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Abstract

We propose algorithms to compute tight lower bounds and high quality upper
bounds for the Multi-Level Capacitated Minimum Spanning Tree problem. We first
develop a branch-and-cut algorithm, introducing some new features: (i) the exact
separation of cuts corresponding to some master equality polyhedra found in the for-
mulation; (ii) the separation of Fenchel cuts, solving LPs considering all the possible
solutions restricted to small portions of the graph. We then use that branch-and-cut
within a GRASP that performs moves by solving to optimality subproblems corre-
sponding to partial solutions. The computational experiments were conducted on
450 benchmark instances from the literature. Numerical results show improved best
known upper bounds for almost all instances that could not be solved to optimality.
Keywords : Network Design, Branch-and-Cut, Fenchel Cuts, MIP based local search.

1 Introduction

The Multi-Level Capacitated Minimum Spanning Tree (MLCMST) problem is an
extension of the well-known Capacitated Minimum Spanning Tree (CMST) problem.
The CMST problem consists of finding a minimal cost spanning tree rooted at a
central node such that the amount of traffic to be transferred from the central to the
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other nodes, called terminals, is bounded by a capacity C' on each edge. Esau and
Williams [9] introduced the CMST, and since then a lot of research on both exact and
heuristic methods to tackle the problem has been conducted, see for instance Ahuja
et al. [1, 2], Amberg et al. [3], Hall [17], Gouveia [14], Gouveia and Martins [15, 16],
Martins [18], Sharaiha et al. [23], de Souza et al. [24], and Uchoa et al. [25]. The
reader can also address the survey by Voss [26].

In the MLCMST case, a feasible set of capacities is available to be installed between
each pair of nodes. This means that instead of installing a capacity C' on every edge
of the tree, as happens in the CMST, a choice can be made among different values
of capacities and respective costs. Let G = (V, FE) be a connected undirected graph,
where V' denotes the set of nodes and E denotes the set of edges. Let us consider L
different capacities of value 2z, I = 1,...,L, such that 0 < 2! < 22 < --- < 2L = C,
which are available to be installed on each edge {i, j} € E with a cost ¢} ;- We consider

that only one capacity can be installed on an edge. Given a spanning tree T' = (V, E)
of G, ziij} denotes the capacity installed on edge {i,j} € E. The cost of T is given

by Z{z’,j}eE céj. A non-negative integral weight b; is associated to each node i € V.
Let us designate by 7 the node in V' which is the central node. The predecessor p(i)
of anode i € V — {r} is the first node in the path from ¢ to r in 7. We denote by T;
the connected component containing node ¢ in the forest obtained by removing edge
{p(i),i} of T. The MLCMST problem consists of finding a minimum cost spanning
tree T' of G such that the sum of the node weights in each T;, i € V — {r}, is less than
or equal to the capacity z! (i)} installed on edge {p(3),i}.

The MLCMST problem has been recently treated in the literature by Gamvros
et al. [12, 13], and by Martins et al. [19]. Gamvros et al. [13] proposed two flow-
based mixed integer programming formulations and several heuristic procedures for
the problem, including exponential size neighborhoods and a hybrid genetic algorithm.
Martins et al. [19] proposed a GRASP hybridized with an integer programming model.
The heuristic defines subproblems that are solved by a commercial optimization pack-
age over that IP. That hybridized GRASP improved the best known upper bounds
for several benchmark instances.

The purpose of this work is to present efficient algorithms to compute tight lower
bounds and high quality upper bounds for the MLCMST problem. We propose a
branch-and-cut algorithm capable of solving instances with 50 nodes (and even some
instances with 100 nodes) in a reasonable amount of time. Moreover, the relaxations
solved at the root node of the algorithm provide very tight lower bounds (always
less than 1%) for larger instances with up to 150 nodes. We then use the branch-
and-cut within a GRASP similar to that in [19], optimizing subproblems during the
construction and local search phases. Since the new branch-and-cut is substantially
more effective than the pure IP model, the resulting algorithm is able to find solutions
better than those found by the former algorithm in a consistent way.

The paper is structured as follows. In the next section we describe the branch-
and-cut algorithm, that differs from that in Uchoa et al. [25] by having new strong
separation procedures. First, the so-called Extended Capacity Cuts that were only
separated heuristically in [25] are now also separated exactly, using a characterization
of the master equality polyhedron found recently by Dash, Fukasawa and Giinliik [8].



Second, it uses a newly defined family of Fenchel cuts separated by considering the
possible partial solutions over small parts of the graph. Then, in Section 3, we describe
how the GRASP employs the branch-and-cut to solve subproblems generated in the
construction and local search phases. Section 4 is devoted to report computational
experiments conducted on all the 450 larger benchmark instances introduced in the
literature by Gamvros et al. [13]. We present optimal solution values of all the 150
instances with 50 nodes and all the 50 instances with 100 nodes and the root in a
central position. We then show significantly reduced gaps for all the remaining 250
instances, with 100 and 150 nodes.

2 Branch-and-cut

Gouveia [14] proposed a formulation for the CMST that can be directly adapted for
the MLCMST. This formulation works over a directed graph Gp = (V, A), where A
has a pair of opposite arcs (i,7) and (j,i) for each edge e = {i,j} € E, excepting
edges {r,i}, which are transformed into a single arc (r,47). The solution must be an
arborescence having directed paths from node r to all the remaining nodes. The
formulation requires the following assumptions: (i) 2! = 1 and (ii) capacities increase
from 1 to z” by unitary increments, in other words, z* = i for i = 1,...,L. The
cases in which conditions (i) and (ii) do not hold can be handled by introducing
artificial capacities. The cost associated to an artificial capacity is the same as the
first available capacity greater than the artificial one. Let binary variables z¢ indicate
that arc a = (i,7) belongs to the optimal arborescence and that the total weight
of the nodes in the sub-arborescence rooted in j is exactly d. For any S C V, let
6 (S):={(i,j) e A:i¢ S,je S}tand §(S) :={(i,j) € A: i€ S,j ¢ S} denote
the set of incoming (resp. outgoing) arcs of set S. For simplicity, let 6% (i) := §+({i})
and 0~ (i) := ¢~ ({i¢}). Then a formulation for the MLCMST is

c
Minimize S5 edad (1a)
acAd=1
S.t.
c
Y Yag=1 (Vie VA{r), (1b)
agd— (i) d=1
c c
X ydag— X Ydug=bi (YieV\{r}), (1c)
acs— (i) d=1 a€st (i) d=1
zd € {0,1} (Vac A;d=1,...,0). (1d)

This formulation was already used in [19] in order to solve (using CPLEX’s built
in branch-and-bound solver) small-sized MLCMST problems that were generated as
subproblems in the GRASP heuristic. This paper proposes enhancing this formula-
tion with powerful cuts, so the resulting branch-and-cut algorithm can solve larger
instances or at least provide significantly better lower bounds at the root node.



2.1 Extended capacity cuts

For any set S C V' \ {r}, define b(S) = > .. ¢b(i). Summing equations (1c) over S,
one gets:

Soodad— > dx? =b(9). (2)

ades—(9) adest(S)

An Eaxtended Capacity Cut over S is any inequality valid for the polyhedron given
by the convex hull of the 0-1 solutions of (2). The Homogeneous Ezxtended Capacity
Cuts (HECCs) are a subset of the ECCs where all entering variables with the same
capacity have the same coefficients, the same happening with the leaving variables.
For a given set S, define aggregated variables y? and 2% as follows:

yi= > (d=1,...,0), (3)
ates; (S)

2= (d=1,...,0C). (4)
adest (S)

Equation (2) implies that:

c C
> dy? — 37 dz? = b(S). (5)
d=1 d=1

For each possible pair of values of C' and D = b(S), we may define the polyhedron
P(C, D) induced by the non-negative integral solutions of (5), a very particular kind of
equality constraint where all integral coefficients in the range [-C, ..., C] are present.
The inequalities that are valid for those polyhedra are HECCs. In practice, given a
set S, a good heuristic to separate such inequalities is by multiplying equation (5) by
suitable multipliers and applying integer rounding. The separation procedure used to
select candidate sets S and multipliers is fully described in Uchoa et al. [25], where
the same inequalities were used in a branch-cut-and-price algorithm.

Recently, Dash, Fukasawa and Giinliik [8] performed a deep study of polyhedra
P(C, D), which they called the Master Fquality Polyhedra. In particular, they give
a pseudo-polynomial characterization of the polar of such polyhedra. This means
that one can separate a point from P(C, D) by solving a linear program of pseudo-
polynomial size (O(C) variables and O(C?) constraints).

In this work, we use that result to significantly improve the separation of HECCs.
We still use the same procedure of [25] to select candidate sets S. But now, when
the heuristic separation over P(C, D) by rounding fails, we call an exact separation
procedure by LP solving.

2.2 Fenchel cuts over the neighborhood of two nodes

The so-called Fenchel cuts for integer programming were introduced by Boyd in the
early nineties [7]. These cuts are characterized for being separated by solving a linear
program where the variables correspond to the coefficients of the desired cut, max-
imizing the violation with respect to the current fractional solution subject to not
cutting any integer feasible solution. Of course, Fenchel cut separation can not be
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applied to a whole IP, separating a single cut would be more expensive than solving
the original problem. In practice, those cuts are separated with respect to substruc-
tures present in the IP, typically knapsack-like constraints [6, 11, 21, 5, 22]. Applegate
et al. [4] separated Fenchel cuts for the TSP (called local cuts) by performing node
contractions that shrink the original graph into a much smaller graph and by consid-
ering the solutions of the graphical TSP (a relaxation of the TSP that allows multiple
visits to a node) on the shrunk graph. In this paper, we separate Fenchel cuts for the
MLCMST by considering small parts of a fractional solution.

Let S = {u,v} C V \ {r} be a set containing two non-root nodes. Define the
neighborhood of S as the arc-set A(S) = 6 (S) U 6T (S) U {(u,v), (v,u)} and z(S)
as the subset of the variables z¢ where a € A(S). Let P(S) be the set composed by
the 0-1 incidence vectors that correspond to possible integral values for the variables
in z(S) and are maximal with respect to the number of values 1. If Z is the current
fractional solution in the branch-and-cut, we denote by Z(S) its restriction to A(S).
In a similar way, let o be a vector of coefficients associated to the x variables and «/(5)
its restriction to A(S). If the solution of the following linear program over variables
a(S) yields z* > 1, then a.z <1 (the positions of @ not in «(S) are completed with
zero) is a valid cut.

Maximize z = Z(S).a(S) (6a)
S.t.

p.a(S) <1 (Vpe P(9)), (6Db)

0<a« (6¢)

The separation of such kinds of Fenchel cuts is quite practical because one can further
restrict A(S) to the arcs with positive value in the current fractional solution. In this
way, the number of solutions in P(S) to be considered is not too large. Moreover,
only sets S = {u,v} where chzl(jgv +z%,) > 0 need to be considered.

Figure 1: Partial fractional solution over set A({1,2}), all arcs have value 1/3.

For example, Figure 1 depicts the arcs with positive value in a fractional solution
restricted to A(S), where S = {1,2}. All those arcs have a value of 1/3, the numbers



next to the arrows are the d indices. We solve the following LP:

Maximize 2 = 1/3(ady + ady + ady + a3y + a3; + ady) (7a)
S.t.

ofy +ajy <1 (7b)

al, +a3; <1 (7c)

oy + a3 <1 (7d)

a3 +aly, <1 (7e)

o +ad, <1 (7f)

ad <1 (7g)

0<a. (7h)

We remark that the partial solutions corresponding to inequalities (7b-7f) are maxi-
mal, it is not possible to have solutions where more than 2 of the 6 considered variables
have value 1. The partial solution with only x3; having value 1 is also maximal, this
solution corresponds to the inequality (7g). Solving that LP, one gets z* = 4/3 and
the following violated inequality:

1 2 1 1
Ty + 27 + Ty + x5 <1

In this particular case, the derived Fenchel cut has a clear structure: a clique cut.
In fact, it could be lifted to a stronger cut by including positive coefficients for some
variables in A(S) with z¢ = 0, that were not considered in the separation. For
example, 23, (and several other variables) could have their coefficients increased to
1 by noticing that this variable is incompatible with all the variables already with
coefficient 1. We decided not to perform any lifting. The difficulty of lifting lies in the
fact that general Fenchel cuts do not have a clear structure to help on the lifting. For
example, Figure 2 depicts the support graph of a cut found over a certain fractional
solution of a benchmark instance. Again, the numbers next to the arrows represent
the d indices. The cut is (we multiplied the actual a(S) in the LP solution by 4 in
order to have integral coefficients):

3:1:%2 + 3:1:%2 + x%g + m:fg + x%l + '7;53 + :c§3 + :1:%5 + a:}ﬂ + 23:22 < 4.

Figure 2: Support graph of a Fenchel cut.



In cases like that (there are cuts that are much more complicated), we do not know
how to find valid lifting coefficients for certain variables, except by enumerating all
partial solutions that include that variable. This would be expensive, the number of
partial solutions to be considered increases exponentially with the number of lifted
variables.

It is interesting that we did not experience any numerical difficulty with our Fenchel
cuts on the MLCMST problem (for example, those kind of problems were reported
in the Generalized Assignment Problem [5]). In our case the cuts may be complex,
but always have small integral coefficients (after multiplying by a suitable factor),
usually up to 5 and rarely more than 8. As will be shown in the experimental results,
the Fenchel cuts were able to close a significant part of the remaining integrality gap
(after the separation of ECCs) in reasonable times.

As far as we know, Fenchel cuts were never used before in network design problems.

3 GRASP

Our GRASP employs the heuristic rules proposed by Martins et al. [19] to generate
smaller-sized MLCMST subproblems. These subproblems are independently solved
during the search by the proposed branch-and-cut algorithm, c.f. Section 2. We also
use a verification routine to check if a new subproblem generated has been already
investigated. The purpose of such a routine is to avoid recomputations.

GRASP is a multi-start metaheuristic that has been widely used to obtain good
quality solutions for many combinatorial problems (see [10]). A GRASP iteration
consists basically of two subsequent phases: construction phase and local search phase.
The construction phase builds a feasible solution. The local search starts off with
the solution built in the former phase and tries, by investigating neighborhoods, to
achieve improvements until a local minimum is reached. The procedure returns the
best solution found after Max_It iterations.

3.1 Construction phase

The construction phase proposed by Martins et al. [19] uses a greedy randomized
heuristic to partition V' —{r} into subsets Ry, ..., Rx. The cardinality of each subset
Ry, is limited by a parameter w > z%. Initially, Ry, = 0 for k =1,..., K, and k is set to
1. While |Rg| < w, the procedure inserts a node not been allocated to any set in the
partition under construction to Ri. A Restricted Candidate List (RCL) comprises
nodes whose insertion in Rj results in the smallest incremental cost according to
Prim’s algorithm to compute a minimum spanning tree. Let d;, for a node j not been
allocated to any set in the partition, be a label defined as d; = min{cz-lj 11 € Ry}
Then, d,,;n and dq: denote respectively the minimum and the maximum values of
d;j. Given a parameter o € [0,1], a node j not been allocated belongs to RCL if
dj < dmin + &(dmar — dmin). The node to be inserted in Ry is randomly selected
from those in the RCL. When w nodes are inserted in R}, the heuristic increments
k and proceeds until a partition of V' — {r} is completed. Subproblems consist of K
independent MLCMST instances defined each on a subgraph induced in G by R;U{r},



k=1,...,K. Then, we apply the proposed branch-and-cut to solve each of the K
subproblems to optimality.

3.2 Local search phase

Martins et al. [19] developed a local search that tries to re-arrange nodes of different
components connected to . Given a feasible tree T', a neighbor is obtained by (i)
defining a subgraph G of G, and (ii) solving a MLCMST subproblem on G. Let us
assume that the forest obtained by removing node r and its adjacent edges from 7' is
composed of B connected components. A subproblem is formed with a subgraph G
induced in G by V = {r} Upea V where ® C {1,..., B} and V} is the set of nodes of
component b. A neighbor solution is obtained by re-arranging in a optimal manner
the components whose indices belong to ®, leaving the other components unchanged.
The cardinality of V' is limited by a parameter h. Every time a new subproblem is
generated the parameter h is chosen at random from the interval [h, h], where h and
h are positive integers.

A non-leaf node 7 in T is chosen to be the “reference” to form a subproblem. Let V;
be the set of nodes in the component containing node i. Initially, V is set to V; U {r}.
The procedure looks for a candidate node u belonging to a component different to
Vi in T that could be connected to i at a smaller cost. That is, a node u such that
G <
to V UV, if the cardinality of the resulting set does not exceed h. The procedure
continues trying to enlarge the subproblem until either the cardinality of V is h or all
candidate nodes have been tested.

This kind of move leads to the need of solving a smaller-sized MLCMST instance in
subgraph G in the worst-case. To evaluate a considered move, we apply the proposed
branch-and-cut to solve to optimality the subproblem. We propose a routine to check
if a move under consideration leads to a subproblem already investigated during the
search, since evaluating a move is the most time consuming part of the heuristic.
The verification routine works as follows. Let us assume P subproblems been solved
during the search, each one of them labeled from 1 to P. For each node ¢ we store
the labels of the subproblems in which node i appears. Every time a subset V C V is
selected to form a new subproblem, we check for the subproblem labels in common to
all nodes in V. If there is not a label in common, the subproblem is a new one, and
it is solved to optimality. If there is a label p in common to all nodes in V, we need
to check if the set of nodes forming subproblem p is a subset of V. To do this, for
each subproblem being solved we store its number of nodes. If the number of nodes
of subproblem p is less than the cardinality of V, the subproblem is a new one, and
it is solved to optimality. In such a case the procedure continues from the optimal
tree of subproblem p avoiding recomputation, since we store for each subproblem its
optimal solution. Otherwise subproblem p had V as the set of nodes, and hence we
can simply use the stored optimal solution with minimal computational cost.

where [ is the capacity on edge {p(u),u} in T. Then, V is enlarged



4 Computational results

Gamvros et al. [13] introduced in the literature a set of benchmark instances for the
MLCMST problem. The larger instances have 50, 100, and 150 terminal nodes -
besides the central node - randomly distributed in a 40 x 40 square grid. All demands
are unitary. Three different capacities are available and their values are the same for
every edge: z! = 1, 22 = 3, and 23 = 10. For each edge (i,7), the cost c}j of the
first capacity value is equal to the Euclidean distance between nodes i and j (not
rounded), and the cost of the second and third capacities are respectively c%j = 2011]»
and c?j = 3c%j. There are three instance classes for each size, according to the location
of the central node: in the center, at the edge, and randomly located. Gamvros et
al. [13] generated a total of 450 larger instances, divided into the following 9 series
of 50 instances with the same size and class: 50c, 50e, 50r, 100c, 100e, 100r, 150c,
150e, and 150r. Martins et al. [19] used the 250 instances from series 50c, 50e, 50r,
100c, and 150c on their experiments. In this work, all the 450 larger instances were
used in the experiments. All algorithms were coded in C++, and compiled on gcc/g++
version 2.4. The branch-and-cut algorithm was actually implemented using the cut
callback feature present in CPLEX version 10.2.0 callable library, separating the cuts
described in Section 2. The branch-and-cut uses default CPLEX parameters. We ran
all the experiments on a Core 2 Quad 2.5 GHz with 4Gb of RAM memory running
Linux Ubuntu 8.04.

Table 1 is aimed at showing the impact of each family of cuts on improving the
lower bounds at the root node of the branch-and-cut. For series 50c, 50e, 50r, and
100c (where proven optimal solutions could be found for all instances), we report
average integrality gaps: for the linear relaxation of formulation (1) (LP); for also
adding HECCs separated by the same rounding heuristic used in [25] (+HECC Heu.);
for also adding HECCs found by the exact separation provided by the results in [§]
(+HECC Ex.); for also adding the Fenchel cuts proposed in this paper (+Fenchel). For
the last case, that includes all cuts in this paper, the maximum gap is also provided. It
can be seen that the last two new families of cuts are quite effective, typically dividing
the remaining integrality gap by a factor of 3.

Tables 2 and 3 report the optimal solution values (within a precision of 3 decimal
places) and the time taken by the full branch-and-cut algorithm (without using any
external upper bound) to solve all instances in series 50c, 50e, 50r, and 100c. Each
table is arranged into two blocks of columns, corresponding to a series. The first
column of a block identifies each particular instance in the series, numbered from 0
to 49. Then, the optimal values and computational times in seconds are shown in the
second and third columns respectively. Some remarks about those results:

e The branch-and-cut was able to quickly solve all instances from 50c series. As
already observed in the CMST case (see for instance [15]) instances where the
central node is located at the edge are harder. Those where the central node is
randomly positioned have an intermediate difficulty. Nevertheless, the maximum
time to solve any instance with 50 nodes is only 461.3 seconds. The standard
CPLEX MIP solver is much slower on solving those instances using only formu-
lation (1), the average times are 145.9 (50c), 1305.6 (50e), and 210.9 (50r). The
maximum time is 5601.1 seconds.



e The branch-and-cut could also solve all instances from the 100c series, but this
takes significantly more time, 6780 seconds in average. The standard CPLEX
MIP could not solve any instance from the 100c series, it gets out of memory
after several hours of processing time.

e The branch-and-cut algorithm can not solve most of the instances from the
remaining series in reasonable computing times.

In this context, the GRASP heuristic using the branch-and-cut to solve subprob-
lems having up to 51 nodes becomes an interesting alternative to find high quality
solutions for those larger/harder instances. The original GRASP in [19] only solved
subproblems with up to 31 nodes, since their general MIP solver would take too much
time to handle larger subproblems. We remark that the GRASP usually generates
subproblems where the central node is located at the edge, even when this central
node has a central position with respect to the complete instance. As mentioned be-
fore, these types of problems are typically harder to solve, so having a more efficient
code for solving the subproblems is a very important tool.

Tables 4 to 8 report upper and lower bounds for all instances in series 100e, 100r,
150c, 150e, and 150r. The new upper bounds were obtained by the GRASP employing
the branch-and-cut in the construction and local search phases. We ran GRASP for a
number of Max_It equal to 10 iterations, but also report results for a single iteration.
In the construction phase, o was chosen randomly in the interval [0.1,0.4], and the
parameter w, which limits the cardinality of each set in the partition, was set to 10. In
the local search phase, the value of h was chosen at random from the interval [16, 51].
The new lower bounds are given by running only the root node of the branch-and-cut.
Columns in those tables have the following meaning. We first report the best upper
bounds (UB) and lower bounds (LB) known before this paper, and the respective
gaps, i.e., %%. The previously best known upper bounds for the 150c series are
taken from Martins et al. [19]. The other previous best known upper bounds and all
previous best lower bounds were obtained by Gamvros et al. [13, 20]. The next four
columns are the results obtained by the GRASP: the upper bounds after 1 and 10
iterations, then the respective running times in seconds. The following columns are
the results for solving the root node of the branch-and-cut over the complete instance
— the lower bound and the running time in seconds. In the last column, we present
the gap between the lower bound and the best upper bound found. Some comments
about those results:

e The upper bounds provided by the full GRASP with the branch-and-cut are
certainly very good, the maximum gap over all those large/harder 250 instances
was less than 0.88%. However, it is also clear that this heuristic is quite ex-
pensive. Running times of the version with 10 iterations range between 1 to
6 hours. In cases where those times are unacceptable, a possible strategy is
parallelizing the algorithm using more than one processor (or core), noting that
GRASP iterations are independent.

e Even if one cannot parallelize the algorithm or wait a few hours for its results,
the experiments have shown that a single iteration of the GRASP (when the
algorithm basically is reduced to an hybrid local search) already gives fairly
good solutions. The largest gap observed using that upper bound was 1.25%.
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The average time of a single GRASP iteration over the instances with 150 nodes
is 986 seconds. For those instances, Gamvros et al. actually chose not to use
their best heuristic since it became too time consuming. Their running times for
this faster, but potentially worse heuristic is around 1000 seconds, and therefore
roughly comparable to the single GRASP iteration (albeit in a slower machine,
a dual-processor Pentium II 1GHz with 512MB RAM). Nonetheless, the upper
bounds obtained after a single GRASP iteration are better than the previous
best known ones in 64% of the 150c instances and in 100% of the 150e and 150r
instances. Hence, taking roughly the same amount of time, we were able to
improve significantly on their results.

Due to the running times, the lower bounds from the Gamvros et al. paper are
not from their strongest formulation, but from an enhanced single commodity ow
formulation. A significant contribution of this paper is in developing a branch-
and-cut formulation to provide improved lower bounds that can be computed in
a reasonable amount of time.

Table 6 allows a direct comparison of the upper bounds found by the original
GRASP in [19] and by the new GRASP using the embedded branch-and-cut.
Improvements were found in 49 out of the 50 instances in series 150c. The
comparison in this case is also fair, since running times are similar. It can also
be noted that a single iteration of the new GRASP is usually better than 10
iterations of the original one.

As an additional experiment not shown in those tables, we also ran the new
GRASP over series 100c. In average, the first iteration finds upper bounds that
are 0.14% above the optimal (15 optimal solutions) in 386 seconds. The GRASP
with 10 iterations finds upper bounds that are 0.005% above the optimal (47
optimal solutions).
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50c OPT time 50e OPT  time

0 568.476 16.6 0 1108.674 476
1 540.621 17.9 1 1147.728 153.5
2 558659 15.0 2 1007.268  55.9
3 564.283 24.0 3 1084.108 115.2
4 541.677 14.6 4 1123.234 129.8
5 608.158 17.1 5 1096.209 138.4
6 571.427 21.3 6 1002.304 543
7 580.527 18.3 7 1038.709  65.3
8 616.956 13.2 8 1077.996 265
9 635477 18.7 9 1117.051 165.2
10 557.311 176 10 1115.708 108.8
11 592.567 19.9 11 1093.425 146.3
12 630.495 18.2 12 1018.228 143.6
13 541.065 20.3 13 1158.830  58.0
14 565.96 158 14 1093.222  37.1
15 560.875 18.3 15 1081.795  59.7
16 577.772 112 16 1044.068 121.4
17 570.136 188 17 1058.846 183.9
18 605.112 11.4 18 1073.215 169.7
19 608.206 19.1 19 1039.356 102.8
20 561.301 275 20 1042.514  28.9
21 593.014 14.7 21 1138.702 112.7
22 565.352  19.2 22 1107.963 282.7
23 573.494 249 23 1020.009 102.7
24 623.627 11.6 24 1064.897  41.1
25 554.543 3.6 25 1030.405 116.9
26 570.778 14.4 26 1121.626  31.7
27 564.583 21.0 27 941540  76.6
28 581.974 12.3 28 1059.916 461.3
29 572327 195 29 1128.082  47.5
30 601977 15.3 30 1044.712  81.3
31  582.82 204 31 1109.926 126.7
32 591.413 24.7 32 1135531  69.4
33 562.659 11.8 33 1068.535  79.0
34 596.988 15.3 34 1024.628  83.2
35 574.187 20.3 35 1039.296  41.1
36 579.59 18.6 36 1057.711  59.4
37 52588 123 37 1001.467 188.9
38 595.329 17.2 38 1080.916 175.5
39 549.045 95 39 1038.405  83.2
40 554.145 11.0 40 1046.796 155.1
41 578.868 21.7 41 1049914  84.3
42 581.187 23.2 42 1052.056 137.4
43 581.138 125 43 1048.190  70.1
44 584.498 21.6 44 1017.236 115.6
45 581.792  25.6 45 1061.875 134.4
46 575.617 16.1 46 1106.692 157.3
A7 622.004 21.8 47 1113.141  83.9
48 579.057 195 48 1028.043 191.6
49 559.609 7.7 49 1098.593 158.0
Avg. 17.2 Avg. 113.2

Table 2: Branch-and-cut times and optimal values: series 50c and 50e.
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50r OPT  time 100c OPT time

0 591.991 19.0 0 1075.429 219.5
1 737.046  48.1 1 1102.352 557.5
2 701.633 224 2 1108.356 3372.3
3  676.355  20.2 3 1096.077 293.8
4  859.786 494 4 1073.83 1886.8
5  958.692 278.5 5 1106.464 381.9
6  767.158  43.2 6 1042.484  14009.2
7 T741.734  76.0 7 1136.44 9411.8
8  684.667 45.4 8 1104.339 2895.5
9 829.176  38.1 9 1140.361 9924.5
10 850.330  42.7 10 1040.935 1242.6
11 670.775  16.0 11 1046.843 241.1
12 715.212 32.2 12 1100.986 2310.2
13 790.461  21.5 13 1076.326 883.7
14 786.882  26.0 14 1052.864 3704.7
15 872357 108.9 15 1096.602 9677.5
16 702.672  16.2 16  1081.679 713.3
17 585.497 18.6 17 1196.528 41088.1
18  690.706  18.1 18 1100.988 242.7
19  811.374 143.4 19  1064.041 194.3
20 879.342  48.2 20 1102.979 1014.5
21 797.794  64.9 21 1082.299 3981.2
22 688.662 24.1 22 1026.593 448.6
23 720.743  80.8 23 1088.228 1009.0
24 809.756  93.7 24 1095.762 3577.1
25  625.111  19.6 25 1088.681 1658.3
26 853.640 114.8 26 1058.178 4125.2
27 694.711  30.3 27 1067.799 2894.5
28  773.762  41.8 28 1071.537  39594.0
29 1062.233  85.8 29 1136.181 1057.7
30 712.625 @ 34.1 30 1036.521 4381.4
31 729.420 31.0 31 1062.344 304.0
32 973.967 109.6 32 1059.192 113694.8
33 970.959  62.0 33 1105.185 689.7
34 792202  26.6 34 1071.753 3282.1
35  551.251  21.6 35 1128.925 873.0
36 698.521 223 36 1123.295 3554.4
37 769.785  38.1 37 1114.458 1491.8
38  657.630 22.6 38 1123.318 1495.8
39  687.322 425 39 1095.434 414.5
40  649.140 24.0 40 1087.756  16510.1
41  788.533 284 41 1070.239  10466.4
42 535.245  20.5 42 1004.472 1715.8
43 719.962  16.1 43 1059.29 1790.1
44  621.563  18.7 44 1098.467 1632.9
45  800.283  45.0 45  1135.27 1080.5
46 547.649  22.2 46 1120.805 5932.0
47  766.440  31.0 47 1132.807 1526.1
48  684.083 194 48 1061.246 523.4
49 628967 13.1 49 1034.512 5035.4
Avg. 46.7 Avg. 6780.1

Table 3: Branch-and-cut times and optimal values: series 50r and 100c.
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Best Known [13, 20] GRASP + B&C

100e UB LB g%) UB1 UBI10 timel timel0 LB time g(%)
0 2185.18 2102.98 3.91 2170.79 2168.097  855.6  6413.7 2158.87 5328 0.43
1 2015.96 1943.44  3.73 2018.45 2007.625 709.2 5895.8 2000.41 1392.2  0.36
2 2120.68 2054.84  3.20 2113.19 2111.526 533.4 5258.1 2103.56 326.1  0.38
3 1993.73 1928.66  3.37 1991.74 1989.065  677.8  5827.2 1978.62  600.6 0.53
4 2037.46 1966.56  3.61 2038.51 2032877  700.3  5916.6 2020.18 1136.3 0.63
) 2150.73 2073.86  3.71 2139.10 2136.933  341.5  4872.8 2127.46  665.0 0.45
6 2037.07 1971.26  3.34 2029.86 2028.611 759.5 6843.9 2019.39 706.0 0.46
7 2222.60 2148.97 3.43 2210.14  2209.246 576.4 5276.8  2201.38 498.8 0.36
8 2044.59 1963.01  4.16 2029.32  2029.322 811.6 7058.7 2018.46 463.2 0.54
9 2033.73 1961.01 3.71 2028.30 2021.453  460.7  4820.0 2012.16  563.8 0.46
10 2016.62 1941.98 3.84 2001.89  2000.862 764.5  5734.2 1992.15 3526 0.44
11 222248 2146.83  3.52 2208.08 2208.082 331.8 5261.5 2201.86 505.2  0.28
12 1924.49 185291  3.86 1926.17 1921.888 436.6 5927.4 1910.28 441.6  0.61
13 2145.84 2066.34  3.85 2137.65 2136.541 645.1 6200.5 2126.83 735.7  0.46
14 2061.59 1982.66  3.98 2049.28 2049.284 450.1 6328.6 2040.32 391.7  0.44
15 1965.80 1901.06 3.41 1958.92 1958919 7824  5433.2 1950.70 4894  0.42
16 2095.43 2030.00 3.22 2088.47 2088.468 1132.8 12556.1 2079.36 5714 0.44
17 1967.80 1891.82  4.02 1961.38 1957.885 1738.7 19534.3 1946.05 442.7  0.61
18 2051.35 1981.84 3.51 2049.54 2045.390 1231.8 17404.5 2034.88 409.5  0.52
19 2194.22 2114.75  3.76 2182.52 2175.994 1700.7 18579.3 2168.12 861.8  0.36
20 1941.27 1869.10  3.86 1933.86 1932.486 2050.1 20092.4 1923.29  865.8 0.48
21 2137.95 2068.23  3.37 2129.83 2126.715 1778.8 16530.3 2118.20 478.6  0.40
22 2021.83 1944.19  3.99 2018.44 2013.261 1578.3 20806.0 2001.92 580.1  0.57
23 2055.94 1980.08  3.83 2045.04 2045.042 1189.1 9713.3 2036.78 595.4  0.41
24 2029.21 1948.85 4.12 2023.51 2018.398 1301.5 11418.0 2007.50 510.1  0.54
25 1954.69 1882.28  3.85 1948.78  1941.825 795.6 10431.5 1932.16 496.4  0.50
26 2108.91 2029.42  3.92 2098.98 2091.216  926.6  9457.5 2084.55 649.8 0.32
27 1978.95 1900.46 4.13 1967.51 1966.986 1473.5 12655.5 1953.46  366.2  0.69
28 2105.44 2022.93 4.08 2099.57 2092.897 1553.2 12167.9 2084.57  487.0  0.40
29 2104.96 2031.88  3.60 2105.13 2100.967 1065.0 12533.6 2086.02 443.7  0.72
30 1961.14 1882.63  4.17 1953.92  1947.711 1441.1 11988.0 1939.17 1026.1 0.44
31 2027.19 1957.09  3.58 2017.30 2012.820  580.4  8135.7 2005.88  278.0 0.35
32 2189.84 2116.81 3.45 2186.94 2174.858  990.1 10105.5 2167.66  365.3 0.33
33 2136.06 2055.51  3.92 2128.21 2126.354 1158.8 11097.3 2113.95 679.3  0.99
34 2072.05 1995.73  3.82 2064.52 2057.769 1190.6 9440.7 2050.44 806.5  0.36
35 2169.38 2092.02  3.70 2164.47 2159.746 1424.7 11999.3 2150.89 804.1  0.41
36 2009.65 1934.03 3.91 1996.45 1995.119 1174.2 116225 1986.77 4254  0.42
37 2037.62 1953.39 4.31 2019.98 2018.325 813.4 8321.0 2012.11 4269 0.31
38 2136.86  2059.57  3.75 212595 2120.883 1208.0 11518.8 2110.61 363.1  0.49
39 2037.17 197543  3.13 2036.30 2031.733 762.6 9797.5  2025.61 952.0 0.30
40 2037.46 1972.76  3.28 2037.98 2030.022 1016.3 9956.2  2021.67 521.1  0.41
41 2062.96 1991.65  3.58 2059.63 2048.908 1001.1 9641.6 2043.58 614.2  0.26
42 1884.68 1811.11  4.06 1878.88 1875.663  952.5 11367.5 1866.39  424.8 0.50
43 2233.21 2155.90 3.59 2227.63 2222.880 983.0 11645.5 2211.72 494.4  0.50
44 2164.30 2093.22  3.40 2158.70  2152.697 821.3 9674.0 2146.49 587.5  0.29
45 2170.40 2091.25  3.79 2155.22 2155.208 1437.8 12203.5 2145.81 482.3 0.44
46 2138.39 2058.52  3.88 2129.36 2127.234 799.0 122249 2115.79 685.6  0.54
47 2060.37 1987.68  3.66 2052.92 2047.853  981.8  9124.6 2041.88 5829 0.29
48 2052.43 1982.35 3.54 2046.09 2041.061 1143.6 7583.2  2031.39 298.4  0.48
49 2067.58 199197  3.80 2055.66 2054.915 534.4 5046.7 2042.68 322.7  0.60
Avg. 2071.50 1997.21  3.72 2064.00 2060.192  995.3  9988.8 2051.00 574.0 0.45

Table 4: Results fgr the 100e series.



Best Known [13, 20] GRASP + B&C

100r UB LB g(%) UBI1 UBI0 timel timel0 LB time g(%)
0 1606.57 1533.735  4.75 1594.36  1594.358 363.1 5953.6 1588.09  438.1 0.39
1 1893.58 1816.662  4.23 1885.38 1885.063 653.5 6571.5 1875.21 489.5  0.53
2 1488.34 1418.726  4.91 1482.11 1476.980 455.5 5196.0 1473.08 276.6  0.26
3 1175.05 1108.194  6.03 1168.11 1166.972 433.7 3807.5 1159.71  418.3  0.63
4 1166.97 1101.724  5.92 1158.40 1155.714 396.0 3347.2 1149.27 187.7  0.56
) 1216.15 1148.867  5.86 1207.35 1202.533 235.7 3796.2 119787 1785  0.39
6 1612.01 1543.942 4.41 1603.82 1602.116 797.2  5430.7 1594.86 302.9 0.45
7 1116.79 1048.669  6.50 1109.79 1107.746  421.8 3814.7 1100.72 627.7 0.64
8 1342.13  1266.527  5.97 1336.49 1326.983 786.5 4678.8 1321.46  720.0 0.42
9 1511.44 1431.159  5.61 1497.35 1494.310 462.3 5123.9 1484.94 286.5  0.63
10 1501.27 1424.499  5.39 1493.59 1490.672 6859 6368.5 1479.14  459.2  0.78
11 1800.73 1724.491  4.42 1797.68 1793.842 407.2 61524 1785.39 640.1  0.47
12 1713.92  1642.249  4.36 1708.38 1706.713 612.7 5498.6 1695.12 530.3  0.68
13 1385.85 1311.500  5.67 1369.53 1369.532 628.0 4693.7 1364.20 484.2  0.39
14 1260.43 1187.978  6.10 1245.24 1245.238 308.8 2950.6 1239.54 1446  0.46
15 1621.79 1551.197  4.55 1616.86 1616.831 430.3 4901.9 160743  753.7  0.39
16 1142.20 1077.067  6.05 1132.96 1132.185 449.3 4075.5 1128.42 2509 0.33
17 1327.48 1251.539  6.07 1321.87 1315.928 4453 4314.2 1307.93 224.3  0.61
18 1730.69 1661.108  4.19 1726.67 1724.015 428.8 4879.5 1717.51 4726 0.38
19 1122.80 1060.098  5.91 111757 1111.798 313.3 3159.7 1109.53 315.2  0.20
20 1580.73 1508.644  4.78 1572.33 1570.814 4329 40959 1561.07  348.0 0.62
21 1515.29 1442.315 5.06 1511.85 1501.877 417.8 4536.9 1494.59 2974 049
22 1155.67 1090.206  6.00 1140.39 1140.389 191.3 2403.9 1138.96 325.1 0.13
23 1250.89 1178.639  6.13 1236.36  1232.631 269.3 3491.2 1227.87 239.7  0.39
24 1510.58 1438.406  5.02 1505.15 1505.148 572.2 4870.3 1496.28 335.6  0.59
25 1612.11 1541.554  4.58 1595.20 1595.197 321.2 4424.0 1589.81 509.2  0.34
26 1376.62 1312.6556  4.87 1370.556 1369.210 320.4 34364 1361.33  223.8 0.58
27 1546.52 1470.298  5.18 1535.43 1535426 430.7 45524 1526.82 1367.3  0.56
28 1128.19 1059.286  6.50 1123.84 1116.913 385.3 3515.3 1109.76 213.6 0.64
29 1217.10 1149.665  5.87 1211.62 1210.074 441.5 3505.1 1203.83 289.5  0.52
30 1278.78 1203.966  6.21 1264.27 1264.267 310.2 3054.5 1258.52 456.6  0.46
31 1497.23 1422.378  5.26 1484.86 1484.862 496.3 4099.3 147733 337.6 0.51
32 1448.38  1377.455  5.15 1438.82  1436.271 296.1 3600.6 1430.81 609.5  0.38
33 1601.11  1525.623  4.95 1598.76  1593.734 364.3 4643.9 1581.10 244.8  0.80
34 1535.34 1460.583  5.12 1524.00 1521.744 944.8 4809.3 1513.13 740.7  0.57
35 1790.70 1708.371  4.82 1781.84 1777.035 367.9 5590.9 176797 6354 0.51
36 1198.81 1127.950  6.28 1191.33 1190.458 360.3 3660.4 1183.35  458.8 0.60
37 1628.19 1556.451  4.61 1624.94 1622.724 5984 6207.4 1612.90 471.8 0.61
38 1692.43 1607.992  5.25 1681.93 1674.090 516.1 5574.5 1665.72 839.3  0.50
39 1330.64 1253.470 6.16 1314.16 1311.144 530.0 4271.1 1305.48 619.2 0.43
40 1514.00 1441.186  5.05 1501.32  1500.573 431.7 3686.4 1494.12 387.5 0.43
41 120597 1135.890  6.17 1192.53 1192.525 2953 3272.1 1187.92 188.2  0.39
42 1813.27 1736.099  4.45 1808.89  1804.179 999.5 6397.0 1792.77  399.1 0.64
43 1576.17 1501.478  4.97 1568.29 1562.929 4029 4814.6 1555.75 3174 0.46
44 1760.82 1684.780  4.51 1751.65 1746.806 466.9 5156.1 1739.34 728.2  0.43
45 1499.78 1429.201 4.94 1501.93 1496.918 529.3 4987.1 1486.65 2219  0.69
46 1164.72 1095.817  6.29 1154.47 1154.473  279.7 3847.7 1146.19 1474 0.72
47 1411.14 1348.263  4.66 1405.88 1405.875 544.8 4157.8 1397.64 191.5  0.59
48 1993.48 1906.716  4.55 1985.71 1977.807 596.2 6265.4 1966.93  603.3  0.55
49 1710.07 1631.454  4.82 1696.35 1696.345 455.5 44079 1687.07 541.8  0.55
Avg. 1465.62 1393.13  5.30 1456.96 1454.239  465.7 4521.0 1446.81 429.8 0.51

Table 5: Results fgr the 100r series.



Best Known GRASP + B&C
150¢ UB[19] LB[20] g(%) UB1 UB10 timel timel0 LB time g(%)
0 1555.09 1483.97 4.79 1551.20 1550.382 695.6 7614.3 1541.393  422.7 (.58
1 1639.31 1569.58 4.44 1638.97 1634.420 560.5 5587.7 1627.047 569.2  0.45
2 1624.75 1550.35  4.80 1624.90 1620.860 675.1 5680.6 1611.212 673.6  0.60
3 1586.54 1509.93  5.07 1578.88 1578.877 551.5 5996.6 1569.488  588.9  0.60
4 1633.25 1555.02  5.03 1630.15 1626.312 559.8 5594.2 1617.757  990.1  0.53
5 1658.82  1583.08  4.78 1656.97 1655.029 566.4 5550.8 1643.616  617.9  0.69
6 1560.93 1486.18  5.03 1553.34 1549.002 528.0 5436.9 1542.732 415.8 041
7 1601.46 1520.71  5.31 1595.32  1593.127 693.6 7167.6 1583.200 456.8  0.63
8 1584.62 1513.96  4.67 1586.31 1584.944  470.7 6203.3 1576.648 477.1 0.53
9 1551.76 147730  5.04 1548.26  1548.265 680.2 6689.5 1536.034  446.1  0.80
10 1670.66 1589.69  5.09 1670.10 1664.195 695.6 6760.5 1654.867  481.0 0.56
11 1536.38 1468.01  4.66 1542.59 1535.340 767.9 7527.4 1527.398  438.5 0.52
12 1600.25 1526.61  4.82 1596.21 1596.207 651.5 7783.8 1587.526 426.8 0.55
13 1620.42 1548.12  4.67 1619.83 1617.850 389.2 6168.8 1609.479 720.8  0.52
14 1596.45 1520.68  4.98 1592.23 1586.822 523.6 6798.2 1579.459  651.8  0.47
15 1591.07 1522.01 4.54 1588.50 1588.500 563.5 6328.7 1577.515  484.0 0.70
16 1546.31 1466.95 5.41 1543.16  1540.703 777.0 7755.3 1530.685  636.7 0.65
17 1642.19 1566.31 4.84 1640.83 1638.974 786.5 8364.9 1630.967 698.8  0.49
18 1627.52 1548.84  5.08 1629.76 1621.329 594.8 7203.0 1614.072 709.6  0.45
19 1674.52 1600.14  4.65 1677.15 1673.395 7173 7239.8 1663.916 3749  0.57
20 1524.37 1452.73  4.93 1520.09 1520.092 465.6 6895.5 1512.048 4152  0.53
21 1614.36 1542.23  4.68 1613.01 1609.188 613.7 7275.4 1600.282 594.8  0.56
22 1615.52 1539.50 4.94 1610.55 1607.782 583.4 7132.5 1600.146 537.7 0.48
23 1611.31 1538.72  4.72 1609.58 1606.530 686.7 7326.1 1595.303 517.6  0.70
24 1626.81 1552.27  4.80 1625.02 1624.085 624.3 7683.4 1614.448 1003.8  0.60
25 1588.24 1512.61  5.00 1585.48 1582.446 709.8 6550.4 1576.052 9344  0.41
26 1564.28 1485.25  5.32 1556.01 1556.013 923.2 8393.3 1548.540 311.0 0.48
27 1660.21 1581.59  4.97 1661.34 1655.092 761.7 6689.3 1644.906  664.7 0.62
28 1573.74 1506.52  4.46 1570.06 1568.964 682.8 6546.9 1560.714 451.6  0.53
29 1580.15 1502.69  5.15 1576.58 1573.068 649.7 6530.8 1563.377 445.0  0.62
30 1585.97 1511.77 4.91 1593.67 1582.869 731.6 7394.2 1573.786  517.1  0.58
31 1608.11 1529.41  5.15 1604.06  1598.005 746.3 8243.3 1590.344 10254  0.48
32 1599.57 1519.52  5.27 1597.22 1597.216 730.3 7917.5 1583.550  492.2 (.86
33 1646.67 1572.18 4.74 1645.09 1642.690 773.0 6696.1 1632.541 731.0 0.62
34 1523.06 1451.05 4.96 1519.33 1519.330 760.5 7018.1 1512.086 4322 048
35 1626.49 1548.54  5.03 1626.39 1624.873 822.8 7894.1 1612.816 638.6  0.75
36 1525.58 1456.26  4.76 1530.04 1524.946 681.5 6196.5 1513.877 2959 0.73
37 1576.40 1509.76  4.41 1575.98 1573.387 907.4  7448.7 1564.809  600.9  0.55
38 1519.99 144142 5.45 1523.14 1513.890 603.5 7896.7 1504.379 4778  0.63
39 1584.22 1520.04  4.22 1584.44 1583.614 670.2 6102.7 1575.787 488.8  0.50
40 1673.15 159544  4.87 1670.16 1668.653 520.5 6555.5 1660.890 755.8  0.47
41 1608.74 1530.98  5.08 1609.97 1605.475 891.8 8274.7 1592.841  365.6 0.79
42 1626.90 1554.19  4.68 1626.37 1622.238 563.1 6072.8 1614.284 518.0 0.49
43 1610.01 1539.88  4.55 1607.64 1604.058 884.4 7605.3 1594.092  977.5 0.63
44 1613.59 1546.49 4.34 1614.48 1609.328 381.7 6563.5 1604.367 520.0 0.31
45 1630.23 1554.09  4.90 1631.16 1626.152 714.2 6754.1 1617.772 518.1 0.52
46 1641.71 1567.32  4.75 1638.78 1634.553 428.4 5375.6 1628.407 1203.4  0.38
47 1610.86 1534.33  4.99 1603.05 1600.638 739.9 6357.3 1593.734  508.9  0.43
48 1597.07 1523.08  4.86 1596.67 1592.144 631.9 8128.3 1582.404 651.3 0.62
49 1668.59 1588.24  5.06 1662.51 1658.807 760.9 7804.2 1651.313 822.7 0.45
Avg. 1602.76  1528.31  4.87 1601,05 1597.813 661.9 6935.5  1588.90 594.0 0.56

Table 6: Results fgr the 150c series.



Best Known [13, 20] GRASP + B&C

150e UB LB g(%) UB1 UB10  timel  timel0 LB time g(%)
0 3043.19 2932.04 3.79 3003.72 3003.718  710.8  8678.9 2992415 728.1 0.38
1 3130.60 3017.36  3.75 3102.86  3099.175 829.2  9653.3 3082.438 1004.1 0.54
2 3074.82  2960.41  3.86 3049.30 3043.186 754.2  9466.2 3028.971 1086.1  0.47
3 3049.50 2944.37  3.57 3028.94 3025.921  905.5  9004.7 3008.361 1129.9  0.58
4 3057.15 2930.99 4.30 3013.03 3012.149  734.6  8933.0 2993.525  976.8 0.62
5 3124.30 3018.28  3.51 3105.76  3096.325 1065.6  9152.7 3080.425 1460.3  0.52
6 3139.49 3020.23  3.95 3104.05 3104.051 1246.1 10648.3 3083.835 769.8  0.66
7 3124.99 3018.03  3.54 3102.89 3101.611 949.6  8463.1 3080.592  684.1 0.68
8 3027.51 2899.28  4.42 2993.71 2987.788 1112.1  9760.5 2968.513 1082.6  0.65
9 3033.71  2916.53  4.02 2998.24 2998.236 1119.8 10077.9 2981.108  848.8  0.57
10 3085.52  2967.32  3.98 3050.02 3044.015 1578.5 17067.4 3029.875  732.5  0.47
11 3061.33 2959.22  3.45 3039.20 3038.636 1650.4 15949.6 3021.685  818.3  0.56
12 3052.91 2930.67  4.17 3022.82 3014.345 17279 15944.5 2999.968 1487.2 0.48
13 3111.28 3000.72  3.68 3085.13 3083.403 1466.8 17285.2 3067.367 1152.0 0.52
14 3107.94 2985.61 4.10 3076.49 3066.980 1749.1 17758.5 3052.041 12244  0.49
15 3092.81 2979.22 3.81 3065.49 3060.121 1723.4 18581.7 3045.106  971.5  0.49
16 2904.96 2799.28  3.78 2884.08 2876.751  940.6 10063.2 2860.175  630.6  0.58
17 3150.99 3030.04  3.99 311298 3111.366 1591.6 18793.6 3095.731 975.5  0.51
18 3078.75 2978.55  3.36 3065.20 3056.673 1508.1 15589.4 3043.994 9719 0.42
19 2928.83 2815.16 4.04 2897.04 2896.769 1952.7 18490.1 2878.857 1089.8  0.62
20 3036.93 2921.85 3.94 3007.06 2992.853 2114.4 17352.8 2983.935 1018.7 0.30
21 3174.22  3060.85  3.70 3139.39 3139.386 1259.3 13981.1 3123.488  996.6  0.51
22 3105.00 3009.46  3.17 3089.37 3077.937 1458.3 14976.1 3064.579 1046.6 0.44
23 3005.69 2899.90  3.65 2984.77 2980.575 1615.5 17523.1 2962.699 1219.6  0.60
24 3098.07 2988.50  3.67 3071.71  3065.603 1259.0 15485.4 3048.968 6753  0.55
25 3052.12  2937.04  3.92 3017.29 3011.713 1246.7 14651.7 2999.329  633.7 0.41
26 3038.44 2925.25  3.87 3005.36 3002.238 1917.6 18359.8 2987.528  830.8  0.49
27 2892.99 2781.39 4.01 2862.36  2861.963 1261.6 16174.6 2842.803 9709  0.67
28 2974.59 285493 4.19 2944.11 2936.602 1230.2 15514.4 2921.027 1354.6 0.53
29 3151.54 3043.55  3.55 3136.00 3124.704 1766.7 17390.2 3106.190 1055.4  0.60
30 3127.57 3022.07  3.49 3104.21 3100.487 3327.4 20869.4 3084.961 1037.3  0.50
31 3037.74 2930.86  3.65 3004.89 3004.895 1476.7 17195.7 2989.889  958.2  0.50
32 3161.11 3044.55 3.83 3134.95 3127.715 1717.1 18160.5 3111.192  987.6  0.53
33 3195.45 3074.38 3.94 3161.80 3154.333 1586.1 18423.5 3141.674  905.0 0.40
34 3139.71  3024.30  3.82 3111.90 3103.323 2068.6 17934.9 3089.086 1045.0 0.46
35 3095.11  2980.82  3.83 3066.32  3059.124 2351.3 17065.1 3042.552 1303.9 0.54
36 2972.63 2862.10 3.86 2946.51 2942.259 1763.3 18329.3 2924.125  925.5 0.62
37 3000.31 2888.35  3.88 2970.54 2966.372 1773.4 193154 2951.453 803.6  0.51
38 3187.47 3079.74  3.50 3163.27 3160.703 1434.4 16549.4 3143.987 13179 0.53
39 2976.62 2850.34  4.43 2946.36  2939.031 1333.8 17531.8 2921.866 1017.4 0.59
40 3050.83 2941.69 3.71 3026.22 3021.389 2348.3 19884.4 3004.662 1119.8 0.56
41 2972.10 2867.58  3.64 2949.15 2948.040 2000.0 16282.6 2931.986 1154.0 0.55
42 3104.22  2979.04  4.20 3064.21 3057.400 1651.2 18780.0 3043.192 1116.2 047
43 2966.58 2871.71  3.30 2952.43 2947.803 1520.3 16894.1 2930.487 1287.8  0.59
44 3084.01 2970.05  3.84 3053.11 3051.160 1892.2 17883.2 3032.430 1301.6 0.62
45 3150.20 3032.98  3.86 3116.22 3110.412 1717.8 17028.7 3093.925  958.0 0.53
46 3024.37 2904.06 4.14 2994.11 2985.329 1678.6 16473.5 2969.127 9189  0.55
47 3120.89 2999.22  4.06 3082.37 3072.505 1958.2 17113.4 3062.022 1146.1 0.34
48 3058.92  2955.44  3.50 3037.05 3036.614 1627.7 17350.4 3021.196 1855.6  0.51
49 3143.35 3024.59  3.93 3117.60 3109.285 1637.5 19325.9 3094.408 1092.9 0.48
Avg. 3069.59 2956.60  3.82 3041.23 3036.259 1546.2 15583.2 3020.395 1037.6  0.53

Table 7: Results for the 150e series.



Best Known [13, 20] GRASP + B&C

150r UB LB g%) UB1 UB10 timel timel0 LB time g(%)
0 2418.80 2303.13  5.02 2384.15 2374978 1198.6  9565.4  2363.65 692.2 0.48
1 2122.23 2020.05 5.06 2094.01 2087.433 680.4 7762.3 2076.39 761.9  0.53
2 2243.70  2135.84  5.05 2217.36  2216.420 881.1 8107.5 2201.89 500.7  0.66
3 2180.74 2076.64  5.01 2157.34  2147.615 77T 7594.7 0 213520 742.8  0.58
4 2236.04 2128.82  5.04 2206.69 2206.680  552.0  8410.6  2195.59  829.8 0.51
) 2644.18 2520.64 4.90 2605.67 2601.696 10079  8973.5  2584.25  876.0 0.68
6 2472.68 2365.40 4.54 2443.17 2438.750 1252.7 7632.2 2421.91 7214 0.70
7 2049.93 1940.63  5.63 2018.55 2011.802 565.9 6234.7 2001.65 773.7  0.51
8 2493.97 2368.44  5.30 245491 2452.279 1244.3 10030.4 2433.12 649.7  0.79
9 2053.54 1947.00 547 2016.09 2011.395 713.5  6933.9  2003.48  498.2  0.40
10 2249.45 2144.27 491 2229.50 2228.520 707.4 T718.7 2211.55 601.5 0.77
11 1956.35 1854.25 5.51 1930.20 1930.196  648.3  5953.2 1915.00 5372  0.79
12 2269.84 2160.57  5.06 2247.33  2235.641 548.1 6074.5 2225.44 583.1  0.46
13 1954.28 1851.00 5.58 1929.34  1922.582 817.5 5840.0 1910.26 540.5 0.64
14 2205.40 2120.34 4.01 2197.11 2194.228 628.8 6387.5 2179.88 968.8  0.66
15 2474.14  2375.30 4.16 2451.28  2446.956 811.5 7021.4 2435.18 594.6  0.48
16 2660.86 2559.14  3.97 2632.04 2628.578  624.5 7909.3  2616.42 675.2 0.46
17 2466.24 2363.34  4.35 2443.04  2439.881 481.3 6844.0 2426.15 707.2  0.57
18 1871.91 1773.09  5.57 1844.40 1841.278 569.6 6041.9 1831.74 571.9  0.52
19 2426.58 2312.68 4.92 2396.89 2388.308  594.6  7458.9  2374.09 613.2 0.60
20 2455.44 2352.09 4.39 2435.37 2422387  851.8  6973.9  2410.77  963.5 0.48
21 2208.22  2093.63  5.47 2175.61 2172.824 4194 5346.9 2157.83 994.1  0.69
22 1754.90 1653.44 6.14 1730.95 1727.429 420.3 5478.4 1714.26 872.5  0.77
23 1982.48 1871.19 5.95 1951.57 1946.446 383.1 5119.6 1937.45 636.6  0.46
24 2139.09 2039.28 4.89 2112.30 2110.409 474.9 6789.5 2098.18 605.6  0.58
25 1755.58 1661.22  5.68 1733.23 1726.731 7979  6051.6 1720.32  554.2  0.37
26 2062.79 1966.17  4.91 2036.14 2036.135  549.5 57974  2025.09 650.8 0.55
27 2951.49 2844.54  3.76 2927.70 2919.079  855.3  7683.5  2907.12 851.6 041
28 1970.09 1870.52  5.32 1943.19  1940.450 675.1 6789.1 1927.81 699.8  0.66
29 1737.12  1648.19  5.40 1721.50 1714.470 655.6 5121.1 1704.72 784.7  0.57
30 1947.16 1852.30  5.12 1923.75 1915.543  577.3  5228.8 190797  692.2  0.40
31 2462.89 2352.11 4.71 2436.57 2421.065 740.3 9031.6 2410.93 563.7  0.42
32 1544.92 1447.03 6.77 1518.60 1516.882  587.7  6125.1 1506.01  699.6 0.72
33 2397.05 2291.02 4.63 2372.39 2367.190 698.2 8028.2 2354.13 851.1 0.55
34 2228.29 2111.71  5.52 2201.29 2193.709 529.3 8201.4 2178.98 1012.8 0.68
35 1723.08 1619.80 6.38 1687.83 1687.832  970.2  7501.0 1676.76  794.2  0.66
36 2148.73 2046.57  4.99 2124.19 2119.462 797.8  7518.7  2106.81  669.8  0.60
37 1942.58 183491  5.87 1912.23 1912.230 905.6  8150.7  1895.70  655.7 0.87
38 2245.47 2134.09  5.22 2215.22  2215.219 842.2 9300.5 2200.56 674.7  0.67
39 2269.26 2176.78  4.25 2248.13 2248.131 1030.3 9272.5 2232.64 566.8  0.69
40 2366.26 2260.44  4.68 2343.23 2333.694 1307.0 8637.5 2326.67 1120.5  0.30
41 2059.14 1958.05  5.16 2031.23 2028.016  536.3 6874.4  2018.60 580.2 0.47
42 2043.65 1929.05 5.94 2012.51 2000.458  679.6  7538.5 1991.31  605.0 0.46
43 2490.46 2385.12 4.42 2465.37 2462.882 904.6 8683.0 2447.85 664.7  0.61
44 1643.22  1560.68  5.29 1629.63 1626.556 774.4 6794.7 1615.49 669.2  0.69
45 2095.97 1981.78  5.76 2066.51 2062.106 896.4 8060.1 2045.66 714.3  0.80
46 1751.63 1652.41  6.00 1723.96 1722.407  859.5  6504.4 1712.07  376.5  0.60
47 2371.64 2263.58 4.77 2351.54 2345285 8489  9953.7  2331.92 1003.2  0.57
48 1855.69 1763.64  5.22 1831.70 1831.425 913.0  7792.3 1820.36  570.6  0.61
49 2217.28 210549 5.31 2179.55 2178.144 753.8 7799.1 2166.74 640.4  0.53
Avg. 2165.45 2060.95 5.14 2138.84 2134.196  750.8  7332.8 2121.871  695.6 0.58

Table 8: Results 4gr the 150r series.



