb). We have shown that c1, ..., cl+1 |= r(l+1)|Mf(b) and c1, ..., cl+1f(b) ∈ acl(Mb).

Since b ̸ |⌣
M

cl+1 and p ⊵ r(l)⊗q we have that bc1, ..., clf(b) ̸ |⌣
M

cl+1. As c1, ..., clf(b) |⌣
M

cl+1,

we have that b ̸ |⌣
c1,...,clf(b)M

cl+1. Hence, U(b/Mc1, ..., cl+1f(b)) < U(b/Mc1, ..., clf(b)) <

· · · < U(b/Mf(b)) = U(b/Af(b)). This process must stop in less than or equal to
U(a/Af(a))-many steps. Hence, for some 0 ≤ k ≤ U(a/Af(a)), we have that p □ r(k) ⊗ q.

For the moreover statement, suppose that p □ r(n)⊗q where n = U(p)−U(q). Then there
exists C ⊇ A, a |= p|C and c1, ..., cn, f(a) |= (r(n) ⊗ q)|C be such that a ⊵C c1, ..., cnf(a).
Since for all i = 1, ..., n, c1, ..., cnf(a) ̸ |⌣

C

ci, by domination a ̸ |⌣
C

ci. By minimality of r,

c1, ..., cn ∈ acl(Ca). We compute,

n = U(a/Af(a))

= U(a/Cf(a))

= U(c1, ..., cn/Cf(a)) + U(a/Cc1, ..., cnf(a))

= U(c1, ..., cn/C) + U(a/Cc1, ..., cnf(a))

= n+ U(a/Cc1, ..., cnf(a)).

Hence, a ∈ acl(Cc1, ..., cnf(a)). As a |= p|C , instead of simply a |⌣
Af(a)

C, by definition

f : p → q is uniformly almost r-internal.
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For the reverse direction, suppose that f : p → q is uniformly almost r-internal. We first
show that there is some C ⊇ A, a |= p|C , (c1, ..., cn, f(a)) |= (r(n)⊗q)|C such that acl(Ca) =
acl(Cc1, ..., cm, f(a)). By uniform almost r-internality, there exists C ⊇ A ∪ B, a |= p|C
and c1, ..., cm |= r such that a ∈ acl(Cf(a)c1, ..., cm). Choose m to be minimal among all C
and M . By Lemma 2.2.26, we may assume that (c1, ..., cm) |= r(m)|C . If f(a) ̸ |⌣

C

c1, ..., cm,

then by minimality of r, for some i = 1, ...,m we have that ci ∈ acl(Cf(a)c1, ..., ci−1),
contradicting minimality of m. Thus, by stationarity, (c1, ..., cm, f(a)) |= (r(m) ⊗ q)|C .

Suppose that there is some i = 1, ...,m such that ci ̸∈ acl(Ca) and derive a contradic-
tion. Then by minimality of r, ci |⌣

A

aC. Since a |⌣
A

C, c1a |⌣
A

C. Since ci ̸∈ acl(C), by

minimality of r, ci |⌣
C

a. Thus, by transitivity of non-forking, a |⌣
A

Cci. Taking D := Cci,

we have that a ∈ acl(Dc1, ..., ci−1, ci+1, ..., cm) contradicting minimality of m.

Thus c1, ..., cm, f(a) ∈ acl(Ca). Hence, acl(Ca) = acl(Cc1, ..., cm, f(a)). By interalge-
braicity we have that

n = U(a/Af(a))

= U(a/Cf(a))

= U(c1, ..., cm/Cf(a))

= m.

Hence, acl(Ca) = acl(Cc1, ..., cn, f(b)).

Thus, for every set d, a |⌣
C

d ⇐⇒ c1, ..., cn, f(a) |⌣
C

d. By definition, a □ Cc1, ..., cnf(a),

witnessing that p □ r(n) ⊗ q.

It is not always the case that the power of r appearing in the domination decomposition
p □ r(m) ⊗ q is 0 or U(p)− U(q).

Proposition 6.3.2. Let T = DCF0 and r ∈ S(∅) be the generic type of the field of
constants. For every 0 < m < n, there is a fibration f : p → q whose fibers have U-rank n
and are almost r-internal such p is domination equivalent to r(m) ⊗ q.

Proof. Fix 0 < m < n. Let F be an algebraically closed field of constants. Let s be the
generic type over F of the differential equation δ( δ(x)

x
) = 0 from Example 2.2.35. Recall this

type is 2-step analyzable in the constants, but not almost C-internal. Then δlogGm
: s → r

is a fibration where δlogGm
(x) = δ(x)

x
. This fibration has minimal almost r-internal fibers.
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Since U(s) − U(r) = 1 and the fibers of δlogGm
: s → r are almost r-internal, s □ r ⊗ r or

p □ r by Theorem 6.3.1. If s □ r(2), then since U(s) = 2, by Proposition 6.1.8, s is almost
r-internal, a contradiction. Thus s □ r.

Let p = s(n−m) ⊗ r(m) and let f : p → r(n−m) be the definable function de-
fined by by (x1, ..., xn−m, y1, ..., ym) 7→ (δlogGm

(x1), ..., δlogGm
(xn−m)). Since U(s) = 2,

U(p) = 2n − m, hence the fibers of f : p → r(n−m), which are of the form
tp(a1, ..., am−n, b1, ..., bm/FδlogGm

(a1), ...., δlogGm
(an−m)), are almost r-internal with U -

rank n. This type is stationary since a1, ..., am−n, b1, ..., bm is F -independent, and
tp(ai/FδlogGm

(ai)) and tp(bj/F ) are stationary for all i = 1, ..., n − m and j = 1, ...,m.
Hence, f : p → r(n−m) is a fibration. Let q = r(m).

Then since s □ r, by repeated applications of Fact 6.1.3, p □ s(n−m) ⊗ r(m) □ r(n−m) ⊗ q
and n−m > 0.

In the case of indecomposable fibrations we can show that m will always take on the
extreme values of 0 or U(p)− U(q).

Proposition 6.3.3. Let f : p → q be an indecomposable fibration of stationary finite rank
types p, q ∈ S(A). Then either

1. p is domination equivalent to q, or

2. there is some fixed minimal type r ∈ S(B), such that all fibers of f : p → q are almost
r-internal and p is domination equivalent to r(n) ⊗ q where n = U(p)− U(q).

Moreover, if T satisfies Condition 6.1.10, then in (2) one can choose r ∈ S(A).

Proof. Fix a |= p. Since f : p → q is indecomposable, by Lemma 6.2.5, the fiber
tp(a/Af(a)) admits no proper fibrations. By Fact 6.2.2, there is some minimal type
r ∈ S(B) such that tp(a/Af(a)) is almost r-internal.

Suppose that p is not domination equivalent to q. By Lemma 6.3.1, p □ r(k)⊗q for some
0 < k ≤ U(p)− U(q). By Lemma 6.1.6, r ̸⊥ p. Since tp(a/Af(a)) is almost r-internal and
non-algebraic, tp(a/Af(a)) ̸⊥ r by Corollary 2.2.27. By Lemma 2.2.31, tp(a/Af(a)) ̸⊥ p ∈
S(A). Hence, by Lemma 2.2.32, the fibers are all almost r-internal. In particular, q ̸⊵ p
and r appears with a higher Morley power in the domination decomposition for p than for
q. Then, by the proof of Lemma 6.1.7, there is some ℵ1-saturated model M ⊃ A, such that
for all a |= p|M there is e |= r|M such that a |⌣

M

e and f(a) ̸ |⌣
M

e. Fix such an a,M, and e.

We will produce a d′ such that tp(d′/A) is almost r-internal and d′ ∈ dcl(Aa) \ acl(Af(a)).
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By no proper fibrations, this will give that a ∈ acl(Af(a)d′). Since tp(d′/A) is almost r-
internal, we will be able to choose the parameters witnessing that the fiber tp(a/Af(a)) is
almost r-internal.

Let d be a finite sub-tuple of Cb(stp(eM/Aa)) with maximal possible U -rank over A.
Then d ∈ acl(Aa). By Fact 2.2.3, d ∈ dcl(e1M1, ..., enMn) for some finite Morley sequence
in stp(eM/Aa). We induct on n to show that a |⌣

A

M1, ...,Mn.

When n = 1, a |⌣
A

M1 since stp(M1/Aa) = stp(M/Aa) and a |⌣
A

M .

Suppose we have shown that a |⌣
A

M1, ...,Mk. Suppose that a ̸ |⌣
A

M1, ...,Mk+1. By in-

ductive hypothesis, a |⌣
A

M1, ...,Mk, hence a ̸ |⌣
AM1,...,Mk+1

Mk+1. Thus aM1, ...,Mk ̸ |⌣
A

Mk+1.

Since stp(Mk+1/Aa) = stp(M/Aa), a |⌣
A

Mk+1. Thus M1, ...,Mk ̸ |⌣
Aa

Mk+1, contradict-

ing that M1, ...,Mk+1 is Aa-independent. Hence, a |⌣
A

M1, ...,Mn. Since d ∈ acl(Aa),

d |⌣
A

M1, ...,Mn.

Since tp(ei/A) = tp(e/A) for all i = 1, ..., n, ei is an A-conjugate of e. Hence, ei
is a realization of R, the family of all A-conjugates of r. We have shown that d ∈
acl(M1, ...,Mn, e1, ..., en) with d |⌣

A

M1, ...,Mn and e1, ..., en |= R. Hence, tp(d/A) is almost

R-internal. By Fact 2.2.25, tp(d/A) is almost r-internal.

Let d′ be the canonical parameter for {d1, ..., dk} the finite set of Aa-conjugates of
d. Then d′ ∈ dcl(Aa). Since d1, ..., dk are Aa-conjugates of d, tp(di/A) is almost R-
internal, and hence almost r-internal by Fact 2.2.25. Thus, by Fact 7.5.4, tp(d1, ..., dk/A)
is almost r-internal. Finally, by definition, d′ ∈ acl(d1, ..., dn), and hence, tp(d′/A) is
almost r-internal by Lemma 2.2.23 and Fact 2.2.25. Since d ∈ acl(d′A), to conclude that
d′ ̸∈ acl(Af(a)), it suffices to show that d ̸∈ acl(Af(a)). Suppose for sake of contradiction
that d ∈ acl(Af(a)). Since Cb(stp(eM/Aa)) ⊆ acl(Ad), by Fact 2.2.2, eM |⌣

Af(a)

a =⇒

e |⌣
Mf(a)

a. Since e |⌣
M

f(a), we get that e |⌣
M

a, a contradiction. Thus d′ ̸∈ acl(Af(a)). So

we have that d′ ∈ dcl(Aa) \ acl(Af(a)). Since stp(a/Af(a)) admits no proper fibrations,
a ∈ acl(Ad′f(a)).

As tp(d′/A) is almost r-internal, there exists D ⊇ A∪B with d′ |⌣
A

D and c1, ..., ck |= r

such that d′ ∈ acl(Dc1, ..., ck). Choose D′ |= tp(D/Ad′) such that D′ |⌣
Ad′

a. In particular,

100



since d′ |⌣
A

D′, we have that a |⌣
A

D′. Let σ ∈ AutAd′(U) such that σ(D) = D′. For

all i = 1, ..., k, let c′i = σ(ci). Then d′ ∈ acl(D′c′1, ..., c
′
n). Thus a ∈ acl(Ad′f(a)) ⊆

acl(D′c′1, ..., c
′
kf(a)) and a |⌣

A

D′. Thus, by definition, f : p → f(p) is uniformly almost

r-internal. Thus, by Theorem 6.3.1, p □ r(n) ⊗ q.

The moreover claim is Proposition 6.1.11.

When the fibers of a fibration are almost internal to a trivial type, we obtain a stronger
decomposition than domination, provided there is some relation between orthogonal fibers.
A key result is that internality to a minimal trivial type does not require additional pa-
rameters. The following is well-known, see for example [18, Lemma 2.9].

Fact 6.3.4. Let B ⊇ A, p ∈ S(B) be stationary and r ∈ S(A) be trivial and minimal.
If p is almost r-internal, then p is r|B-algebraic meaning that for any a |= p, there are
c1, ..., cn |= r|B such that a ∈ acl(Ac1, ..., cm).

Lemma 6.3.5. Let f : p → q be a fibration of stationary finite U -rank types p, q ∈ S(A)
such that all the fibers of f : p → q are almost internal to a fixed minimal and trivial type
r ∈ S(A).

Then for any a |= p, there are c1, ..., cn |= r(n) such that acl(Aa) = acl(Af(a), c1, ..., cn)
and f(a) |⌣

A

c1, ..., cn.

Proof. Fix some a |= p. If U(p) = U(q), trivially acl(Aa) = acl(Af(a)). So we may assume
the fibers of f : p → q are non-algebraic. Since r ∈ S(A) is trivial and tp(a/Af(a)) is
almost r-internal, by Fact 6.3.4, a ∈ acl(Af(a)c1, ..., cm) for some c1, ..., cm |= r. Choose
m to be minimal, then c1, ..., cm |⌣

A

f(a). If not, then for some i < m, ci+1 ̸ |⌣
Ac1,...,ci

f(a).

By minimality of r, ci+1 ∈ acl(Af(a)c1, ..., ci). Thus a ∈ acl(Af(a)c1, ..., ci−1, ci+1, ..., cm)
contradicting minimality of m. Note that m > 0 since a ̸∈ acl(Af(a)). Suppose for some
i = 1, ...,m that ci ̸∈ acl(Aa). By re-ordering we may assume that there is an ℓ = 1, ...,m
such that each c1, ..., cl is not algebraic over aA and each ci+1, ..., cm is algebraic over aA.
Let c = (c1, ..., cl) and set d = Cb(stp(c)/Aa). By Fact 2.2.3, d ∈ dcl(c0, ..., ck) for some
infinite Morley sequence c = c0, ..., ck, .... in stp(c/Aa). Since stp(c/Aa) = stp(ck+1/Aa),
by Fact 2.2.2, ck+1 |⌣

c1,...,ck

aA. If ck+1 |⌣
A

c1, ..., ck, ck+1 |⌣
A

a. Since cl+1, ..., cm ∈ acl(Aa),

a |⌣
Acl+1,...,cm

ck+1. Since a ∈ acl(Af(a)ck+1cl+1...cm), hence a ∈ acl(Af(a)cl+1...cm), contra-

dicting minimality of m or that a ̸∈ acl(Af(a)) if l = m. Thus ck+1 ̸ |⌣
A

c1, ..., ck.
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Let j ≥ 0 be minimal such that cj+1 ̸ |⌣
A

c1, ..., cj. Hence, there is some minimal s such

that cj,s ̸ |⌣
Acj,0,...,cj,s−1

c1, ..., cj. Thus cj,0, ..., cj,s−1 |⌣
A

c1, ..., cj. By minimality and triviality of

r, there is some i = 1, ..., j and t (with t < s if i = j) such that acl(Ack,s) = acl(Aci,t). By
A-indiscernibility of the sequence of cis, acl(Ack,s) = acl(Ac0,t). Again by A-indiscernibility,
for all i, the sth coordinates ci,s and c0,s are interalgebraic over A. Since c is a Morley
sequence over Aa, we obtain that cs = c0,s ∈ acl(Aa), a contradiction.

Theorem 6.3.6. Let f : p → q be a fibration of stationary finite U-rank types p, q ∈ S(A)
such that each fiber is almost internal to some trivial minimal type. Then exactly one of
the following is true:

1. fibers over independent realizations of q are orthogonal, or

2. there is a trivial minimal type t ∈ S(A) such that p is interalgebraic with t(n) ⊗ q
where n = U(p)− U(q).

Proof. Fix (b1, b2) |= q(2). Let a1 |= p be such that f(a1) = b1 and a1 |⌣
Af(b1)

b2. Since

b1 |⌣
A

b2, a1 |⌣
A

b2. Let a2 |= p be such that f(a1) = b2 and a2 |⌣
Ab2

a1. Since a1 |⌣
A

b2,

a2 |⌣
A

a1.

Suppose that tp(a1/Ab1) ̸⊥ tp(a2/Ab2). By assumption, stp(a1/Ab1) is non-algebraic
and almost internal to a trivial minimal type s1 ∈ S(B1), hence by Lemma 2.2.31,
stp(a2/Ab2) ̸⊥ s1. By Lemma 6.1.9, there is a minimal type r1 ∈ S(Ab1) such that
stp(a2/Ab2) ̸⊥ r1 and r1 ̸⊥ s1. Note that triviality on minimal types is preserved by
non-orthogonality ([2, Chapter XVII, Theorem 2.6]), hence r1 ∈ S(Ab1) is also trivial.

Also by assumption, stp(a2/Ab2) is non-algebraic and almost internal to a trivial min-
imal type s2 ∈ S(B2). By Lemma 2.2.31, r1 ̸⊥ s2. By the same argument above, there is
a trivial minimal r2 ∈ S(Ab2) such that r1 ̸⊥ r2.

Since tp(a1/Ab1)|b2 is stationary, non-algebraic and almost internal to the trivial min-
imal type r1, by Fact 6.3.4, tp(a1/Ab1) is r1|b2-algebraic. Similarly, tp(a2/Ab2) is r2|b1-
algebraic. Since r1 and r2 are trivial, by Fact 2.2.10, r1|b2 ̸⊥w r2|b1 . Hence, tp(a1/Ab1) being
r1|b2-algebraic and tp(a2/Ab2) being r2|b1-algebraic gives that tp(a1/Ab1)|b2 ̸⊥w tp(a2/Ab2)|b1 .

Therefore, there exists c2 |= tp(a2/Ab2)|b1 such that a1 ̸ |⌣
Ab1b2

c2. Since b2 = f(c2), we

have that a1 ̸ |⌣
Ab1

c2. As c2 |⌣
Ab2

b1 and b1 |⌣
A

b2, c2 |⌣
A

b1, we have that c2 |= p|Ab1 and
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a2 |= tp(a1/Ab1) and c2 ̸ |⌣
Ab1

a2. This witnesses that p ̸⊥ tp(a1/Ab1). Since tp(a1/Ab1) is

almost r1-internal and non-algebraic, p ̸⊥ r1 by Lemma 2.2.31. Since p is non-algebraic
and r1 is trivial, by Lemma 6.1.9 there is a minimal type t ∈ S(A) such that p ̸⊥ t and
r1 ̸⊥ t. Again by [2, Chapter XVII, Theorem 2.6], t is trivial. Since tp(a1/Ab1) is almost
r1-internal and r1 ̸⊥ t, by Remark 2.2.31, tp(a1/Ab1) is almost t-internal. Since t ∈ S(A),
for any other d |= p, tp(d/Af(d)) is an A-conjugate of tp(a1/Ab1) = tp(a1/Af(a1)). Thus
tp(d/Af(d)) is almost t-internal. Since t ∈ S(A) is minimal and trivial and every fiber of
f : p → q is almost t-internal, by Lemma 6.3.5, acl(Aa1f(a1)) = acl(Af(a1)c1, ..., cn) with
n = U(a1/Af(a1)).
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Chapter 7

Semiminimal analyses

In this final chapter, we continue to work in a sufficiently saturated model U of a totally
transcendental theory eliminating imaginaries.

Minimal types are well-understood in many theories. For example, in DCF0, the Zilber
the dichotomy gives a complete characterization. In this chapter, we study fine structural
issues around how finite rank types are built up from minimal types. That is, we study
semiminimal analyses. Recall that a type is semiminimal if it is non-algebraic and almost
internal to a minimal type, and a fibration is semiminimal if its fibers are semiminimal.

Definition 7.0.1. Let p ∈ S(A) be stationary. A semiminimal analysis for p is a sequence
of stationary types p0, ..., pn ∈ S(A) and fibrations f = (fi : pi → pi−1)i=1,...,n such that

1. p0 is algebraic,

2. pn is interalgebraic with p, and

3. for every i = 1, ..., n, the fi : pi → pi−1 is a semiminimal fibration.

There are several points of tension between this definition and the definition of an
analysis of a type (in a family of types) given in Definition 2.2.34. First, Definition 2.2.34 is
given on the level of realizations and so any such analysis is a sequence of tuples, whereas in
Definition 7.0.1 any semiminimal analysis is a sequence of types (connected by fibrations).
Secondly, one may be tempted to think of Definition 7.0.1 as the instance of Definition
2.2.34 where one consider an analysis in the family of all minimal types — but this is
not the case as the assumption is that each fiber of each fibration is almost internal to a
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single minimal type, not to the family of all minimal types. In any case, it is the notion of
semiminimal analysis given here that will concern us in this chapter

Every non-algebraic finite U -rank type admits a semiminimal analysis. Such analyses
are certainly not unique, even up to a natural notion of equivalence that we discuss in
Section 7.2 below. The goal of this chapter is to prove that the minimal types arising in
a semiminimal analysis, and the multiplicity with which they arise, are invariants of the
type, not depending on the particular semiminimal analysis. What we aim to prove is the
following:

Theorem 7. Let p be a stationary type of finite U-rank and f = (fi : pi → pi−1)i=1,...,n be
a semiminimal analysis of p. For any minimal type r, let

Ir := {1 ≤ i ≤ n | some fiber of fi : pi → pi−1 is almost r-internal}

and let mr :=
∑
i∈Ir

U(pi)− U(pi−1).

Then mr is an invariant of p and r, independent of the semiminimal analysis f .

We call mr, provisionally, the multiplicity of r in f .

Note that the parameter set for p and r need not be the same. However, if p is over A
and r′ is an A-conjugate of r, then Ir = Ir′ and hence the multiplicity of r in f will be the
same as that of r′. This can be seen by an automorphism argument.

We will give an intrinsic characterization of this multiplicity in Theorem 7.4.2 below
and connect it to the concept of r-weight in Section 7.5. This chapter is solo work of the
author of the thesis, with the exception of Theorem 7.1.4, Example 7.1.5 and Theorem
7.3.10 which are joint with Léo Jimenez and appear in [18].

7.1 Preliminaries on semiminimal analyses

We first show that every semiminimal analysis induces an analysis in the sense of Definition
2.2.34.

Definition 7.1.1. Let p ∈ S(A) be a stationary finite U -rank type. Given

f = (fi : pi → pi−1)i=1,...,n

a semiminimal analysis of p, by a realization of f we mean a sequence (an, ..., a0) realizing
(pn, ..., p0) and such that ai−1 = fi(ai) for all i = 1, ..., n.
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If we let R denote the set of all minimal types, then it should be clear that any
realization of f is an analysis of p in R, in the sense of Definition 2.2.34. In fact, realizations
of f are a special kind of R-analysis as each tp(ai/Aai−1) is not just almost R-internal,
but almost internal to a single minimal type r in R (as well as being stationary and
non-algebraic).

Every stationary finite U -rank type admits a semiminimal analysis. In fact, if p, q ∈
S(A) are stationary finite U -rank types with U(q) < U(p) and f : p → q is a fibration,
then f : p → q decomposes into a sequence of semiminimal fibrations, which can moreover,
be chosen to be indecomposable. Recall from Definition 6.2.4 that a fibration f : p → q
of stationary types is indecomposable if whenever f factors into two fibrations, one of
these fibrations must be finite-to-one. By Corollary 6.2.6, indecomposable fibrations are
semiminimal.

Lemma 7.1.2. Let f : p → q be a fibration of stationary types p, q ∈ S(A) with U(p) >
U(q). Then there is a sequence of stationary types p0, ..., pn ∈ S(A) and indecomposable
fibrations (fi : pi → pi−1)i=1,...,n such that

1. f = fn ◦ · · · ◦ f1, pn := p and p0 := q,

2. U(pi) > U(pi−1) for all i = 1, ..., n,

Moreover, if f : p → q is semiminimal witnessed by a minimal type r, then for each
i = 1, ..., n, some fiber of fi : pi → pi−1 is almost r-internal.

Proof. We induct on U(p). If U(p) = 0, then the result holds vacuously. If U(p) = 1, then
f : p → q is a definable function whose fibers are p, as q must have U -rank 0. Since p is
minimal, it admits no proper fibrations. By Lemma 6.2.5, f : p → q is an indecomposable
fibration. Set p1 := p, p0 := q and f1 := f . Then (f1 : p1 → p0) is the desired sequence of
types and indecomposable fibrations.

Suppose we have shown that for every stationary type of U -rank k, there is a sequence
of stationary types and indecomposable fibrations satisfying conditions 1) and 2) of the
conclusion of the lemma. Let U(p) = k + 1. If f : p → q is indecomposable then
(f : p → q), is a sequence of indecomposable fibrations satisfying the lemma. If f : p → q
is not indecomposable, then there exists some stationary type p′ ∈ S(A) and fibrations
f ′ : p → p′ and g : p′ → q which are not finite-to-one. Let p′ be of maximal possible
U -rank. Suppose that, for sake of contradiction, f ′ : p → p′ is not indecomposable. Then
there are fibrations h : p → q′ and h′ : q′ → p′ such that U(p) > U(q′) > U(p′). So, we have
a pair of fibrations h : p → q′ and g ◦h′ : q′ → q such that f = (g ◦h′)◦h and U(q′) > U(p′)
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(to see that g ◦h′ is a fibration, every realization of q′ is h(a) for some a |= p. So, the fibers
of g ◦h′ are tp(h(a)/g(h′(h(a))) = tp(h(a)/g(f ′(a))) = tp(h(a)/f(a)) which is the image of
the stationary fiber tp(a/f(a))). This contradicts maximality of U(p′). Hence, f ′ : p → p′

is indecomposable.

Since U(p) > U(p′) > U(q), we can apply the inductive hypothesis to g : p′ → q and ob-
tain a sequence of stationary types and indecomposable fibrations (fi : pi → pi−1)i=1,...,n−1

such that g = fn−1 ◦ · · · ◦ f1, pn−1 := p′, p0 := q and U(pi) > U(pi−1) for all i = 1, ..., n− 1.
Set pn := p and fn : pn → pn−1to be f ′ : p → p′. Then f = fn ◦ g = fn ◦ · · · ◦ f1 and
U(pi) > U(pi−1) for all i = 1, ..., n. Hence, f = (fi : pi → pi−1)i=1,...,n is a sequence of
stationary types and indecomposable fibrations satisfying the conclusion of the lemma.

For the moreover statement, fix a |= p and suppose that tp(a/Af(a)) is almost internal
to some minimal type r. Set an := a and let (an, ..., a0) be a realization of f . Fix i =
0, ..., n − 1. Since U(pi) > U(pi−1), the fiber tp(ai/Aai−1) is non-algebraic and almost
internal to a minimal type si. By Corollary 2.2.27, tp(ai/Aai−1) ̸⊥ si. Since f(a) =
a0 ∈ dcl(Aai−1), the extension tp(a/Aai−1) is almost r-internal, by Lemma 2.2.23 and Fact
2.2.25. Since ai ∈ dcl(Aa), by Lemma 2.2.23 and Fact 2.2.25, tp(ai/Aai−1) is almost r-
internal. By construction of the fi, tp(ai/Aai−1) is non-algebraic. Thus, by Lemma 2.2.31,
r ̸⊥ s. By Lemma 2.2.31, tp(ai/Aai−1) is almost r-internal.

Corollary 7.1.3. Suppose that p ∈ S(A) is stationary, non-algebraic and finite U -rank.
Then there exists a semiminimal analysis f = (fi : pi → pi−1)i=1,...,n with each fi : pi → pi−1

indecomposable.

In particular, every stationary, non-algebraic finite U-rank type admits a semiminimal
analysis.

Proof. Let f : p → q be a fibration where q is algebraic, and so U(p) > U(q). By
Lemma 7.1.2, there is a sequence of indecomposable maps f = (fi : pi → pi−1)i=1,...,n such
that pm = p, p0 = q and U(pi) > U(pi−1) for all i = 1, ...,m. By Corollary 6.2.6, fi is
semiminimal, and so f is a semiminimal analysis for p.

It is natural to compare semiminimal analyses to domination decompositions. Indeed,
this was essentially the (unspoken) concern of the previous chapter. As a consequence of
iterating Theorem 6.3.1, we obtain the following result:

Theorem 7.1.4. Let p ∈ S(A) be stationary and non-algebraic with a semiminimal anal-
ysis f = (fi : pi → pi−1)i=1,...,n. For every i = 1, ..., n, fix some minimal type ri such that a
fiber of fi : pi → pi−1 is almost ri-internal. Then p is domination equivalent to the Morley
product r(m1)

1 ⊗ · · · ⊗ r
(mn)
n for some 0 ≤ mi ≤ ni where ni = U(pi)− U(pi−1).
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Proof. We induct on n, the length of the semiminimal analysis.

If n = 1, f : p1 → p0 is a semiminimal analysis. In particular, p1 is almost internal to
a minimal type r1. Since p1 is interalgebraic with p, by Lemma 2.2.23 and Fact 2.2.25, p
is almost r1-internal. Hence, by Lemma 6.1.8, p □ r

(U(p))
1 where U(p) = U(p1)− U(p0).

Suppose the result holds for all semiminimal analyses of length n − 1. In particular,
by the inductive hypothesis we have that pn−1 □ r

(mn−1)
n−1 ⊗ · · · ⊗ r

(m1)
1 where 0 ≤ mi ≤

U(pi) − U(pi−1) for all i = 1, ..., n − 1. Let rn be a minimal type such that some fiber of
fn : pn → pn−1 almost rn-internal. By Lemma 6.3.1, pn □ r

(mn)
n ⊗ pn−1 for some 0 ≤ mn ≤

U(pn)− U(pn−1). Since pn is interalgebraic with p over A, p □ r
(mn)
n ⊗ pn−1. By Fact 6.1.3

p □ r
(mn)
n ⊗ r

(mn−1)
n−1 ⊗ · · · ⊗ r

(m1)
1 where 0 ≤ mi ≤ U(pi)− U(pi−1) for all i = 1, ..., n.

Notice that some of the mi can be zero, so not every minimal type appearing in a
semiminimal analysis need appear in the domination decomposition. Even if the minimal
types appearing in a semiminimal analysis and a domination decomposition do agree,
they may appear with different multiplicities. Here is an example how Theorem 7.1.4 can
sometimes be used to compute domination decompositions.

Example 7.1.5. Let p ∈ S(A) be a stationary type of U -rank 2. Let r ∈ S(A) be a
minimal type. If p is 2-step r-analyzable, but not almost r-internal, then p is domination
equivalent to r.

Proof. By the above theorem, either p □ r or p □ r ⊗ r = r(2). If p □ r(2), then by Lemma
6.1.8, p is almost r-internal since U(p) = 2. But, we assumed that p is not almost r-internal,
a contradiction. Thus p □ r.

7.2 Minimal types appearing in a semiminimal analysis

Our first goal is Proposition 7.2.3 below. This is a folklore result for which I could not find
a clear reference in the literature. It implies, in particular, part of our desired Theorem 7
above; namely that the positivity of the multiplicity of r in f is independent of the given
semiminimal analysis of p.

While orthogonality is a condition on all non-forking extensions of a type p ∈ S(A),
it is possible for p to be orthogonal to a type r and some forking extension of p to be
non-orthogonal to r.
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Example 7.2.1. This appears as [40, Example 5.6]. Work in DCF0. Let F be an alge-

braically closed field of constants. Let p be the generic type over F of

{
δ(x1) = x3

1(x1 − 1)

δ(x2) = x1x2.

Then p ⊥ C, but if (a, b) |= p, then tp(ab/Fa) is a non-algebraic extension of p that is
non-orthogonal to the constants.

This motivates:

Definition 7.2.2. Let p ∈ S(A) and r ∈ S(B) be stationary. We say that p is hereditarily
orthogonal to r if every stationary extension of p is orthogonal to r.

We show below that, up to non-orthogonality, the minimal types with positive multiplic-
ity in any semiminimal analysis are exactly the minimal types to which p is non-hereditarily
orthogonal. In particular, a minimal type r has positive multiplicity in a semiminimal anal-
ysis f = (fi : pi → pi−1)i=1,...,n means that for some i, some fiber of fi : pi → pi−1 is almost
r-internal.

Proposition 7.2.3. Suppose p is a stationary type of finite U -rank and r is a minimal
type. Then the following are equivalent:

1. p is not hereditarily orthogonal to r.

2. r has positive multiplicity in every semiminimal analysis of p.

3. r has positive multiplicity in some semiminimal analysis of p.

Proof. (1) =⇒ (2) Suppose that p is not hereditarily orthogonal to r. Then for some
B ⊇ A and a |= p, tp(a/B) is non-orthogonal to r. By taking non-forking extensions,
if necessary, we may assume that tp(a/B) ̸⊥w r|B and B = acl(B). Thus, tp(a/B) is a
stationary and non-algebraic (as algebraic types are orthogonal to every type).

The proof consists of three main steps:

i) First, we show that r has positive multiplicity in some semiminimal analysis g of
p′ := tp(a/B).

ii) Next, we show the given a semiminimal analysis f of p, we obtain a semiminimal
analysis of p′. In particular, if s is a minimal type of positive multiplicity in f , then s
has positive multiplicity in some semiminimal analysis of p′ (possibly different from
the semiminimal analysis obtained in i)).
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iii) Finally, we show that r has positive multiplicity in any semiminimal analysis for p′

and then conclude using ii).

Since p′ ̸⊥ r, by Fact 2.2.30 there is q ∈ S(B) and a definable function g′ : p′ → q
such that q is non-algebraic and r-internal. By Lemma 2.2.6, there is some q′ ∈ S(B),
fibration g : p′ → q′ and finite-to-one definable function π : q′ → q such that g′ = π ◦ g.
In particular, q′ is almost r-internal and non-algebraic. Since q′ is already semiminimal,
by Lemma 7.1.2, there is a sequence of types over B and definable semiminimal fibrations
g = (gi : p

′
i → p′i−1)i=1,...,m where p′1 is interalgebraic with q′ and p′0 is some algebraic type.

Thus the fibers of g1 : p′1 → p′0 are p′1, which is almost r-internal by interalgebraicity with
the almost r-internal type q′. Thus the multiplicity of r in g is greater than or equal to
U(p′1) > 0.

On the other hand, fix f = (fi : pi → pi−1)i=1,...,n some semiminimal analysis of p. Let
(an, ..., a0) be a realization of f and r1, ..., rn be minimal types such that for all i = 1, ..., n
tp(ai/Aai−1) is almost ri-internal. Let qn = tp(bn/B) and let fn : qn → tp(bn−1/B) be the
definable function given by an 7→ an−1. First suppose that tp(an/Ban−1) is non-algebraic.
By Lemma 2.2.6, there is qn−1 ∈ S(A), fibration hn : qn → qn−1 and a definable finite-to-one
function πn : qn → qn−1 such that fn = πn ◦ hn. Then stp(an/Bhn(an)) = stp(an/Ban−1),
which is almost r1-internal.

If tp(an/Ban−1) is algebraic, then let i be greatest such that tp(an/Bai) is non-algebraic.
Then, acl(Ban) = acl(Bai+1). Since tp(ai+1/Aai) is almost ri+1-internal, tp(an/Bai) is
almost ri-internal. Hence, we have the definable function fi+1 : qn → tp(ai/B) given by
an 7→ ai with non-algebraic fibers which are all almost ri+1-internal. Hence, the same
argument as above gives a stationary type qi ∈ S(B), a fibration hi+1 : qn → qi with some
fiber almost ri+1-internal, and a finite-to-one definable function πi+1 : qi → tp(ai/B).

Repeating the argument for all i = n−1, ..., 1 with fi|B : qi → tp(aj/B) where j is least
such that acl(Baj+1) = acl(Bai), we obtain a semiminimal analysis for p′, h = (hi : qi →
qi−1)i=1,...,l, where l ≤ n and for every i = 1, ...ℓ, every fiber is non-algebraic and almost
internal rj for some j = 1, ..., n. Hence, we have shown that any semiminimal analysis of p
induces a semiminimal analysis of p′. In particular, in h, if for some i = 1, ..., l, the fibers
of hi : qi → qi−1 are non-algebraic and almost s-internal, there is some j = 1, ..., n and
fj : pj → pj−1 whose fibers are non-algebraic and almost s-internal.

Now we show that for some i = 1, ..., l, the fibers of hi : qi → qi−1 are almost r-internal,
hence there is some j = 1, ..., n such that the fibers of fj : pj → pj−1 are almost r-internal
which means exactly that r has positive multiplicity in f . Fix (bl, ..., b0) a realization for
h such that acl(Ba) = acl(Bbl). Let b = g(a) |= q′. In particular, tp(b/B) is almost
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r-internal and non-algebraic. Note that

acl(B) ⊆ acl(Bb1) ⊆ · · · ⊆ acl(Bbl) = acl(Ba).

Since b ∈ acl(Ba)\acl(B), there is some 1 ≤ j ≤ l such that b ∈ acl(Bbj)\acl(Bbj−1). Since
tp(b/B) is almost r-internal, by Lemma 2.2.23 and Fact 2.2.25, stp(b/Bbj−1) is also almost
r-internal. By assumption this type is non-algebraic and almost internal to the minimal
type r, hence stp(b/Bbj−1) ̸⊥ r by Corollary 2.2.27. On the other hand, by definition of a
realization of a semiminimal analysis tp(bj/Bbj−1) is almost rj-internal. Since b ∈ acl(Bbj),
by Lemma 2.2.23 and Fact 2.2.25, stp(b/Bbj−1) is almost rj-internal. Since stp(b/Bbj−1) is
non-algebraic, non-orthogonal to r and almost internal to the minimal type rj, by Lemma
2.2.31, r ̸⊥ rj. By construction, there is some k = 1, ...n such that a fiber of fk : pk → pk−1

is (non-algebraic) and almost rj internal. By Lemma 2.2.31, the fibers of fk : pk → pk−1

are almost r-internal.

We have show that for any semiminimal analysis f of p, there is some i and some non-
algebraic fiber of fi that is almost r-internal. In particular, this show that r has positive
multiplicity in every semiminimal analysis of p showing that (1) =⇒ (2).

(2) =⇒ (3) is immediate.

(3) =⇒ (1) Suppose there is a semiminimal analysis f = (fi : pi → pi−1)i=1,...,n for p
such that for some i = 1, ..., n there is a non-algebraic fiber of fi : pi → pi−1 which is almost
r-internal. Let (an, ..., a0) be a realization of f such that tp(ai/Aai−1) is almost r-internal.
Since tp(ai/Aai−1) is non-algebraic and almost internal to the minimal type r, by Corollary
2.2.27, tp(ai/Aai−1) ̸⊥ r. Fix a |= p such that acl(Aa) = acl(Aan). Since ai ∈ acl(Aa),
stp(a/Aai) ̸⊥ r. Hence, stp(a/Aai) is an extension of p which is non-orthogonal to r, and
thus p is not hereditarily orthogonal to r.

7.3 Levels and reductions

We want to show that the multiplicity of a minimal type in a semiminimal analysis, not
just its positivity, is independent of the semiminimal analysis. We use Buechler’s theory
of levels to do so. Buechler introduced levels in [10], with the notion being further studied
in [46] and [61]. While Buechler works over the empty set, we fix a base set of parameters
A.

Definition 7.3.1. The first level of B over C is defined as

ℓ1,A(B/C) = {b ∈ acl(AB) | stp(b/AC) is algebraic or semiminimal}.
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Inductively, we define ℓk+1,A(B/C) = ℓ1,A(B/ℓk,A(B/C)) and set ℓ0,A(B/C) = acl(AC).

In our application of levels, we will typically take C = ∅, in which case we write ℓk,A(B).

Note that levels are not definably closed. For example, if b1, b2 ∈ ℓ1,A(B) \ acl(A), then
the pair (b1, b2) need not be in ℓ1,A(B). Indeed, if tp(b1/A) is r1-semiminimal, tp(b2/A) is
r2-semiminimal, and r1 is orthogonal to r2, then tp(b1, b2/A) is not semiminimal. However,
the definable closure, and indeed algebraic closure, of the kth level is contained in the
(k + 1)-st level, see [10, Remark 3.1(i)].

Levels behave well with independence and domination.

Fact 7.3.2. [10, Proposition 3.1] For sets B,C and k ≥ 1

1. ℓk,A(C) ⊵ℓk−1,A(C) C

2. B is independent from ℓk,A(C) over ℓk,A(B)

We can then define the number of levels for a type:

Definition 7.3.3. We say that a stationary type p ∈ S(A) has m levels if for some
(equivalently any) a |= p, m is the least k such that a ∈ acl(ℓk,A(a)).

We verify some basic properties:

Lemma 7.3.4. 1. ℓk,A(B/C) = ℓk,acl(A)(acl(AB)/acl(AC)) for all k ≥ 0.

2. acl(ℓk+1,A(B/C)) = acl(ℓk,ℓ1,A(B/C)(B/C)) for all k ≥ 0.

3. Let b ∈ acl(Aa). Then acl(ℓk,A(b)) = acl(ℓk,A(a)) ∩ acl(Ab) and acl(ℓk+1,A(b)) =
acl(ℓk,ℓ1,A(a)(b)).

Proof. 1. We induct on k, the number of levels. By definition,

ℓ0,A(B/C) = acl(AC) = ℓ0,acl(A)(acl(AB)/acl(AC)).

For k = 1,

ℓ1,A(B/C) = {b ∈ acl(AB) | stp(b/AC) is algebraic or semiminimal}
= {b ∈ acl(acl(A)acl(AB)) | stp(b/acl(AC)) is algebraic or semiminimal}
= ℓ1,acl(A)(acl(AB)/acl(AC)
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Suppose we have shown that ℓk,A(B/C) = ℓk,acl(A)(acl(AB)/acl(AC)) for k ≥ 0, then

ℓk+1,A(B/C) = ℓ1,A(B/ℓk,A(B/C))

= ℓ1,acl(A)(acl(AB)/acl(ℓk,acl(A)(acl(AB)/acl(AC))))

= ℓk+1,acl(A)(acl(AB)/acl(AC))

2. We induct on k, the number of levels. By definition,

ℓ0,ℓ1,A(B/C)(B/C) = acl(ℓ1,A(B/C)C) = acl(ℓ1,A(B/C)). Taking the acl on both sides,
we get that acl(ℓ0,ℓ1,A(B/C)(B/C)) = acl(ℓ1,A(B/C)).

Suppose that we have shown that acl(ℓk,A(B/C)) = acl(ℓk−1,ℓ1,A(B/C)(B/C)). Then

ℓk+1,A(B/C) = ℓ1,A(B/ℓk,A(B/C))

= ℓ1,A(B/acl(ℓk,A(B/C))) by 1.
= ℓ1,A(B/acl(ℓk−1,ℓ1,A(B/C)(B/C))) by inductive hypothesis.

By definition, ℓ1,A(B/acl(ℓk−1,ℓ1,A(B/C)(B/C))) is

{b ∈ acl(AB) | stp(b/ℓk−1,ℓ1,A(B/C)(B/C)) is algebraic or semiminimal}.

Since acl(ℓ1,A(B/C)) ⊆ acl(AB) and A ⊆ acl(ℓ1,A(B/C)), ℓ1,A(B/acl(ℓk−1,ℓ1,A(B/C)(B/C)))
is

{b ∈ acl(ℓ1,A(B/C)B) | stp(b/ℓk−1,ℓ1,A(B/C)(B/C)) is algebraic or semiminimal}.

So,

ℓk+1,A(B/C) = ℓ1,ℓ1,A(B/C)(B/ℓk−1,ℓ1,A(B/C)(B/C)) by definition
= ℓk,ℓ1,A(B/C)(B/C) by definition.

3. Let b ∈ acl(Aa). We induct on k. By definition,

acl(ℓ0,A(b)) = acl(A) = acl(ℓ0,A(a)) ∩ acl(Ab).

Then, c ∈ ℓk+1,A(b) = ℓ1,A(b/ℓk,A(b)) if and only if c ∈ acl(Ab) ⊆ acl(Aa) and
stp(c/ℓk,A(b)) is algebraic or semiminimal. Since acl(ℓk,A(b)) ⊆ acl(ℓk,A(a)), stp(c/ℓk,A(a))
is algebraic or semiminimal, by Lemma 2.2.23 and Fact 2.2.25. Thus, we have that
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c ∈ ℓk+1,A(a) ∩ acl(Ab). For the reverse direction, if c ∈ ℓ1,A(a/ℓk,A(a)) ∩ acl(Ab), then
stp(c/ℓk,A(a)) is algebraic or semiminimal. By Fact 7.3.2, c |⌣

ℓk,A(c)

ℓk,A(a). Hence, ei-

ther stp(c/ℓk,A(c)) is algebraic or stp(c/ℓk,A(c)) is semiminimal. Since ℓk,A(c) ⊆ ℓk,A(b),
stp(c/ℓk,A(b)) is algebraic or semiminimal by Lemma 2.2.23 and Fact 2.2.25. Taking the
algebraic closure on both sides gives acl(ℓk+1,A(b)) = acl(ℓk+1,A(a)) ∩ acl(Ab).

By 2., acl(ℓk+1,A(a)) = acl(ℓk,ℓ1,A(a)(a)). Hence, acl(ℓk+1,A(b)) = acl(ℓk,ℓ1,A(a)(b)).

Remark 7.3.5. If a stationary type tp(a/A) has m levels, then the type stp(a/ℓ1,A(a)) has
m− 1 levels. In particular, for every 1 ≤ k ≤ m, stp(a/ℓk,A(a)) has less than m levels.

Similarly, if b ∈ acl(Aa), then tp(b/A) has less than or equal to m levels.

Proof. This follows easily for 2. of the above Lemma. Indeed, tp(a/A) has m levels
means that m is the least integer such that acl(Aa) = acl(ℓm,A(a)). By Lemma 7.3.4,
acl(Aa) = acl(ℓm−1,ℓ1,A(a)(a)). Since acl(A) ⊆ acl(ℓ1,A(a)) ⊆ acl(Aa), acl(ℓ1,A(a)a) =
acl(ℓm−1,ℓ1,A(a)(a)). If acl(Aa) = acl(ℓ1,A(a)a) = acl(ℓm−2,ℓ1,A(a)(a)), then, by Lemma 7.3.4,
acl(Aa) = acl(ℓm−1,A(a)), a contradiction. Hence, stp(a/ℓ1,A(a)) has m− 1 levels. Repeat-
edly applying the above argument, we get that acl(ℓk,A(a)a) = acl(ℓm−k,ℓk,A(a)(a)).

If b ∈ acl(Aa), by Lemma 7.3.4, acl(ℓm,A(b)) = acl(ℓm,A(a)) ∩ acl(Ab). Since acl(Aa) =
acl(ℓm,A(a)), acl(ℓm,A(b)) = acl(Aa) ∩ acl(Ab) = acl(Ab).

A key observation for us is that the first level is captured by “reductions” of a type
p to minimal types that are non-orthogonal to p. Such reductions are a model-theoretic
abstraction of algebraic reductions in complex analytic geometry, and have appeared in
various forms before ([44], [58], for example). We introduce a variant here that essentially
agrees with earlier versions, but is better suited to our needs.

Definition 7.3.6. Suppose that p = tp(a/A) is stationary and r ∈ S(B) is minimal. By
an r-reduction of a over A we mean a tuple b ∈ dcl(Aa) such that:

1. tp(b/A) is r-internal, and

2. for any c ∈ dcl(Aa), if tp(c/A) is almost r-internal, then c ∈ acl(Ab).

If b is an r-reduction of a over A, and b = f(a) for some A-definable function f , then
we call f : p → q := tp(b/A) an r-reduction of p.

The r-reduction of a over A is unique, up to interalgebraicity. The r-reduction of a
type is also well-defined, up to interalgebraicity.
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Lemma 7.3.7. Suppose p ∈ S(A) is stationary and r ∈ S(B) is minimal.

1. If a |= p and b1 and b2 are both r-reductions of a over A, then b1 and b2 are interal-
gebraic over A.

2. Let a1, a2 |= p and bi is an r-reduction of ai over A for i = 1, 2. Then for i = 1, 2,
there is b′i interalgebraic with bi over A such that tp(b′1/A) = tp(b′2/A).

Proof. 1. Fix a |= p and let b1 and b2 be r-reductions of a over A. By definition b1, b2 ∈
dcl(Aa), tp(b1/A) is almost r-internal and tp(b2/A) is almost r-internal. Since b1 is an
r-reduction of a over A, b2 ∈ acl(Ab1). Since b2 is an r-reduction of A, acl(Ab1) = acl(Ab2).

2. Let bi be an r-reduction of ai over A for i = 1, 2. Since a1 and a2 have the same
type over A, there is some σ ∈ AutA(U) such that σ(a1) = a2. Let b′2 := σ(b1). Since
b1 ∈ dcl(Aa1), by applying σ, b′2 ∈ dcl(Aa2). Since tp(b1/A) is almost r-internal, tp(b′2/A)
is almost internal in the family of all A-conjugates of r. By Fact 2.2.25, tp(b′2/A) is
almost r-internal. Since b2 is an r-reduction of a2 over A, b′2 ∈ acl(Ab2). Note that
σ−1(b2) ∈ dcl(Aa1) and tp(σ−1(b2)/A) is almost r-internal. Since b1 is a r-reduction of a1
over A, σ−1(b2) ∈ dcl(Ab1). Hence, b2 ∈ dcl(Ab′2). By definition, b′2 is an r-reduction of a2
over A. Since σ(b1) = b′2, tp(b1/A) = tp(b′2/A). Set b′1 := b1.

Lemma 7.3.8. If p ∈ S(A) is stationary with finite U-rank and r ∈ S(B) is minimal,
then an r-reduction of p exists.

Proof. If p ⊥ r, then let b ∈ dcl(A) and f : p → q := tp(b/A) be a constant function.
Clearly, b ∈ dcl(Aa) and q is almost r-internal, as it is algebraic. If c ∈ dcl(Aa) \ acl(A)
and tp(c/A) is almost r-internal, then by Lemma 2.2.27, tp(c/A) ̸⊥ r. Hence, p ̸⊥ r which
is a contradiction. Thus c ∈ acl(Ab). By definition, f : p → q is the r-reduction of p.

If p ̸⊥ r, then by Lemma 7.3.8, there is some b ∈ dcl(Aa) \ acl(A) such that tp(b/A)
is almost r-internal. Choose b such that tp(b/A) has maximal U -rank. Suppose there is
some c ∈ dcl(Aa) \ acl(A) such that tp(c/A) is almost r-internal, but c ̸∈ acl(Ab). Then
U(bc/A) = U(b/A) + U(c/Ab) > U(b/A). By Lemma 2.2.23, tp(bc/A) is non-algebraic,
almost r-internal and bc ∈ dcl(Aa) which contradicts the maximality of U(b/A). Hence,
the definable function f : p → q := tp(b/A) given by a 7→ b is a non-algebraic r-reduction
of p.

The proof of the above lemma shows that p is non-orthogonal to r if and only if the
r-reduction of p is non-algebraic. We can then think of the r-reduction of p as capturing
that part of p responsible for its non-orthogonality to r.
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Lemma 7.3.9. Let r1, ..., rn be pairwise orthogonal minimal types which are non-orthogonal
to tp(a/A). Let bi be the ri-reduction of a over A. Then {b1, ..., bn} is an A-independent
set.

Proof. Since ri ̸⊥ p, by the proof of Lemma 7.3.8, bi ̸∈ acl(A). Suppose, for sake of
contradiction, that {b1, ..., bn} is not A-independent. After potentially reordering, let k be
least such that bk+1 ̸ |⌣

A

b1, ..., bk and bk+1 ̸ |⌣
A

b1, ..., bk−1, otherwise k is not minimal. Thus,

bk+1 ̸ |⌣
Ab1,...,bk−1

bk. Similarly, if bk ̸ |⌣
A

b1, ..., bk−1, then k is not minimal. Hence, tp(bk+1/A) ̸⊥

tp(bk/A). By definition, tp(bk/A) is non-algebraic and almost rk-internal. By Lemma
2.2.31, stp(bk+1/A) ̸⊥ rk. Since stp(bk+1/A) is non-algebraic and almost rk+1-internal, by
Lemma 2.2.31, rk+1 ̸⊥ rk, a contradiction. Thus {b1, ..., bn} is A-independent.

We show below that the first level of any type is interalgebraic with the non-algebraic
reductions of p to every minimal type, which was known but not made explicit in the
literature until [18, Theorem 3.17]. We provide an alternative proof here.

Theorem 7.3.10. Let p = tp(a/A) be stationary and non-algebraic. Let r1, ..., rn be
pairwise orthogonal minimal types such that for any minimal type s which is non-orthogonal
to p, s is non-orthogonal to ri for some i = 1, ..., n. For all i = 1, ..., n, let bi be the ri-
reduction of a over A and ki = U(bi/A).

Then acl(ℓ1,A(a)) = acl(Ab1, ..., bn) and p is domination equivalent to the Morley product
r
(k1)
1 ⊗ · · · ⊗ r

(kn)
n .

Proof. By definition of ri-reductions, for all i = 1, ..., n, stp(bi/A) is almost ri-internal. If
stp(bi/A) is algebraic, then bi ∈ acl(A), so we may assume that for all i = 1, ..., n, ri ̸⊥ p.
If stp(bi/A) is non-algebraic, since stp(bi/A) is almost ri-internal and stp(bi/A) ̸⊥ p, p ̸⊥ ri
by Lemma 2.2.31.

For all i = 1, ..., n, bi ∈ acl(Aa), by definition of ri-reductions. Since stp(bi/A) is
semiminimal, acl(Ab1, ..., bn) ⊆ acl(ℓ1,A(a)). For the reverse inclusion, let c ∈ ℓ1,A(a).
Then either c ∈ acl(A) ⊆ acl(Ab1, ..., bn) or c ∈ acl(Aa) and stp(c/A) is r-semiminimal for
some minimal type r. Then p ̸⊥ stp(c/A) and so, by Lemma 2.2.31, p ̸⊥ r. By assumption,
r ̸⊥ ri for some i = 1, ..., n. Hence, by Lemma 2.2.31, stp(c/A) is almost ri-internal. By
definition of ri-reductions, c ∈ acl(Abi). Thus, for every c ∈ ℓ1,A(a), c ∈ acl(Ab1, ..., bn).
Hence, acl(ℓ1,A(a)) ⊆ acl(Ab1, ..., bn).

We now show the domination equivalence. Since acl(Ab1, ..., bn) ⊆ acl(Aa), a ⊵A

b1, ..., bn. By Fact 7.3.2, acl(Ab1, ..., bn) = acl(ℓ1,A(a)) ⊵A a. Thus, a □ Ab1, ..., bn. By
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Lemma 7.3.9, b1, ..., bn is an A-independent tuple, hence b1, ..., bn |= stp(b1/A) ⊗ · · · ⊗
stp(bn/A). Thus, p □ stp(b1/A)⊗· · ·⊗stp(bn/A). Since for all i = 1, ..., n, stp(bi/A) is almost
ri-internal, by Lemma 6.1.8, stp(bi/A) □ r

(ki)
i where ki = U(stp(bi/A)). By repeatedly

applying Fact 6.1.3, we obtain that p □ r
(k1)
1 ⊗ · · · ⊗ r

(kn)
n .

Corollary 7.3.11. Let f : p → q be a semiminimal fibration of stationary finite U -rank
types.

1. The type p is domination equivalent to q if and only if for some a |= p, the algebraic
closure of the first level of a is equal to the algebraic closure of the first level of f(a).

2. If p and q have 1 level, and some fiber of f is almost internal to the minimal type r,
then p is domination equivalent to r(k) ⊗ q where k = U(p)− U(q)

Proof. We begin with a set up that is used in the proof of both parts of the corollary. Let
r1, ..., rn be pairwise orthogonal minimal types such that ri ̸⊥ p and for any minimal type
s such that s ̸⊥ p, then s ̸⊥ ri for some i = 1, ..., n. Fix a |= p. For all i = 1, ..., n, let ci
be the ri-reduction of a over A. By Theorem 7.3.10, acl(ℓ1,A(a)) = acl(Ac1, ..., cn). For all
i = 1, ..., n there exists an ri-reduction of f(a) over A, say c′i. Note that c′i ∈ acl(Aci) since
c′i ∈ dcl(Aa) and stp(c′i/A) is almost ri-internal. By Theorem 7.3.10, acl(ℓ1,A(f(a))) =
acl(Ac′1, ..., c

′
n) (notice that if a minimal type s ̸⊥ q, then s ̸⊥ p so we may apply the

theorem). For all i = 1, ..., n, set ℓi := U(ci/A) and l′i := U(c′i/A). Notice that for all
i = 1, ..., n, li > 0. However, it is possible for some of the l′i = 0 since l′i > 0 if and only if
ri ̸⊥ q. By Theorem 7.3.10, p □ r

(l1)
1 ⊗ · · · ⊗ r

(ln)
n and q □ r

(l′1)
1 ⊗ · · · ⊗ r

(l′n)
n .

1. First suppose that p □ q. Since domination decompositions are unique up to non-
orthogonality of minimal types, for all i = 1, ..., n, li = l′i. In particular, acl(Aci) = acl(Ac′i)
for all i = 1, ..., n. Thus,

acl(ℓ1,A(a)) = acl(Ac0, ..., cm)

= acl(Ac′0, ..., c
′
m)

= acl(ℓ1,A(f(a)))

For the reverse direction, suppose that acl(ℓ1,A(a)) = acl(ℓ1,A(f(a))). By Fact 7.3.2,
a □ Aacl(ℓ1,A(a)) and f(a) □ Aacl(ℓ1,A(f(a))). Hence, a □ Af(a) showing that p □ q.

2. Since p and q have 1 level, we have that acl(Aa) = acl(Ac1, ..., cn) and acl(Af(a)) =

acl(Ac′1, ..., c
′
n). Hence, U(p) =

n∑
i=1

li and U(q) =
n∑

i=1

l′i. On the other hand, by Theorem
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6.3.1, p □ r(k)⊗ q for some 0 ≤ k ≤ U(p)−U(q). Thus r(l1)1 ⊗ r
(l2)
2 ⊗ · · ·⊗ r

(ln)
n □ r(k)⊗ r

(l′1)
1 ⊗

r
(l′2)
2 ⊗ · · · ⊗ r

(l′n)
n where k =

n∑
i=1

li − l′i = U(p)− U(q).

7.4 Proof of Theorem 7

We now complete the proof of Theorem 7 by giving an intrinsic characterization of the
multiplicity of a minimal type r in a semiminimal analysis f of a stationary finite U -rank
type p; intrinsic in that it will not depend on the semiminimal analysis. We begin with
some preparatory lemmas.

Lemma 7.4.1. Let f : p → q be a fibration of stationary finite U -rank types p, q ∈ S(A).
Suppose p = tp(a/A) has m+ 1 levels and some fiber of f is almost internal to a minimal
type r ∈ S(B). For all 0 ≤ i ≤ m, let p′i be the strong type of a over its ith level and let
f ′
i : p

′
i → q′i be the definable function given by a 7→ f(a).

Then p′i is domination equivalent to either:

1. the Morley product r(ki) where ki = U(p′i) if the type q′i is algebraic, or

2. the Morley product r(ki) ⊗ q′i for some 0 ≤ ki ≤ U(p′i)− U(q′i).

Moreover, U(p)− U(q) =
m∑
i=0

ki.

Proof. Since p has ≥ 1 levels, p cannot be algebraic. Fix a |= p. If f has algebraic fibers,
then for every i ≤ m, acl(ℓi,A(a)) = acl(ℓi,A(f(a))) ∩ acl(Aa) = acl(ℓi,A(f(a))). Hence,
acl(ℓi,A(a)a) = acl(ℓi,A(a)f(a)). So, a □ ℓi,A(a)f(a) which shows that stp(a/ℓi,A(a)) □ r(0) ⊗
stp(f(a)/ℓi,A(a)). So we may assume that f : p → q has non-algebraic fibers.

By Lemma 7.1.2, there is a sequence of stationary types q0, ..., qn and indecomposable
fibrations g = (gj : qj → qj−1)j=1,...,n such that qn = p, q0 = q, f = g1 ◦ · · · ◦ gn : p → q
and for all j = 1, ..., n, some fiber of gj : qj → qj−1 is almost r-internal. Let (bn, ..., b0) be
a realization of g such that tp(bj/Abj−1) is almost r-internal. After re-labeling, we may

assume that bn = a and b0 = f(a). Then U(a/Af(a)) =
n∑

i=1

U(bj/Abj−1).

Claim 1. For every j = 1, ..., n and i = 0, ...,m, if stp(bj/ℓi,A(a)) is non-algebraic, then
either:
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i) stp(bj/ℓi,A(a)) □ r(li,j) where li,j = U(bj/ℓi,j(a)) if tp(bj−1/ℓi,j(a)) is algebraic, or

ii) stp(bj/ℓi,A(a)) □ r(li,j)⊗stp(bj/ℓi,A(a)) where 0 ≤ li,j ≤ U(bj/ℓi,A(a))−U(bj−1/ℓi,A(a)).

Proof of claim: Fix j = 1, ..., n and i = 1, ...,m. Consider the definable function
g′j : stp(bj/ℓi,A(a)) → stp(bj−1/ℓi,A(a)) given by bj 7→ bj−1. Since stp(bj/Abj−1) is almost
r-internal, by Lemma 2.2.23 and Fact 2.2.25, stp(bj/ℓi,A(a)bj−1) is almost r-internal. If
stp(bj/ℓi,A(a)) is algebraic, set ℓi,j = 0. Otherwise, if stp(bj−1/ℓi,A(a)) is algebraic, then
stp(bj/ℓi,A(a)) is almost r-internal and non-algebraic. Hence, by Lemma 6.1.8,

stp(bj/ℓi,A(a)) □ r(ℓi,j) for ℓi,j = U(bj/ℓi,A(a)).

If stp(bj−1/ℓi,A(a)) is non-algebraic, we would like to apply Theorem 6.3.1 to show that
stp(bj/ℓi,A(a)) □ r(ℓi,j) ⊗ stp(bj−1/ℓi,A(a)). However, g′j : qj → qj−1 may not be a fibration.
By Lemma 2.2.6, there is a fibration hj : stp(bj/ℓi,A(a)) → stp(c/ℓi,A(a)) and a finite-to-one
definable function π : stp(c/ℓi,A(a)) → stp(bj−1/ℓi,A(a)) such that g′j = π ◦ hj. We have
that stp(bj/ℓi,A(a)hj(bj)) = stp(bj/ℓi,A(a)g

′
j(bj)) is almost r-internal. By Theorem 6.3.1,

stp(bj/ℓi,A(a)) □ r(ℓi,j)⊗stp(hj(bj)/ℓi,A(a)), 0 ≤ li ≤ U(bj/acl(ℓi,A(a)))−U(bj−1/acl(ℓi,A(a))).

Since acl(ℓi,A(a)hj(bj)) = acl(ℓi,A(a)bj−1), stp(hj(bj)/ℓi,A(a)) □ stp(bj−1/ℓi,A(a)). Repeat-
edly applying Fact 6.1.3, we obtain that stp(bj/ℓi,A(a)) □ r(ℓi,j)⊗ stp(bj−1/ℓi,A(a)). We have
shown that either i) or ii) must hold. ■

Fix i = 0, ...,m. Claim 1 shows that stp(a/ℓi,A(a)) = stp(bn/ℓi,A(a)) is either dom-
ination equivalent to r(li,n), where li,n = U(a/ℓi,A(a)), or it is domination equivalent to
r(li,n)⊗ stp(bn−1/ℓi,A(a)) for some 0 ≤ li,n ≤ U(bn/ℓi,A(a))−U(bn−1/ℓi,A(a)). In the former
case, for all j = 0, ..., n− 1, we have that stp(bj/ℓi,A(a)) is algebraic, hence li,j = 0. In the
later case, by Fact 6.1.3, either stp(a/ℓi,A(a)) □ r(li,n)⊗ r(li,n−1) with li,n−1 = U(bn−1/ℓi,A(a))
and li,j = 0 for all j = 1, ..., n − 2, or stp(a/ℓi,A(a)) □ r(li,n) ⊗ r(li,n−1) ⊗ stp(bn−2/ℓi,A(a))
for some 0 ≤ li,n−1 = U(bn−1/ℓi,A(a))−U(bn−2/ℓi,A(a)). Continuing, we obtain that for all
i = 0, ...,m, either

1. stp(f(a)/ℓi,A(a)) is algebraic and so stp(a/ℓi,A(a)) □ r(li,n) ⊗ · · · ⊗ r(li,n′ ) such that:

(a) for n′ ≤ n the least integer k such that U(bk−1/ℓi,A(a)) is algebraic and so
li,n′ = U(bn′/ℓi,A(a)),

(b) for all j = n′, ..., n, 0 ≤ li,j ≤ U(bj/acl(ℓi,A(a)))− U(bj−1/acl(ℓi,A(a))), and

(c) for all j = 1, ..., n′ − 1, li,j = 0, or
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2. stp(a/ℓi,A(a)) □ r(li,n) ⊗ · · · ⊗ r(li,1) ⊗ stp(f(a)/ℓi,A(a)) such that for all 1 ≤ j ≤ n,
0 ≤ li,j ≤ U(bj/ℓi,A(a))− U(bj−1/ℓi,A(a)).

Setting p′i := stp(a/ℓi,A(a)), q′i := stp(f(a)/ℓi,A(a)) and f ′
i : p

′
i → q′i to be the definable

function given by a 7→ f(a), we have shown that, p′i □ r(ki) if q′i is algebraic, or p′i □ r(ki) ⊗ q′i

and in both cases, ki =
n∑

j=1

li,j. If p′i □ r(ki), then the almost r-internal fibers of the definable

function f ′
i : p

′
i → q′i are exactly p′i. Hence, p′i is almost r-internal, and non-algebraic by

assumption, thus ki = U(pi) by Lemma 6.1.8. This is exactly condition 1) of the conclusion

for the lemma. If q′i is non-algebraic, then p′i □ r
(ki)⊗ q′i and ki =

n∑
j=1

li,j. For all j = 1, ..., n,

we have that 0 ≤ li,j ≤ U(bj/acl(ℓi,A(a)))− U(bj−1/acl(ℓi,A(a))). Thus,

0 ≤ ki ≤
n∑

j=1

U(bj/acl(ℓi,A(a)))−U(bj/acl(ℓi,A(a))) = U(bn/acl(ℓi,A(a)))−U(b0/acl(ℓi,A(a))).

But, bn = a and b0 = f(a). Hence, 0 ≤ ki ≤ U(p′i) − U(q′i), which is condition 2) of the
conclusion of the lemma.

For the moreover statement, we first show that for a fixed j = 1, ..., n, we have that

U(pj) − U(pj−1) =
l∑

i=1

li,j where either stp(bj/ℓi,A(a)) □ r(li,j) or stp(bj/ℓi,A(a)) □ r(li,j) ⊗

stp(bj−1/ℓi,A(a)), as in Claim 1.

We induct on m + 1, the number of levels of p. Suppose that f : p → q is simply a
definable function, not necessarily a fibration. This will make the inductive step easier.
Then, by Lemma 2.2.6, there is q′ ∈ S(A), a fibration f ′ : p → q′ and a finite-to-one
definable function π : q′ → q such that f = π◦f ′. Since the fibers of f are almost r-internal
and π is finite to-one, the fibers of f ′ are almost r-internal and U(p)−U(q) = U(p)−U(q′).

Suppose that p has 1 level, hence m = 0. By definition, ℓ0,A(a) = A. By Remark 7.3.5,
q′ has either 1 level or 0 levels. If q′ is algebraic, then the fibers of f ′ are p itself. Hence,
p is almost r-internal. By Lemma 6.1.8, p □ r(k0) with k0 = U(p). Since q′ is algebraic we
have that U(p)−U(q) = U(p)−U(q′) = U(p) = k0. So we may assume that q′ has 1 level.
Since p and q′ have 1 level, by Corollary 7.3.11, p □ r(k0) ⊗ q where k0 = U(p)− U(q).

Suppose we have shown that for any definable function, g : p′ → q′, of stationary
finite U -rank types over B which has an almost r-internal fiber where p′ = tp(b/B) is

non-algebraic and has m levels, then U (stp (b/Bg(b))) =
m−1∑
i=0

li where stp(b/ℓi,B(b)) □ r(li)
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if stp(g(b)/ℓi,B(a)) is algebraic, otherwise stp(b/ℓi,B(b)) □ r(li) ⊗ stp(g(b)/ℓi,B(b)) for some
0 ≤ li ≤ U(b/acl(ℓi,B(b)))− U(g(b)/acl(ℓi,B(b)))

Assume that p has m+1 levels. By Remark 7.3.5, stp(bj/ℓ1,A(a)) has less than or equal
to m levels. Let g′j : stp(bj/ℓ1,A(a)) → stp(bj−1/ℓ1,A(a)) be the definable function given by

as b 7→ bj−1. By the inductive hypothesis, U (stp (bj/ℓ1,A(a)bj−1)) =
m∑
i=1

li,j. By Fact 7.3.2,

bj |⌣
ℓ1,A(bj)

ℓ1,A(a). Hence, U (stp(bj/ℓ1,A(bj)bj−1)) =
m∑
i=1

li,j.

Since gj : qj → qj−1 is an indecomposable fibration, Corollary 6.3.3 shows that ei-
ther l0,j = 0 or l0,j = U(bj+1/Abj). If l0,j = 0, then qj □ qj−1. So, by Corollary 7.3.11,
acl(ℓ1,A(bj)) = acl(ℓ1,A(bj−1)). Hence,

U(stp(bj/Abj−1)) = U(stp(bj/ℓ1,A(bj−1)bj−1)) = U(stp(bj/ℓ1,A(bj)bj−1)) =
m∑
i=1

li,j =
m∑
i=0

li,j

where the last equality is because l0,j = 0.

If l0,j = U(bj/Abj−1), then acl(ℓ1,A(bj−1)) ⊊ acl(ℓ1,A(bj)) by Corollary 7.3.11.

Claim 2. Let f : p → q be an indecomposable fibration of stationary finite U -rank types
p, q ∈ S(A). If p is not domination equivalent to q, then for some (equivalently any) a |= p,
a ∈ acl(ℓ1,A(a)f(a)).

Proof of claim: Let r1, ..., rn be pairwise orthogonal minimal types such that, for some
for some 0 < m1, ...,mn, p □ r

(m1)
1 ⊗· · ·⊗r

(mn)
n . For all i = 1, ..., n, let ci be the ri-reduction of

a over A. In particular, ci ∈ dcl(Aa), and by Lemma 7.3.10, acl(ℓ1,A(a)) = acl(Ac1, ..., cn).
For all i = 1, ..., n, there exists an ri-reduction of f(a) over A, say c′i. By Lemma 7.3.10,
acl(ℓ1,A(f(a))) = acl(Ac′1, ..., c

′
n).

Since tp(a/A) ̸□ tp(f(a)/A), by Corollary 7.3.11, acl(ℓ1,A(f(a))) ⊊ acl(ℓ1,A(f(a))). So,
there is some i = 1, ..., n, such that ci ∈ acl(ℓ1,A(a)) \ acl(ℓ1,A(f(a))). Since we have
the equality acl(ℓ1,A(f(a))) = acl(ℓ1,A(a)) ∩ acl(Af(a)) by Lemma 7.3.4, we have that
ci ̸∈ acl(Af(a)). By definition, we have that ci ∈ dcl(Aa)\acl(Af(a)) and since the fibration
f : tp(a/A) → tp(f(a)/A) is indecomposable, a ∈ acl(Af(a)ci) ⊆ acl(ℓ1,A(a)f(a)). ■

By Claim 2, we have that bj ∈ acl(ℓ1,A(bj)bj−1) ⊆ acl(ℓ1,A(a)bj−1) ⊆ acl(ℓi,A(a)bj−1)
for all i = 1, ..., n. Hence, stp(bj/ℓi,A(a)) is interalgebraic with stp(bj−1/ℓi,A(a)) which
gives the equivalence stp(bj/ℓi,A(a)) □ stp(bj−1/ℓi,A(a)) and thus li,j = 0 for all i = 1, ..., n.

Hence, we have the equality U(stp(bj/Abj−1)) = l0,j + 0 =
m∑
i=0

li,j.
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Recall that ki is the exponent such that stp(a/ℓi,A(a)) □ r(ki) if stp(f(a)/ℓi,A(a)) is
algebraic, or stp(a/ℓi,A(a)) □ r(ki)) ⊗ stp(f(a)/ℓi,A(a)). Moreover, we have shown that

ki =
n∑

j=1

li,j. Hence, U(p)− U(q) =
n∑

j=1

U(stp(bj/Abj−1)) =
n∑

j=1

m∑
i=0

li,j =
m∑
i=0

ki.

We have shown that U(a/Af(a)) =
m∑
i=0

ki when tp(a/A) has m + 1 levels, concluding

the induction.

We are now ready to prove that multiplicity does not depend on the semiminimal
analysis:

Theorem 7.4.2. Let p ∈ S(A) be a stationary, non-algebraic, finite U-rank type with m+1
levels. Fix a |= p and consider, for each i = 0, ...,m, the type of a over the algebraic closure
of its ith level, say p′i := stp(a/ℓi,A(a)). Given any minimal type r, the multiplicity of r in
any semiminimal analysis of p is equal to the sum over i of the U-ranks of the r-reductions
of p′i for i = 0, ...,m.

In particular, this quantity does not depend on the semiminimal analysis.

Proof. Let r ∈ S(B) be a minimal type, by taking a non-forking extension we may assume
that B ⊇ A. Fix f = (fj : pj → pj−1)j=1,...,n, a semiminimal analysis for p and a realization
(an, ..., a0) of f such that acl(Aa) = acl(Aan). For all j = 0, ..., n, fix a minimal type sj such
that tp(aj/Aaj−1) is sj-semiminimal. Recall that if r ̸⊥ sj, then tp(aj,A/Aaj−1) is almost
r-internal by Lemma 2.2.31. Let J = {1 ≤ j ≤ n | tp(aj/Aaj−1) is almost r-internal}. By
definition, the multiplicity of r in f is the sum over J of U(pj)− U(pj−1). Recall that for
every j ∈ J , U(pj)−U(pj−1) = U(aj/Aaj−1). We now relate these U -ranks to the U -ranks
of r-reductions through the use of domination. First note that by definition of levels, since
acl(Aan) = acl(Aa), acl(ℓi,A(a)) = acl(ℓi,A(an)) for all i = 1, ...,m. In particular, pn also
has m+ 1 levels and p □ pn. For every j ∈ J , let mj + 1 be the number of levels for pj. By
Remark 7.3.5, mj + 1 ≤ m+ 1.

Fix some j ∈ J . Recall that if j > 1, then by Theorem 6.3.1 pj □ r(k0,j) ⊗ pj−1 for
some 0 ≤ k0,j ≤ U(aj/Aaj−1). If j = 1, then pj−1 is algebraic, hence pj is almost r-
internal and by Lemma 6.1.8, pj □ r(k0,j) for k0,j = U(pj). In Lemma 7.4.1, we showed that

U(aj/Aaj−1) =
m∑
i=0

ki,j where:

i) for all 0 ≤ i ≤ mj where tp(aj−1/ℓi,A(aj)) is algebraic, stp(aj/ℓi,A(aj)) □ r(ki,j) and
0 ≤ ki,j ≤ U(stp(aj/ℓi,A(a))),
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ii) for all 0 ≤ i ≤ mj where tp(aj−1/ℓi,A(aj)) is non-algebraic, we have that

stp(aj/ℓi,A(aj)) □ r(ki,j) ⊗ stp(aj/ℓi,A(aj))

and 0 ≤ ki,j ≤ U(stp(aj/ℓi,A(a)))− U(stp(aj−1/ℓi,A(a))),

iii) for all mj < i ≤ m, ki,j = 0.

Thus the multiplicity of r in f is
∑
j∈J

U(aj/Aaj−1) =
∑
j∈J

m∑
i=1

ki,j.

However, we also showed that we can express the domination decomposition of types
in terms of their reductions to minimal types. By Theorem 7.3.10, for every i = 0, ...,m,
stp(a/ℓi,A(a)) is domination equation to the Morley product of the image p′i of its r-
reduction and some type q′i which is orthogonal to r. Since p′i is almost r-internal, we
have the equivalence stp(a/ℓi,A(a)) □ r(li) ⊗ q′i where li is the U -rank of the r-reduction of
stp(a/ℓi,A(a)).

We show that for all i = 1, ...,m, li =
∑
j∈J

ki,j. Indeed if this equality holds, then the

multiplicity of r in f is
∑
j∈J

U(aj/Aaj−1) =
∑
j∈J

m∑
i=1

ki,j =
m∑
i=1

∑
j∈J

ki,j =
m∑
i=0

li, the sum of the

U -rank of the images under the r-reduction of p′i = stp(a/ℓi,A(a)).

Fix i = 1, ...,m. Since f = (fj : pj → pj−1)j=1,...,n is a semiminimal analysis of p, by
Corollary 7.1.4, p □ s

(k0,1)
1 ⊗ · · · ⊗ s

(k0,n)
n such that for every j = 1, ..., n the fibers of fj are

almost sj-internal and 0 ≤ k0,i ≤ U(pj)−U(pj−1). For stp(a/ℓi,A(a)), we obtain a sequence
of definable functions (fj : stp(aj/ℓi,A(aj)) → stp(aj−1/ℓi,A(aj))j=1,...,n. To apply Corollary
7.1.4 to stp(a/ℓi,A(a)), we need a sequence of fibrations, not just definable maps. Note
that for every j = 1, ..., n, since tp(aj/Aaj−1) is almost sj-internal, by Lemma 2.2.23 and
Fact 2.2.25, stp(aj/ℓi,A(aj)aj−1) is also almost sj-internal. However, some fibers may now
be algebraic.

By Lemma 2.2.6, there is a definable fibration gn : stp(an/ℓi,A(a)) → stp(bn−1/ℓi,A(a)))
and a finite-to-one definable function πn : stp(bn−1/ℓi,A(a)) → stp(an−1/ℓi,A(a)) such that
fn = πn ◦ gn. Since acl(ℓi,A(a)an−1) = acl(ℓi,A(a)bn−1) and stp(an/ℓi,A(a)an−1) is almost
sn-internal, stp(an/ℓi,A(a)bn−1) is also almost sn-internal. For all j = 1, ..., n − 1, induc-
tively applying Lemma 2.2.6 to πj ◦ fj for all j = 1, ..., n, we obtain a sequence of definable
fibrations g = (gj : stp(bj/ℓi,A) → stp(bj−1/ℓi,A))j=1,...,n such that stp(bj/ℓi,A(a)bj−1) is al-
most sj-internal. If for some j = 1, ..., n, gj : qj → qj−1 has algebraic fibers, we can replace
gj+1 : qj+1 → qj with the definable function gj ◦ gj+1 : qj+1 → qj−1 and apply Lemma
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2.2.6. Indeed, the fibers of this definable function are tp(aj+1/acl(ℓi,A(a))aj−1). Since
acl(ℓi,A(a)aj) = acl(ℓi,A(a)aj−1) and stp(aj+1/ℓi,A(a)aj) are almost sj+1-internal, the type
tp(aj+1/ℓi,A(a)aj−1) is almost sj-internal. The usual argument shows that the fibers of the
fibration obtained by applying Lemma 2.2.6 to gj ◦gj+1 : qj+1 → qj−1 are also sj+1-internal.

Since stp(bj/ℓi,A(a)bj−1) □ stp(aj/ℓi,A(a)aj−1), by interalgebraicity of aj and bj, Corol-
lary 7.1.4, gives that stp(a/ℓi,A(a)) □ s

(ki,1)
1 ⊗· · ·⊗s

(ki,n)
n , where ki,j = 0 if the resulting fiber

is algebraic. For all j ∈ J , we have that sj ̸⊥ r, hence sj □ r by Fact 6.1.4. Repeatedly

applying Fact 6.1.3, we obtain that stp(a/ℓi,A(a)) □ r

(∑
j∈J

ki,j

)
⊗
⊗
j ̸∈J

s
(ki,j)
j . By uniqueness of

domination decompositions, we have that li =
∑
j∈J

ki,j.

We have shown that the multiplicity of r in f is the sum over 0 ≤ i ≤ m of the U -ranks
of the reductions of stp(a/ℓi,A(a)). Since the r-reductions of stp(a/ℓi,A(a)) are independent
of the choice of f , we have shown that the multiplicity of r in one semiminimal analysis of
p is the multiplicity of r in any semiminimal analysis of p.

In particular, Theorem 7.4.2 implies Theorem 7.

7.5 Comparison to r-weight

Because of Theorem 7.4.2, we can now define the multiplicity of any minimal type in any
finite U-rank type as follows:

Definition 7.5.1. Let p be a non-algebraic stationary finite U -rank type and let r be
a minimal type. The multiplicity of r in p, denoted by multr(p) is the multiplicity of r
in some (equivalently any) semiminimal analysis for p as defined in Theorem 7. If p is
algebraic, we set multr(p) = 0.

It follows (by Proposition 7.2.3) that multr(p) > 0 if and only if p is not hereditarily
non-orthogonal to r.

In this section, we point out that when p is what is called r-simple, the multiplicity
of r in p recovers what is called r-weight. So, our notion of multiplicity can be viewed
as a generalisation of r-weight beyond the r-simple setting. Let us recall r-simplicity and
r-weight. Our exposition follows that of Hrushovki’s thesis [30].
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A type being r-simple requires the extra assumption that r is non-orthogonal to a
parameter set A. This means that r is non-orthogonal to some complete type over A.
If we work under Condition 6.1.10, where there exists a non-locally modular minimal
type t ∈ S(∅) such that any non-locally modular minimal type is non-orthogonal to t, by
Theorem 6.1.11, r is domination equivalent to a minimal type s ∈ S(A). Since both r
and s are minimal types, r is non-orthogonal to s by Fact 6.1.6. Hence, every minimal
type satisfies the assumption r is non-orthogonal to A for any parameter set A. For the
remainder of this section we will assume our theory satisfies Assumption 6.1.10, so we may
drop the assumption that r is non-orthogonal to the parameter set.

Definition 7.5.2. Let B ⊇ A, p ∈ S(A) and let r ∈ S(B) be a minimal type. We say that
p is r-simple if there is some C ⊇ A ∪B, a |= p|C and a set Y of independent realizations
of r such that stp(a/CY ) is hereditarily orthogonal to r.

Since we work in a totally transcendental theory, if p is r-simple, we can choose Y to
be a finite independent tuple of realizations of p (see the discussion following Definition
7.1.6 in [63]). By definition, every algebraic type is r-simple.

Example 7.5.3. Let p ∈ S(A) be stationary and finite U -rank. Let r ∈ S(B) be a minimal
type.

1. If p is hereditarily orthogonal to r, then p is r-simple.

2. If p is almost r-internal, then p is r-simple.

3. Let T = DCF0, F be an algebraically closed field of constants and p the generic type
over F of the algebraic vector field (A2, s) where s(x, y) = (x, y, x3(x − 1), xy). Let
r be the generic type of the constants over ∅. Then p is not r-simple, but r has
multiplicity in p greater than 0.

Proof. 1. Suppose that p is hereditarily orthogonal to r. Let Y = ∅ and C = A. Then for
any a |= p, we have that stp(a/CY ) = stp(a/A) is hereditarily orthogonal to r.

2. Let C ⊇ A ∪B, a |= p|C and c1, ..., cn |= r be such that a ∈ acl(Cc1, ..., cn). By Lemma
2.2.26, we may assume that c1, ..., cn is a C-independent tuple. Then stp(a/Cc1, ..., cn) is
algebraic, hence for any D ⊇ Cc1, ..., cn, a′ |= stp(a/Cc1, ..., cn), and c |= r|D, we have
that a′ |⌣

D

d. By definition, stp(a/Cc1, ..., cn) is hereditarily orthogonal to r, and thus p is

r-simple.
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3. Jaoui, Jimenez and Pillay [40, Example 5.6] show that p ⊥ C. There is also a fibration π :
p → q projection onto the x co-ordinate where q is the generic type of (A, x 7→ (x, x3(x−1)).
For every a |= p, the fiber tp(a/Fπ(a)) is non-algebraic and almost C-internal. Thus for
every C ⊇ F , a |= p|C and c1, ..., cn |= r, a |⌣

F

Cc1, ..., cn. In particular, a |⌣
Fπ(a)

Cc1, ..., cn,

so a ̸∈ acl(π(a)Cc1, ..., cn).

Since tp(a/Fπ(a)) is almost C-internal, it is almost r-internal. By Lemma 2.2.23 and
Fact 2.2.25, stp(a/Cπ(a)c1, ..., cn) is almost r-internal. Since stp(a/Cπ(a)c1, ..., cn) is non-
algebraic, by Corollary 2.2.27, stp(a/Cπ(a)c1, ..., cn) ̸⊥ r. Hence, for every C ⊇ F , a |= p|C
and c1, ..., cn ⊆ r(U), stp(a/Cc1, ..., cn) has some extension which is non-orthogonal to r.

On the other hand, (π : p → q, q → q0), for some algebraic type q0, is a semiminimal
analysis for p and the fibers of π : p → q are almost r-internal. Hence, the multiplicity of
r in p is U(p)− U(q) = 1 > 0.

Being r-simple has some nice properties.

Fact 7.5.4. [63, Lemma 7.1.4] Let r ∈ S(B) be minimal and p = tp(a/A) be stationary
and r-simple.

1. If tp(b/A) is stationary and r-simple, then tp(a, b/A) is r-simple.

2. If B ⊇ A and b ∈ acl(Ba), then tp(b/B) is r-simple.

We can now look at a local version of weight, which is the minimal possible size for Y
witnessing that a type is r-simple.

Definition 7.5.5. Let B ⊇ A and p ∈ S(A), r ∈ S(B) be stationary types. If p is r-simple,
then the r-weight of p is the minimal κ such that there is C ⊇ A ∪ B, a |= p|C and c̄ a C-
independent tuple of realizations of r|B with size κ where stp(a/Cb̄) hereditarily orthogonal
to r. We denote the r-weight of p by wtr(p). For wtr(tp(a/A)) we write wtr(a/A).

Since we work in a superstable theory, wtr(p) exists and is finite. Note that wtr(p) = 0
if and only if p hereditarily orthogonal to r.

We show that on r-simple non-algebraic finite U -rank types, r-weight and multiplicity
of r agree. We first prove the preliminary case when p is itself almost r-internal. This will
be used in the proof of the general case.
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Lemma 7.5.6. Let p ∈ S(A) be stationary and non-algebraic and let r ∈ S(B) be minimal.
If p is almost r-internal, then the multiplicity of r in p is the same as the r-weight of p.

Proof. Suppose that p is almost r-internal. Then p is r-simple, hence the r-weight of p
exists. Let m = wtr(p) and let C ⊇ A ∪ B, a |= p|C , and c1, ..., cm |= (r|C)(m) be such
that stp(a/Cc1, ..., cm) is hereditarily orthogonal to r. By definition of r-weight, we have
that m is minimal among all C. Since tp(a/A) is almost r-internal, by Lemma 2.2.23 and
Fact 2.2.25, stp(a/Cc1, ..., cm) is almost r-internal. If stp(a/Cc1, ..., cm) is non-algebraic,
by Corollary 2.2.27, tp(a/Cc1, ..., cm) ̸⊥ r, a contradiction. Hence, a ∈ acl(Cc1, ..., cm).

Suppose for some i = 1, ...,m, ci ̸∈ acl(Ca). Without loss of generality, we may assume
that i = 1. By minimality of r, c1 |⌣

C

a. Hence, a |= p|Cc1 . Taking D = Cc1 we have that

stp(a/Dc2, ..., cm) is hereditarily orthogonal to r, contradicting minimality of m. Thus,
c1, ..., cm ∈ acl(Ca) which shows that acl(Ca) = acl(Cc1, ..., cm).

Since a |= r|C and c1, ..., cm |= (r|C)(m), we have shown that a □ Cc1, ..., cm, hence
p □ r(m). Since p is almost r-internal, by Lemma 6.1.8, m = U(p). Since p is almost r-
internal, its r-reduction is a definable function to p. Hence, by Theorem 7.4.2, multr(p) =
m. We have shown that multr(p) = wtr(p).

Proposition 7.5.7. Let r ∈ S(B) be minimal and p ∈ S(A) be stationary, non-algebraic
and finite U -rank. If p is r-simple, then the r-weight of p is equal to the multiplicity of r
in p.

Proof. Fix a |= p. Suppose that p has m + 1 levels. For all i = 0, ...,m, let qi =
stp(bi/ℓi,A(a)) be the, possibly algebraic type such that bi is the r-reduction of a over

acl(ℓi,A(a)). By Theorem 7.4.2, multr(p) =
m∑
i=0

U(qi). By definition, the r-reduction of qi is

a definable function to qi. Since qi is almost r-internal, by Theorem 7.4.2, multr(qi) = U(qi).
Note that for all i = 0, ...,m, qi is almost r-internal, and so r-simple. By Lemma 2.2.23
and Fact 2.2.25, every extension of qi is also r-internal and thus r-simple. Hence, r-weight
of qi and its extensions is defined.

If qi is algebraic, then U(qi) = 0 = wtr(qi) since algebraic types are orthogonal to
every type. Otherwise, since qi is non-algebraic and almost r-internal, by Lemma 7.5.6,
multr(qi) = wtr(qi). Since qi is itself semiminimal, qi has 1 level and hence, by Theorem
7.4.2, multr(qi) = U(qi). Hence for all i = 0, ...,m, U(qi) = wtr(qi).

Thus we have that:
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multr(p) =
m∑
i=0

U(qi)

=
m∑
i=0

wtr(qi)

=
m∑
i=0

wtr(bi/ℓi,A(a)).

On the other hand, since p has m+ 1 levels, acl(Aa) = acl(ℓm+1,A(a)).

By Theorem 7.3.10, for all i = 0, ...,m we have that acl(ℓ1,ℓi,A(a)(a)) =
acl(ℓi,A(a)bi,0, ..., bi,ni

) where bi,0 is the r-reduction of a over acl(ℓi,A(a)) and bi,j is
the ri,j-reduction of a over acl(ℓi,A(a)), for some pairwise orthogonal minimal types
ri,1, ..., ri,ni

. By Lemma 7.3.4, acl(ℓi+1,A(a)) = acl(ℓ1,ℓi,A(a)(a)). Hence, acl(ℓi+1,A(a)) =
acl(ℓi,A(a)bi,0, ..., bi,ni

). Let n be the size of the maximal pairwise orthogonal collection of
r0,1, ..., r0,n0 , ..., rm,1, ..., rm,nm and enumerate the resulting set as r1, ...., rn. Let bi,j be the
rj-reduction of a over ℓi,A(a), then acl(Abi, bi,1, ..., bi,n) (note that some of the bi,j may be
algebraic). Hence, acl(Aa) = acl(Ab0, b0,1, ...., b0,n, ...., bm, bm,1, ..., bm,n).

Claim. If p and q are interalgebraic over A, then wtr(p) = wtr(q).

Proof of claim: This is well-known, but we include a proof for completeness. By
symmetry, it suffices to show that wtr(q) ≤ wtr(p). Let wtr(p) = n and let C ⊇ A ∪ B,
a′ |= p|C , and (c1, ..., cn) |= (r|C)(n) such that stp(a′/Cc1, ..., cn) is hereditarily orthogonal
to r. Let τ ∈ AutA(U) be such that τ(a) = a′. Set b′ = τ(b). Then acl(Aa′) = acl(Ab′).
Hence, b′ |= q|C .

Let D ⊇ acl(Cc1, ..., cn), b′′ |= stp(b′/Cc1, ..., cn)|D and c |= r|D. Since a′ and a′′ have the
same type over Cc1, ..., cn, there exists σ ∈ AutC(U) such that σ(a′) = a′′. Let b′′ = σ(b′).
Then acl(Aa′′) = acl(Ab′′).

If b′′ ̸ |⌣
D

c, since b′′ ∈ acl(Aa′′), a′′ ̸ |⌣
D

c and a′′ |= tp(a′/Cc1, ..., cn)|D, contradicting that

stp(a′/Cc1, ..., cn) is hereditarily orthogonal to r. Hence, stp(b′/Cc1, ..., cn) is hereditarily
orthogonal to r, where b |= p|C and (c1, ..., cn) |= (r|C)(n) showing that wtr(q) ≤ n = wtr(p).
■

So it suffices to show that multr(p) = wtr(b0, b0,1, ...., b0,n, ...., bm, bm,1, ..., bm,n/A).

128



Fix i = 0, ...,m. Since stp(bi,j/ℓi,A(a)) is almost rj-internal, by Lemma 2.2.23 and Fact
2.2.25, every extension s of the type is almost rj-internal. If the extension s is algebraic,
then s ⊥ r. Otherwise, since s is almost rj-internal and rj ⊥ p, by Lemma 2.2.31,
s ⊥ r. Hence, stp(bi,j/ℓi,A(a)) is hereditarily orthogonal to r, showing that it is r-simple
with r-weight of zero. By Lemma 7.3.9, bi, bi,1, ...., bi,n is acl(ℓi,A(a))-independent. By this
independence together with additivity of r-weight (see for example [63, Lemma 7.1.11]),
wtr(bi, bi,1, ..., bi,n/ℓi,A(a)) = wtr(bi/ℓi,A(a)). So we compute

multr(p) =
m∑
i=0

wtr(bi/ℓi,A(a))

=
m∑
i=0

wtr(bibi,1, ..., bi,n/ℓi,A(a))

=
m∑
i=0

wtr(bibi,1, ..., bi,n/Ab0, b0,1, ..., b0,n, ..., bi−1, bi−1,1, ..., bi−1,n)

= wtr(b0, ..., bm, b0,1, ..., b0,n, ..., bm,1, ..., bm,n/A)

= wtr(p).

Hence, multr(p) = wtr(p).

7.6 Equivalence of semiminimal analyses

In this final section, we begin to investigate how far semiminimal analyses of a given finite
U -rank type are from being uniquely determined by the type. We focus on some examples
and propose a conjecture. But first, let us make explicit the notion of equivalence up to
which we are comparing analyses.

Definition 7.6.1. Let p ∈ S(A) be stationary. Let f = (fi : pi → pi−1)i=1,...,n and
g = (gi : qi → qi−1)i=1,...,m be two semiminimal analyses for p. We say that the analyses
are equivalent if n = m and there is some (an, ..., a0) realizing f and (bn, ..., b0) realizing g
such that acl(Aai) = acl(Abi) for all i = 0, ..., n.

In general, two arbitrary semiminimal analyses of p need not be equivalent. For
example, let r = tp(a/A) and s = tp(b/A) be two orthogonal minimal types. Let
πr : r ⊗ s → r denote the projection onto the r-coordinate. Then (πr : r ⊗ s −→ r, r → p0)
and (πs : r⊗ s −→ s, s −→ p0), where p0 is any algebraic type, are two semiminimal analyses
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for r ⊗ s. However, we have (a, b) |= r ⊗ s with a = πr(a, b) and b = πs(a, b). Since r and
s are orthogonal minimal types, acl(Aa) ̸= acl(Ab).

This is a special case of non-equivalence when the type p is a Morley product of the first
steps of the two analyses. This is not the only way to produce examples of non-equivalence.

Example 7.6.2. Let T = DCF0 and (U , δ) be a sufficiently saturated model of DCF0 with
C its field of constants. Let F be a small algebraically closed differential field of constants.
Let r be the generic type of the constants over ∅. Fix b |= r|F . Let q be the generic
type over F of log−1

δ (C) (see Example 2.2.35). Let u |= q be such that logδ(u) = b. Fix
a |= r|Fu,b. Let p = tp(a, b, u/F ) and p0 be any algebraic type.

Letting πc denote the projection onto the c-coordinates, we then have the sequences
(πu : p → q, δlogGm

: q → r|F , r|F → p0) and (πa,b : p → r|(2)F , πa : r|(2)F → r|F , r|F → p0)
are two non-equivalent semiminimal analyses for p where the fibers are all almost internal
to r. Moreover, there is no finite-to-one definable function from p to q ⊗ r|(2)F .

Proof. We first show that (πu : p −→ q, δlogGm
: q −→ r|F , r|F −→ p0) is a semiminimal

analysis for p where every fiber is almost internal to r. The fiber tp(abu/Fu) = tp(a/Fu) =
r|Fu is minimal and almost r-internal by Lemma 2.2.23 and Fact 2.2.25. The fibers of
r → p0 are exactly r|F which is itself r-internal and minimal. The fibers of δlogGm

: q → r
are almost C-internal and non-algebraic since U(q) = 2 and U(r|F ) = 1, U(q)−U(r|F ) = 1
(see for example [44, Proposition 5.3]).

For the second sequence, the fiber tp(abu/Fab) = tp(u/Fb)|a which is a non-forking
extension of the fiber tp(u/Fb) = tp(u/F logδ(u)) which is almost r-internal. Hence,
tp(abu/Fab) is almost r-internal by Lemma 2.2.23 and Fact 2.2.25. Similarly, the fiber
tp(ab/Fa) = tp(b/Fa) = r|Fa which is almost r-internal by Lemma 2.2.23 and Fact 2.2.25.
The fibers of the function r|F → p0 are exactly r|F which is itself r-internal.

For the non-equivalence, since r is minimal, a |= r|F and a ̸ |⌣
F

u, we get that a ̸∈ acl(Fu).

Hence, acl(Fu) ̸= acl(Fab) showing these analyses are not equivalent.

Finally, note that acl(Fabu) = acl(Fau). Hence, U(p) = 3 and U(q ⊗ r|(2)F ) = 4. Thus,
there cannot be a finite-to-one definable function from p to q⊗r|(2)F . However, the definable
function from p → q ⊗ r|F is given by abu 7→ au is finite-to-one.

In the above example, we saw that p was not interalgebraic with the Morley product
of the first steps of the non-equivalent composition analyses, i.e., acl(Fuab) ̸= acl(Fua).
However, p is eventually interalgebraic with two independent steps of the analyses. This
is an example of what we call Morley product branching:
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Definition 7.6.3. We say that two semiminimal analyses f = (fi : pi → pi−1)i=1,...,n and
g = (gi : qi → qi−1)i=1,...,m agree up to Morley product branching if for some realizations
(an, ..., a0) of f and (bm, ..., b0) of g, there is 0 ≤ ℓ ≤ min{n,m} such that:

1. acl(Aan−i) = acl(Abm−i) for 0 ≤ i ≤ ℓ− 1.

2. acl(Aan−ℓ+1) = acl(Aan−ℓbm−ℓ) = acl(Abm−ℓ+1), and

3. an−ℓ |⌣
A

bm−ℓ.

This is not the only other possibility for non-uniqueness.

Example 7.6.4. Let T = DCF0. Let F a small algebraically closed differential field and
let C be the field of constants for U , a sufficiently saturated model of DCF0. Let q be a non-
algebraic and non-minimal stationary type such that q is almost C-internal and there are
pairwise A independent realizations, a1, a2, a3 |= q such that a3 ̸ |⌣

A

a1a2 and a3 ̸∈ acl(Aa1a2)

i.e. q has degree of non-minimality 2 (such a type exists by Section 4.2 of [26]).

Let p = tp(a1a2a3/F ). Then p is almost C-internal by Lemma 2.2.23. Let p0 ∈ S(F )
be algebraic and f : p → p0 be a definable function. Then (f : p → p0) is a C-analysis for
p.

On the other hand, define g2 : p → q as the projection map given by a1a2a3 7→ a1 and
let p0 ∈ S(F ) be algebraic and g1 : q → p0 be a definable function. Since a3 ̸∈ acl(Fa1a2)
the fibers of g1 are non-algebraic. Since p is almost C-internal, the fibers of both g2 : p → q
and g1 : q → p0 are almost C-internal. Since q is non-algebraic, (g2 : p → q, g1 : q → p0)
is a C-analysis of p by fibrations, and is also a semiminimal analysis as the fibers are all
almost internal to the generic type of the constants over ∅.

Clearly these analyses are not-equivalent as they are different lengths and a ̸∈ acl(Fa1a0)
for any a0 |= p0. Thus, they do not differ by Morley-product branching.

Note that the above example is analyzable in the constants. We conjecture that such an
example must always be so:

Conjecture 7.6.5. Let p ∈ S(A) be stationary, non-algebraic and finite U-rank. Let
f = (fi : pi → pi−1)i=1,...,n and g = (gi : qi → qi−1)i=1,...,m be two semiminimal analyses of
p. If the two analyses are non-equivalent then either:

1. f and g agree up to Morley product branching, or
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2. p is analyzable in the family of all non-locally modular minimal types.

Note that Example 7.6.2 shows that the cases in the conjecture are not mutually ex-
clusive.

We can prove a preliminary case of the conjecture by placing some additional assump-
tions on the analyses.

Proposition 7.6.6. Let p ∈ S(A) be a stationary finite U-rank type. Suppose that p has
a semiminimal analysis f = (f2 : p2 → p1, f1 : p1 → p0) such that the fibers of f2 : p2 → p1,
f1 : p1 → p0 all satisfy exchange. Let g = (gi : qi −→ qi−1)i=1,...,n+1 be another semiminimal
analysis for p. If f and g are non-equivalent then either:

1. f and g agree up to Morley product branching, or

2. p is analyzable in the family of all A-conjugates of a single non-locally modular min-
imal type.

Proof. Fix a |= p and choose (bn, ..., b0) realizing g such that acl(Aa) = acl(Abn+1). Let
(a2, a1, a0) be a realization of f such that acl(Aa) = acl(Aa2). For all i = 0, ..., n + 1, we
have that bi ∈ acl(Aa) = acl(Aaa1). Since the fibers of f2 : p2 → p1 satisfy exchange,
bi ∈ acl(Aa1) or a ∈ acl(Abia1).

First we show that if bn ∈ acl(Aa1), then the two analyses must be equivalent. If
bn ∈ acl(Aa1) \ acl(A), then since p1 satisfies exchange we have that acl(Abn) = acl(Aa1).
Let c ∈ acl(Abn) \ acl(A), then c ∈ acl(Aa1) \ acl(A). By exchange, a1 ∈ acl(Ac). Hence,
bn ∈ acl(Aa1) ⊆ acl(Ac). Therefore qn satisfies exchange. For all i = 1, ..., n − 1, since
bi ∈ acl(Abn) and U(bn/A) > U(bn−1/A), we have that bn ̸∈ acl(Abi). As qn satisfies
exchange, bi ∈ acl(A). Thus n = 1 and acl(Ab1) = acl(Aa1) showing the two analyses are
equivalent.

Thus, we may assume that bn ̸∈ acl(Aa1). Hence, by exchange a ∈ acl(Aa1bn).

Since p1 satisfies exchange, by Remark 6.2.3, p is either minimal or almost internal to
t, a non-locally modular minimal type t.

First suppose that p1 is minimal. If a1 ̸ |⌣
A

bn, then by minimality of p1, a1 ∈ acl(Abn).

But then a ∈ acl(Aa1bn) = acl(Abn), hence acl(Abn+1) = acl(Aa) = acl(Abn), contradicting
that U(qn+1) > U(qn). So we must have a1 |⌣

A

bn. Since a ∈ acl(Aa1bn), we have that

acl(Aa) = acl(Aa1bn) and a1 |⌣
A

bn which is case (2) of the conclusion of the statement.
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So we may assume that p1 is not minimal, and hence is almost internal to t, a non-
locally modular minimal type. Let r2 be a minimal type such that tp(a/Aa1) is almost
r2-internal. We will show that either a ∈ acl(Aa1b1) and a1 |⌣

A

b1, which is case (2) of

the conclusion, or t ̸⊥ r1 and thus p is analyzable in the family of all A-conjugates of the
non-locally modular minimal type t.

If b1 ∈ acl(Aa1) \ acl(A), then since p1 satisfies exchange, a1 ∈ acl(Ab1) ⊆ acl(Abn).
Thus, a ∈ acl(Aa1bn) = acl(Abn), contradicting U(qn+1) > U(qn). Hence, a ∈ acl(Aa1b1).
If a1 |⌣

A

b1, then case (2) of the conclusion holds.

So we may assume that a1 ̸ |⌣
A

b1 and show that r1 ̸⊥ t. By definition, p1 ̸⊥ q1. Since p1

is non-algebraic and almost internal to the minimal type t, by Lemma 2.2.31, q1 ̸⊥ t. On
the other hand, since f1 : q1 → q0 is semiminimal, the fiber q1 = tp(b1/A) is non-algebraic
and almost internal to a minimal type s. Since q1 is non-algebraic, almost s-internal and
q1 ̸⊥ t, by Lemma 2.2.31, s ̸⊥ t.

Since b1 ∈ dcl(Aa) and tp(a/Aa1) is almost r2-internal, by Lemma 2.2.23 and Fact
2.2.25, tp(b1/Aa1) is almost r2-internal. Since b1 ̸∈ acl(Aa1), tp(b1/Aa1) is non-algebraic.
Thus, by Corollary 2.2.27, tp(b1/Aa1) ̸⊥ r2. Now, since tp(b1/A) is almost s-internal,
by Lemma 2.2.23 and Fact 2.2.25, tp(b1/Aa1) is almost s-internal. We have shown that
tp(b1/Aa1) is non-algebraic and almost internal to the minimal type s2 and non-orthogonal
to r2. By Lemma 2.2.31, r2 ̸⊥ s. Since s ̸⊥ t, s is minimal, and, by Fact 2.2.11, non-
orthogonality is transitive on a minimal type, hence r2 ̸⊥ t. Hence, tp(a/Aa1) is almost
t-internal. Thus p is analyzable in the family of A-conjugates of the non-locally modular
minimal type t.
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