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M a i l b o x  

Prob lem 17 o f  Gr~itzer and Kisielewicz 

S. BURRIS AND R. WILLARD 

I f  A is an algebra and n < co then pn(A) denotes the number of  n-ary term 
operations of  A that depend on all n variables. Let ~r denote the class of  all algebras 
of type (2, 2) in which both basic operations are commutative and idempotent. In 
[6, Problem 17] G. Gr/itzer and A. Kisielewicz ask whether there exists A~Cg 
satisfying p2(A) = 2 and such that for all B ~ cg, i fpz(B) = 2 then p~(B) > pn(A) for 
all n. J. Dudek [4] has shown that if the answer is yes, then the algebra A can be 
taken to be the two-element distributive lattice D2; and more recently has shown [5] 
that to answer the question it suffices to compare the pn-sequence of D2 to the 
pn-sequences of  two specific four-element members of  cg. One of these 'test 
members '  is the idempotent commutative groupoid N2 whose universe is {0, 1, 2, 3} 
and whose binary operation o is given by the following table: 

o 0 1 2 3 

0 0 2 3 3 
1 2 1 3 3 
2 3 3 2 3 
3 3 3 3 3 

(To consider N2 as a member  of  ~, let o also be the second operation.) Using a 
computer, we can show that p4(N2) =p4(D2) = 114 but ps(N2) = 2586 < 6894 = 
Ps(D2), which solves Problem 17 negatively. The purpose of this note is to explain 
the tricks we use to make the computat ion of ps(N2) feasible. 
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574 s .  B U R R I S  A N D  R. W I L L A R D  A L G E B R A  U N I V .  

Fix n > 2 and define 

F ,  = {a ~ {0, 1, 2}": 3j(a/= 1) & 3i(ai = 0 & Vj(a/= 1 --* i <j ) )} .  

Fo r  i = 2 . . . . .  n define e z = ( e ~ , . . . ,  e~,) ~ {0, 1}" so that  ej = 1 i f f j  = i. Also define 
e ~ = (0, 1, 1 , . . . ,  1) s {0, 1} ~. No te  that  {e ~ . . . . .  e n} ___ F , .  

C L A I M .  I f  s(x)  and t(x) are terms built from o and xl . . . . .  x,  such that 
N 2 ~ s(x)  ~ t(x), then there exists a + F~ such that s(a)  ~ t(a). 

Indeed,  suppose that  s(e i) = t(e i) for all i = 1 . . . .  n. Clearly s(e 1) --- 1 i f fx l  does 
not  occur in s, while for  i > 1 s(e i) = 0 iff x~ does not  occur in s. Similar remarks  
hold for  t, and hence s and t ment ion  the same variables. This implies that  
s(a)  = t(a) whenever  a+ = 3 for some i such that  xi occurs in s or  t (since 3 is an 
absorbing  element for  N2); or  whenever { a l , . . . ,  an } is a subset o f  either {0, 2, 3} 
or {1, 2, 3} (since the latter are subuniverses for  which the corresponding subalge- 
bras are semilattices). 

Therefore,  if N z ~ s ( x ) ~ t ( x ) ,  there must  exist a t { 0 ,  1,2}" such that  
{0, 1} ~ {al,... ,an} and s ( a ) ~  t(a). Since the m a p  which switches 0 and 1 but  
leaves 2 and 3 fixed is an a u t o m o r p h i s m  of  N 2, we can assume that  the first 
occurrence of  0 in a precedes the first occurrence of  1, i.e., a ~ F n. 

The Claim has the practical  effect that  the free algebra on 5 generators  in the 
variety generated by N2 can be computed  as a 5-generated subalgebra  of  (N2) 9~ 
whereas the " s t a n d a r d "  construct ion of  the free algebra would be as a 5-generated 
subalgebra  of  (N2) 1024. This gives a bet ter- than- tenfold  reduct ion in the space 
required to represent  the elements of  the free algebra,  as well as in the t ime needed 
to construct  and compare  them. Burris wrote a C p r o g r a m  to compute  the relevant  
subalgebra  of  (Ne) 9~ In  the nota t ion  of  [2], the p r o g r a m  successively computes  
E~ = X, E~(X), E 2 ( X ) , . . .  where X is the set consisting of  the five generators  
while E n + I(X) is the union of  En(X) with the set of  all products  o f  pairs o f  
members  of  En(X). The sets E~(X) are represented as (linked) lists so that  En(X) is 
an initial segment of  E n+ I(X). This allows certain efficiencies in comput ing  
En+I(X) when n > 0 ,  namely: one only has to compute  the products  x o y where 
x ~ En(X) and y ~ E ~ ( X ) \ E  ~- I(X) and either x = y or x precedes y (by commuta t iv -  
ity of  o). The p r og r am  halts as soon as it discovers E n + 1(X) = En(X). Running  on 
a SPARCclassic,  the p r o g r a m  took  36 minutes to determine IBcr-(r%)(5)l =3281 .  
Essentially the same p r o g r a m  computed  [Uz~(N2)(4)I=170 in 3 seconds and 
t~zf(N2)(3)I = 19 instantly. Using ][]z~-(N2)(2)] = 4  and formula  (C2) f rom [6] one 
obtains  p3(N2)= 10, p4(N2)= 114 and p s ( N 2 ) = 2 5 8 6  as claimed. ( In  a similar 
fashion, the values o fpn(D2) ,  n < 5, can be computed  f rom the cardinalities of  the 
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free d i s t r i bu t ive  la t t ices  o f  r a n k  < 5. These  card ina l i t i es  a re  wel l  k n o w n ;  e.g., see [3] 
o r  [1, p. 63].) 
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