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Notation
Suppose «, 5 € ConA.

1. AM:{[Z ;] :a,b,c,deA}. ~ A

2. R(a, B) denotes the subuniverse of A2%? consisting of all
g
a——-c
o Ja
b—d
B

Observe:

[Z CC/}[Z Z} €R(e.f) = (e, ) €anp.



More notation

Given a, 8 € ConA, let:

Const(a, B) ::{[; ﬂ :x%y} U {[5 ﬂ L V} < RL«@)

M(c, 3) := the subalgebra of A2%? generated by Const(c, 3)

B Higzi ig:ﬂ Ltaterm, X =y, u = VJ} R

(the “a, B-matrices”)

“lo, B] = 0" means

la=c «= b=d| forall [b'f/] M(a, B).




Difference term varieties

Definition
A term p(x, y,z) is a difference term for a variety V if it satisfies

p(x,x,y) =~y throughout V (1)

0,0
p(x,y,y) [E] x whenever (x,y) €0 € ConAinV (2)

V is a difference term (DT) variety if it has a difference term.



Difference term varieties

Definition
A term p(x, y,z) is a difference term for a variety V if it satisfies
p_()(—ﬁ.gﬂ ~ y throughout V (1)

s 10.0=F .
plx ) = x whenever (x,y) € 0 € ConA inV (2)

V is a difference term (DT) variety if it has a difference term.

Examples of DT varieties

1. Any variety with a Maltsev term.
2. Any CM variety (Herrmann, Gumm).

3. Any SD(A) variety: they satisfy [a, 5] = a N f, so
p(x,y,z) := z is a difference term.




Some facts (Lipparini, Kearnes, Szendrei 1990s)

1. [a, B] = [B, ] in DT varieties. (In fact, [o, 8] = [a, B]e.)
2. {DT varieties} is a Maltsev class C {Taylor varieties}.



Some facts (Lipparini, Kearnes, Szendrei 1990s)

1. [a, B] = [B, ] in DT varieties. (In fact, [o, 8] = [a, B]e.)
2. {DT varieties} is a Maltsev class C {Taylor varieties}.

Taylor

D,/

Mantra
If a statement is true for all CM varieties and all SD(A) varieties,
then it is probably true for all DT varieties.



Given 6§ € ConA, let T(0) :={(a, b,c) : a

Theorem (Gumm)

Suppose V is a CM variety with difference term p(x,y, z). Let
A cVand @€ ConA. Then [#,0] =0 if and only if

(G1) p satisfies “the other Maltsev identity” on each #-block, i.e.,
(a,b) €0 = p(a,b,b) = a.

(G2) p restricted to T(6) is a homomorphism T(6) — A.




Given 6§ € ConA, let T(0) :={(a, b,c) : a

Theorem (Gumm) el

Suppose V is a CM variety with difference term p@e,—y,-ﬂ Let
A cVand 6 € ConA. Then [64] =0 if and only if
(2]

(G1) p satisfies “the other Maltsev identity” on each #-block, i.e.,
b=a
(a,b) €0 = p(a,b,b) = a.

(G2) p restricted to T(6) is a homomorphism T(6) — A. v’

Fun fact: the theorem is also true in SD(A) varieties using p = z.

So it “should” be true in all DT varieties (and it is: Kearnes 1994).



Definition

A term q(x,y,z,w) is a Kiss term for a variety V if it satisfies
q(x,y,x,y) =~ x throughout V (3)
q(x,x,y,y) =~y throughout V xng (4)

o, /
q(a, b, c,d) [EB] q(a, b,c’,d) whenever [Z C] , [Z Z} € R(a, B)

Anp where a, 3 € ConA and A €V (5)



Definition
A term q(x,y,z,w) is a Kiss term for a variety V if it satisfies

q(x,y,x,y) =~ x throughout V (3)
q(x,x,y,y) =y throughout V (4)
o, /
q(a, b, c,d) [EB] q(a, b,c’,d) whenever [Z C] , [Z Z} € R(a, B)
where o, 5 € ConA and A €V (5)

Examples of varieties having a Kiss term

1. Any CM variety (Kiss).
2. Any SD(A) variety: q(x,y,z,w) := z is a Kiss term.
3. Any DT variety (Lipparini):

q(XaYa Z, W) = p(P(X, Z, Z): p(y, w, Z),Z).



Theorem (Kiss)

Let V be a CM variety with Kiss term q(x,y,z,w). Suppose
AcVanda,p € ConA. Then |, 5] =0 if and only if

(K1) q restricted to R(«, 3) does not depend on its 3rd variable:

/ ["‘\Pj
[Z ccl] ! [Z i;] € R(a, 8) = q(a, b,c,d) = q(a, b, ', d).

(K2) g restricted to R(«, 3) is a homomorphism R(«, ) — A.




Theorem (Kiss)

Let V be a CM variety with Kiss term q(x,y,z,w). Suppose
AcVanda,p € ConA. Then |, 5] =0 if and only if

(K1) q restricted to R(«, 3) does not depend on its 3rd variable:

/ e c.
|:Z 2:|’|:Z Z]ER(Q75) — q(a,b 5 ):qji’brlk’d‘)

(K2) q restricted to R(cv, 3) is a homomorphism R(c, ) — A.

Observe: the theorem is also true for SD(A) varieties with g = z.

P“_",Q. (I=2 = (X2) aleserps )EP qnpro@(klﬂ

(—=; ) elezor,

=) Assw(ko, (aab) € X0 R, ia 01 [« a]é Re, (5>
&1\ = a=b,

So it “should” also be true for DT varieties.




Theorem (KSW 2016)
Every DT variety V has a Kiss term g such that in any A € V,

[,8] =0 «—

(K1) g restricted to R(«a, 3) does not depend on z, and
(K2) gq:R(«,8) — A is a homomorphism.

This theorem was a key step in our proof of Park’s Conjecture for
DT varieties.



The story gets interesting

Aug 2021: the authors of ALVIN enlist volunteers to help them
proofread the forthcoming volumes 2 and 3.

» Our extension of Kiss's Theorem is in Vol. 3.

Oct 2021: Peter Mayr notices that the ALVIN proof of our
theorem is bogus. Alerts Ralph Freese.

» Ralph and Peter study our published proof of the theorem.

They find that our proof is also bogus! .
1



What we want: [o,5] =0 <—

(K1) g restricted to R(«, 3) does not depend on z
(K2) ¢ :R(a, ) — Ais a homomorphism.

Easy Lemma
In any algebra with a Kiss term g,
1. [a,f] =0 = (K1).
2. ((K1) & (K2)) = [o, 8] =0.
Plod 2 Sbserve

%d“q - cg(a‘(_ajo\)ca

‘?fd(/)( = glaeald=c

. : ~af (o«
,?\-’ PN& Cpq”($)

= Q /\\Lm&\)

(k2) = 4= 3"9\m' on Tlixp),

|

Shew Txypl=o.
Lot [fj]é chlf}
= Si Te Mep)
15 o]e Mespd
e =>
%L\em\ %ﬁbaba)
a b
= L=d 7

B

11



Hard implication (not yet proved): [a,5]=0 = (K2).

Reduction (= Kiss)
Assume A has a Kiss term and [«, 8] = 0. To prove (K2), it is
enough to prove the existence of M(«, 5) C A < R(«, ) satisfying

(R1) For all [Z CCJ €A, a=c < b=d.
a x* : .. |la ¢
(R2) For all [b d} € R(«, B) there exists ¢ with [b d] € A.

Observe:
» A= M(a, ) makes (R1) true.
» A := R(w, ) makes (R2) true.
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Why this is enough
Assume q is a Kiss term, [, 8] =0, and M(«, 8) C A < R(a, ) with

(Rl) a=c < b=d V[ SAN

b d] |
(R2) For all [b Z] € R(a, B) theree}gts ¢ with [b Z] €A.

P”‘QI Clawn | , C}(o.\n Q&B = o v (’2 :Ié‘ A

¢ ac b b T Q:( [ﬂ"" 51 e A A :

3 [béz {wbl LAA 4 b - oply q:
! \_/—3————"’

AV

w MUloa r»\

X%MM) glebed) e%(a‘oe& cl e _,5?@.&4\ ¢

(Vodd) @ (dbdb
=2 |3 J[ p T
L Do of Kasdeon = g (dad) = g (e—l—c 4)
— H Aml|

!

c <

@: s tcenghos (B }
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A <R(a, ), and

(R2!) v [Z Z] € R(a, 8) 3! ¢ with [b ;} € A.
Clam 3./ [2 (e Rup, /
%[chd) = +he um;‘/ul, ¢ sl Iz cdz £ A .

E_\C, Lile Ppo(\ Clown 2. led &= u(q;cr,.e,.-. o5 én @?,)

By det, fp1= @
ab = a cJ
%c e@ %u )

~—~

Clam 3 = 3V\oeh CC%_ RLN > s P?""!L‘p'

S-;NM Re & A
u,@\ on
.——-5 9{_ RCx, @) 1L o VYomg 1@ Z,K2\> E
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When does such A exist?
Recall: given [o, 8] = 0, we just need M(c, 8) C A < R(a, 8) with

(R1) a=c < b=d v[z Z]EA
R2) Forall |2 * € R(«, B) there exists ¢ with 2 “len.
b d b d
A exists . .. For (R2) R

» In Maltsev varieties, A= \"ZL%%\ we XS, Cr= Pcab 4.

» (Kiss) In CM varieties, Ve [; ijé Reeerp) e &i}g])

R = (‘nvmzm'\uIB Fang,  closuwre
L '{“ A“|P GL M(-c,[g) Q— MKO(

= Cgﬁ (‘HL"QPS) . AL:Aaqﬁ L,JOJ‘LLK . ]
> In SD(A) varieties, A= QLN«@\ warlkt ) <E7S2!\C1L€,>

» In DT varieties. .. ??
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Definition (Moorhead, 2021)
Suppose a, 3 € ConA. Let A(«, 3) denote the

‘ “horizontal and vertical transitive closure” of M(a,ﬁ)‘

i.e., the smallest subset A C R(«, ) satisfying

» M(a, ) C A
a x| [x ¢ a c
B3 e~ e

[ o= e

ACD(—.P\ - {Sn . cer\jll}l“‘z o 2(_ éLO)uN\v\'\B
" " " % (_I‘DUJS>

" 2~ drm fQ%Mﬂm:,
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A(a, B) = "horizontal and vertical transitive closure” of M(a, f3)

Easy facts
1. Ae, B) < R(a, ) always.
2. In CM varieties, A(a, ) = Ay p.

E’C Aoﬁ% = A‘X‘P (“‘/‘Z"'*’-CU*I hant <losuse
& Meep)" )

3. In DT varieties, [, f] =0 = A(q, f) satisfies (R1), i.e.,
_ = c
v Pl =0 o8 (edap
(Because [a, 8] = [«, Bl = [«, B]¢ in DT varieties.)

Does Aty s=hify (R2)?? .



Theorem (KSW)
In DT varieties, [a, 5] =0 = A(«, ) satisfies (R2), i.e

v [Z 2} € R(a, 8), 3 c with [Z ;] e A(a, B).

Proof idea
Let A = (A, ") be a semilattice and [a, 5] =0, i.e., aN S = 0.

Claim: A(e, 8) = R(a, ). ac ¢ [c
P 1t | dle PLO@P). (—“ La c][& 42

T
ab a‘oc zbged  <d

Clom: aba = acd. = r cd] & A(M—)ﬁj
P'_p“. abe = 43: = aa.c_A ~ aad a\o crl
Cc = : Qc, [ o4 1 éA(ﬂ(l %3

G\QC‘_ = ac_i& = aad,
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. DT . -
Proof idea: General SD{A) varieties.

»T
Let V be SD{#), A€V, and [, 8] =0, i.e—e=FT 8= 0.
Claim: A@#=R@ap). . e Repy = .-

P_A, Use Talhey condihen Lr gb(/\x

Ute AEL feon el .

19
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xyx }
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Putting everything together, we have proved:

Corollary (KSW)

Kiss's characterization of [a, 3] = 0 extends to DT varieties.
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Related results

Theorem (KSW)
Suppose g is a Kiss term for V. For any A € V and «, 5 € Con A,

1. Ala, B) = {[Z j € R(a, B) : q(a, b, c,d) 2 c}.

2. [Z CC/] € R(a, B) = [Z q(aSCd)] e A, B).

22



Final comment

Kiss's proof that A, g satisfies (R2) in CM varieties was high-level,
using the modular law in Con a and properties of the commutator
deducible from a difference term.

Our proof that A(«, ) satisfies (R2) in DT varieties is syntactic,
using the Maltsev condition for DT varieties.

Question
Are there properties of congruences (or perhaps of 2-dimensional
congruences) in DT varieties that could lead to a nicer proof?

23
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Thank you!
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