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The CSP Dichotomy Conjecture is solved!

2017: Bulatov and Zhuk independently announce positive solutions to the
Constraint Satisfaction Problem Algebraic Dichotomy Conjecture.

Their proofs (101 and 47 pages) are on the arXiv.
They analyze invariant relations of finite idempotent Taylor algebras.

Crucial piece: relations that encode hidden linear equations.
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Another happy guy

Ralph Freese
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R. Freese, “Subdirectly irreducible algebras in modular varieties” (1982)

Topic: subdirectly irreducible algebras (Sls) with abelian monolith in
congruence modular (CM) varieties, especially:

@ linear coordinatization of monolith-classes;

@ a “similarity relation” (compatibility of coordinatizations).

Goals of this lecture:

@ Recall some of Freese's results.
O Recall-arelated-resultof Kearnes & Szendrei:
© Announce that these results extend to finite Sls in Taylor varieties.

@ Connect everything to one aspect of Zhuk's CSP proof.
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Basic definitions
Let A be any algebra. Let o, 8 € Con A.

Definition.
« centralizes f <= V term t(x,y), VY(aj, b;) € o, Y(cj, d}) € 3,

t(a,c) = t(a,d) < t(b,c) = t(b,d).

Nl

a

Also write [, 5] = 0 to mean “« centralizes /3.”
“ais abelian” <= [a,a] =0.

“A is abelian” <= [1,1] =0.

Definition.

Given 3 € Con A, the centralizer (or annihilator) of 3, denoted (0 : f3), is

the largest « such that [, 8] = 0.
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CHAPTER 1

Finite Sls in Congruence Modular varieties
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Coordinatization

Theorem 1 (Freese, 1982)
Suppose A is a finite S| algebra with abelian monolith x in a CM variety.

There exists a term d(x, y, z) and a prime p such that:
Q V pclass C, 3 k = kc such that (C,d|c3s) 2 ((Zp)*, x—y+2).
(This is “coordinatization of C.” Notation: C «w (Z,)¥)

@ Every n-ary polynomial operation of A, when restricted to an n-tuple

of p-classes, is affine (linear-plus-a-constant) with respect to these
coordinatizations.

Special case: if A is finite simple and abelian, then A is term-equivalent
to a reduct of a vector space over Z, with additional affine operations.
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Compact coordinatization: special case

Theorem 2, (Freese, 1982)
Suppose A is a finite S| algebra with abelian monolith 1 in a CM variety.

Assume (0: ) = 1.  (Consider u as a subalgebra pu < A2))

There exists a simple abelian algebra D «~ (Z,)*, a subuniverse {0} < D,
and a surjective homomorphism h: g — D such that:

@ Every pclass Cis «w~ D via x+— h(x,a) (any fixed a € C).
Q@ hl(o)={(a,a) : ac A} =0a.

Moreover, (D, 0) is unique up to isomorphism.

h
Intuition: K D
D uniformly coordinatizes the p-classes of A via h; J JA
distinguishes 0,4 inside p.
{o} distinguishes 04 inside Op - » {0}
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Example
Let A = the quaternion group Qg = {£1, £/, £j, £k}.

@ Qg is SI, monolith p is abelian. 1
o (0:pu)=1. i
o u has classes {£1}, {=%i}, {£)}, {£k}. 0
@ Theorem 2; is witnessed by the simple group D = Z5 and {o} = {0}.

h: p — D sends all (x,x) 0 and all (x,—x) +— L.

" _j: ] h o1
A ®0
I D

1—1i—ij—jk—k
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Compact coordinatization — general case

Theorem 2 (Freese, 1982)
Suppose A is a finite S| algebra with abelian monolith x in a CM variety.

Then (...something similar to Theorem 25 but more complicated. . .).

Theorem 24 ‘ Theorem 2

Assume (0:p) =1. | Let[(0: u) = .| (Note o > p)
3 simple abelian D<[_3 SI D with abelian mo@

J{o} <D (@o is a transversal for 6
Jh:p—-D {3h:p—-Dandh*:A/a=D/§

ompatible,
i.e., h(a,b)/0 = h*(a/a) = h*(b/a)

Cemw DVCEA/L | CEA/L, CCSEA/a, H(S)=T = Com T
h=1(0) = 04 h=Y(D,) = 04
(D, 0) unique/~=  ( (D, D,) unique/=
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Picture

A finite Sl in CM variety, abelian monolith u, (0: p) = «

6 = monolith
A DO — {Ola 02703}

h*:A/a = D/0
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Comparing coordinatizations: Similarity

In the same paper, Freese defined a similarity relation ~ on Sls.

It's complicated.

Equivalent characterization (Freese)
Let A; and A, be finite Sls with abelian monoliths in a CM variety.

A1 is similar to A, written A; ~ Ay, <—
3 (D, D,) which witnesses Theorem 2 for both A; and A,.

Examples:
QO Qs ~Z4s. (Zy,{0}) witnesses Theorem 2 for both.
@ S3~Zg? No. (0: us,) = ps, while (0: puz,) = 1.

In general, A;~A; = A;/a; = Ay/ap where o; = (0 : ;).
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Freese gave other characterizations of similarity.

Here is a new one.

Theorem 3 (W)

Let A, B be finite SI algebras with abelian monoliths pa, ug in a CM
variety A ~B <= 4 R <A x A x B x B satisfying:

(1) projl,z(R) = up and proj3’4(R) = uB.
Q (31, a, b1, bz) €R implies (31 —a < b = bz).
© (a1,a2, b1, b2) € R implies (a;, aj, bj, bj) € R for i = 1,2.

Proof idea for (=):
o Let (D,D,) and ha : pa — D, hg : pg — D witness A ~ B.
@ Define R = {(al,ag, bl, b2) . hA(al, 32) = hB(bl, bz)}
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itical relations

Now cogsider relations that encode linear equations.

Example: p <sx(Zp)" given by p = {(x1,...,%s) : x1 + "+ x, = 0}.

What formal properties™dp such relations have?

Definition
Suppose Aq,..., A, are finite an

Q p is critical if
@ there is no partt

Q pi

coordinate.
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(tical relations yield similarity

Theorem 4 (Kearnes & §zendrei, 2012)

Q@ A, ~Aforalli,j.
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CHAPTER 2

Finite Sls in Taylor! varieties

Warieties satisfying the weakest nontrivial idempotent Maltsev condition
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Theorems 1 and 2 extend? to Taylor varieties!

Theorem 11 (Folklore?)

Suppose A is a finite S| with abelian monolith 4 in a Taylor variety.

Q I term d(x,y,z) and prime p exactly as before.

@ Polynomials restrict to u-classes exactly as before.

Theorem 27 (new?)
Suppose A is a finite S| with abelian monolith x4 in a Taylor variety.
Let = (0: p).

3 SI D with abelian monolith §, D, <D, h: p— D, h* : A/a =2 D/0
exactly as before, except

@ The coordinatization maps x — h(x, a) are injections C — T (C € A/u, T € D/6)
instead of bijections C «~ T.

2One minor change to Theorem 2
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Extending ~ to Taylor varieties

Freese's characterization of ~ via Theorem 2 suggests the following:

Definition.
Let A; and A; be finite Sls with abelian monoliths in a Taylor variety.

Say A; is similar to Ay, and write A; ~ Ay, if 3 (D, D,) which witnesses
Theorem 21 for both A; and A,.

This extends the usual ~ from CM varieties.
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Theorems 3 and A extend to Taylor varieties!

Theorem 3% (W)

Let A, B be finite Sl algebras with abelian monoliths pa, ug in a Taylor
variety,. A ~B <= da 4-ary witness R < A x A x B x B as before:
Q proj; »(R) = pa and projz 4(R) = ps.

Q (317 a, b1, b2) €R implies (31 =ay < b = b2).

() (31, a, by, bg) € R implies (a,-, aj, bj, b,') € Rfori=1,2.

Suppose p <y Ap X -+ X A rk-free, where Aq, ...

Sin a Taylor variety. If n > 3, then (exac

Proofs: use Tame Congruence Theory.
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CHAPTER 3
Zhuk's bridges
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D. Zhuk, “A proof of CSP Dichotomy Conjecture”
arXiv:1704.01914

Let A be a finite SI with monolith p in a Taylor variety. Let 0 = 04.

Zhuk defines: TCT equivalent

“0 is irreducible” <= 0 is meet-
irreducible in Sub(A?) typ(0, 1) € {2,3}

Assume 0 is irreducible:

0* := the cover of 0 in Sub(A?) basic tolerance for (0, 1)

Opt(0) := (a certain congruence of A) (0:p)
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Suppose A, B are finite Sls with monoliths pa, g in a Taylor variety.

Assume 04 and Op are irreducible.

Definition (Zhuk).
A bridge from 04 to Op is a relation R < A x A x B x B satisfying

@ proj; o(R) 2 03 and projz 4(R) 2 0%.
Q (317 ao, bl, bg) €ER implies (al = a» iff b1 = b2).

Let's define a bridge to be restricted if the two DO'sin @ are ='s.

In effect, Zhuk uses only restricted bridges.
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A restricted bridge from 04 to Og is any R < A x A x B x B satisfying

@ proj; »(R) = 03 and proj; 4(R) = 0%.
Q (al, a, bl, bg) €R implies (31 = a» iff b1 = bg).

Now assume that ua, g are abelian.
Then 0% = pa and 05 = pg.  (By Theorem 17)

Thus (in this case) a restricted bridge from 04 to Og is a relation
R <A x A x B x B satisfying

© proj; 5(R) = pa and projz4(R) = uB.
Q (al, ao, bl, b2) €R implies (31 = a» iff b1 = bg).

OMG!!! This is 2/3rds of my Theorem 3" characterization of A ~ B.
(Missing: the property (a1, az, b1, b2) € R = (aj, a;, b, b)) € R.)
OMG!!! All (restricted) bridges used by Zhuk satisfy this extra property.

Conclusion: Zhuk's bridges witness similarity.
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k's bridges and critical relations

Theorem 8.15

Suppose p <og A1 X X A, is critical and fork-fre
finite algebras in a Taylor
[restricted] bridge Rj from 0anto 04, [wit

uk), very special case

where A1,..., A, are
or all i # j there exists a
e additional property].

OMG!!! It's Theorem 4T, an

Moreover, Zhuk's ana
pairs (a, a’) where
edges in |J;,

is implies that for fixed /, Qpt(04,) contains all
7a' are “linked in p,” i.e., connectethby a path with

Linkedness pushes (0 : ;) towards 1.
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Most of Zhuk's CSP dichotomy proof works for arbitrary (idempotent)
finite algebras in a Taylor variety. However, a few places require the
following:

Assumption: A = (A, w) where w is an m-ary “special WNU".

For example:

Theorem 8.10 (Zhuk), special case

Assume A = (A, w) satisfies this assumption, A is SI with monolith p, 04
is irreducible, and Opt(04) = 1. Then 3 a prime p and a surjective
homomorphism h : 04 — (Zp, x1 + - - - + xm) with h~1(0) = 0a.

Recall: Opt(0a) = (0a: p). So (04 : ) =1. So p is abelian. So 0 = p.
OMG!!! Zhuk's Theorem 8.10 is an instance of Theorem 2.
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Conclusion

The parts of Zhuk’s analysis using bridges and Opt can be viewed as
instances of similarity and centralizers in Taylor varieties.

The parts that require the special WNU assumption (previous slide) can be
relaxed to any idempotent algebras in Taylor varieties.

Thus Zhuk's algorithm can be adapted to apply directly to any finite
idempotent algebra with a Taylor term.

Thank youl!
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