
Algebra Universalis, 26 (1989) 2 5 7 - 2 5 8  0002-5240/89/020257-02501.50 + 0.20/0 
(~) 1989 Birkh~iuser Verlag, Basel 

A note on indecomposable  lattices 

Ross WILLARD 

It is easy to show that the class of directly indecomposable lattices with 0 and 
1 is definable by a single first-order sentence. In this note we prove that the class 
of indecomposable lattices with 0 cannot be so defined. Indeed,  neither the 
indecomposables nor the decomposables in the variety of distributive lattices with 
0 are definable by any class of 6f~, sentences. 

DEFINITION. Let  L be the set of all countable, compact subsets of ~ ,  and let L 
be the corresponding distributive lattice (with 0) under union and intersection. 

CLAIM 1. L is indecomposable. 

Proof. Otherwise, there would exist ideals / ,  J of L such that 

(i) i (o}, ] (o}. 
(ii) b n c = O f o r a l l b e l ,  ceJ. 

(iii) For  every a  9 L there exist b  9 L c  9 J such that a = b O c. 

Let  U =  U I  and V = U J .  Then it follows from (i)-(iii) that U, V partition 
U L  = •, and that a  9 L implies a n U, a n V  9 L. Since R is connected,  at least 
one of U, V is not closed. Suppose U is not closed and pick x  9 U; also pick 
Yn  9 U (n ->0) such that Ix --Yn+ll < 1  Ix -y.I, and let a = {y,:n ->0} U {x}. One 
can check that a  9 L but a O U $ L, contradicting a previous remark. 

Recall that ~=o, formulas are defined like first-order formulas, except that 
conjunctions and disjunctions of arbitrary sets of formulas are allowed, provided 
that the resulting formula has only finitely many free variables. 

CLAIM 2. L and L x L satisfy the same 5e=~ sentences. 

Proof. It suffices to show that player 3 has a winning strategy for the infinite 

Presented by Bjarni J6nsson. 
Received and in final form November 10, 1988. 

257 



258 ROSS WILLARD ALGEBRA UNIV. 

back-and-for th  (or  " E h r e n f e u c h t " )  game played on L and L • L. (This is a 
version of C. Karp ' s  T h e o r e m  2 in [2], in the style of  [1], Chap te r  XI.)  Put  
another  way, it is enough to display a binary relat ion ~ be tween  finite sequences  
of  e lements  f rom L and finite sequences  f rom L • L,  satisfying: 

(i) If (al . . . . .  a n ) ~ ( b l , . . . , b m ) ,  then  m = n  and the rule ai~--~bi 
determines  a well-defined partial  i somorphism f rom L to L • L. 

(ii) ( B a s i s ) ( ) ~  ( ) .  
(iii) (Back) If ( a l ,   9  9  9 , an) ~ (b l ,   9 .  9 , bn), then  for  all bn+l  9 L • L there  is 

an an+t  9 L such that  ( a l  . . . .  , an+l)  ~- (b l ,  . .   9 bn+l) .  
(iv) (Forth) If (a l  . . . .  , an) ~ (b l  . . . . .  b~), then  for  all a~+l  9 L there  is a 

bn+l  9 L • L such that  (a l  . . . . .  an+l) -~ (b l  . . . .  , bn+l) .  

We  choose the following relation: (a t  . . . .  , a n ) ~  (b l  . . . .  , bn) iff there  exist 
real numbers  r o , . . . ,  r7 satisfying r2i <r2i+l  (i < 4 )  and ra <rE,  and there  exist 
order-preserving homeomorph i sms  cp : [ro, rl] ~ [r4, rs], ~/, : [r> r3]--+ [r6, r7] such 
that for  1 <-j <- n, aj c_ [ro, rl] t_/[rE, r3] and b i = (~p(aj n [ro, rl]), ~(aj ~ [r2, r3])). 

Proper t ies  (i) and (ii) are easily verified. For  (iii), if t o , . . . ,  r7, cp and ~p 
 9  - ~  = ( b n + l ,  2  9 , b~+l)  9 L x L is given, witness ( a l , . .  a n )  ( b l , . .  bn) and bn+ 1 1 

I t / t t t bn+l pick ro . . . . .  r 7 such that  r2i ~ r2i and r2i+1 > r2i+a (i < 4), rl  < rE, and 1 
[r4,' r5],' bn+l~_[r6, r ~ ] . 2  ' Ex t end  ~ and ~ to homeomorph i sms  ~b':[ro, r~]--> 

t t p ~ t --1 1 t --1 2 [r4, rs], ~ ' : [ r 2 ,  r~]--~[r6, r~] and let a ~ + l = ( ~  ) (b~+ l )O(~p)  (bn+l). Then  
a ~ + l  9  and r ~ , . . . ,  r~, ~ '  and ~p' witness (a l  . . . .  , an+l)  ~ (b l  . . . . .  bn+l) .  
The  argument  for  (iv) is similar once  it is observed  that  any an+ 1  9 L is not  dense 
in [rE, r3], i.e. there  exist r~, r~ satisfying rE < r~ < r~ < r3 and an+l fq [r~, r~] = O. 
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