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A note on indecomposable lattices

Ross WILLARD

It is easy to show that the class of directly indecomposable lattices with 0 and
1 is definable by a single first-order sentence. In this note we prove that the class
of indecomposable lattices with 0 cannot be so defined. Indeed, neither the
indecomposables nor the decomposables in the variety of distributive lattices with
0 are definable by any class of %, sentences.

DeriniTION. Let L be the set of all countable, compact subsets of R, and let L
be the corresponding distributive lattice (with 0) under union and intersection.

Cram 1. L is indecomposable.
Proof. Otherwise, there would exist ideals I, J of L such that

(i) 1#{J}, J#{J}.
(i) bNc=Pforallbel, cel.
(iii) For every a € L there exist b e/, ceJsuch thata=bUc.

Let U=(JI and V =|JJ. Then it follows from (i)—(iii) that U, V partition
(UL =R, and that a € L implies aN U, aNV € L. Since R is connected, at least
one of U, V is not closed. Suppose U is not closed and pick x € U\U; also pick
¥, € U (n=0) such that [x —y,,,| <3 |x —y,|, and let a = {y,:n =0} U {x}. One
can check that a € L but a N U ¢ L, contradicting a previous remark.

Recall that £, formulas are defined like first-order formulas, except that
conjunctions and disjunctions of arbitrary sets of formulas are allowed, provided
that the resulting formula has only finitely many free variables.

CLAIM 2. L and L x L satisfy the same Z., sentences.

Proof. It suffices to show that player 3 has a winning strategy for the infinite
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back-and-forth (or “Ehrenfeucht”) game played on L and L xL. (This is a
version of C. Karp’s Theorem 2 in [2], in the style of [1], Chapter XI.) Put
another way, it is enough to display a binary relation = between finite sequences
of elements from L and finite sequences from L X L, satisfying:

i) If {(ay,...,a,)~(by,...,b,), then m=n and the rule a,—b,
determines a well-defined partial isomorphism from L to L X L.
(ii) (Basis) ( )=~ ).
(iii) (Back) If {ay, ..., a,)=~(by,...,b,), thenforall b,,, € L X L there is
ana,., €L such that {a,, ..., @) =(by, ..., byir).
(iv) (Forth) If {ay,...,a,)=~(by, ..., b,), then for all a,,, € L there is a
b,.i€ L X Lsuchthat {ay,...,a,.1)=~{(by,...,b,01).

We choose the following relation: (ay, ..., a,)=~(by,...,b,) iff there exist
real numbers r, . .., 17 satisfying r; <r,,,, (i<4) and r,<r,, and there exist
order-preserving homeomorphisms ¢ :[ry, ri]—=[rs, 5], Y :[r, 3]—[rs, 7] such
that for 1 <j=<n, a;c [, n]U[r, rs] and b; = (p(a; N {ry, 1)), v(a;N[rz, r3])).
Properties (i) and (ii) are easily verified. For (iii), if r,, ..., 7, ¢ and vy
witness {(ay,...,a,)={by,...,b,) and b,,,= (b}, b2.) e LX L is given,
pick r{, ..., ry such that ry;<ry and ry,,>ry., (i<4), ri<rj, and by, c
[ri, 7}, bi. c[ré, r7]. Extend ¢ and ¢ to homeomorphisms ¢':[r, ri]—
[y, 73, 9205, r3l—[ré, 73] and let a,.y = ()" (B2 () '(b21). Then
a,.,€L and r§,...,r5 ¢’ and ¢’ witness (ay,...,a,1)=~(by, ..., buiq).
The argument for (iv) is similar once it is observed that any a,,., € L is not dense
in [ry, 3], i.e. there exist ry, r3 satisfying r, <r5<r3<r; and a,,., N [r3, r3] = 3.
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