DETERMINING WHETHER V(A) HAS A MODEL COMPANION IS
UNDECIDABLE

ROSS WILLARD

ABSTRACT. Using techniques pioneered by R. McKenzie, we prove that there is
no algorithm which, given a finite algebra in a finite language, determines whether
the variety (equational class) generated by the algebra has a model companion. In
particular, there exists a finite algebra such that the variety it generates has no
model companion; this answers a question of Burris and Werner from 1979.

1. INTRODUCTION

The notions of a model completion and model companion of a first-order theory
arose in the work of A. Robinson as a generalization of the relationship that the
theory of algebraically closed fields has to the theory of fields (see [8, 3]). In 1979
S. Burris and H. Werner [2] proved that the universal Horn theory of a finite set of
finite structures always has a model companion. In particular, the equational theories
of many finite algebraic structures (including finite lattices, Heyting algebras, relative
Stone algebras, abelian groups) have a model companion. Burris and Werner asked
whether there exists any finite algebra whose equational theory does not have a model
companion.

A wvariety is the class of models of an equational theory of algebras. It is finitely
generated if it is the class of models of the equational theory of some finite algebra.
In the fall of 1993, R. McKenzie [5] refuted some long-standing conjectures of uni-
versal algebra by showing how to construct finitely generated varieties in which one
has remarkable control over the class of irreducible members. In particular [6], he
showed how to effectively incorporate the computations of a Turing machine into the
construction so that the resulting variety is residually finite if and only if the machine
halts.

In this paper we adapt McKenzie’s construction so that the equational theory of
the constructed algebra has a model companion if and only if the Turing machine
from which it was built halts. This proves the title of this paper, as well as settling
the question of Burris and Werner in the negative.
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The idea of the construction is relatively simple. Let L* be the 2-sorted language
(with the sorts named G and X respectively) which contains a binary relation symbol
E on the first sort, a binary operation symbol x on the second sort, and a right action
 of the second sort on the first sort (i.e., a binary operation symbol % : G x X — G).
Let K be the class of L*-structures M = (G, X; E, X, %) axiomatized by:

e G := (G; E) is a disjoint union of directed chains. That is, G is an irreflexive
acyclic directed graph and satisfies Vabed|(aEc & bEd) — (a = b < ¢ = d)].

e X := (X;x) is a Boolean group (i.e., a group of exponent at most 2).

e x is an action of X on G. That is, M satisfies Vzyala * (x X y) = (a * ) * y],
Vala x 1 = a], and Yabz[aEb — (a* x)E(b* x)].

e x is reqular in the following sense: for all @ € G and x € X, if a *x x = a then
x =1

Also let IC,, denote the class of those M € K such that every chain in G has length
at most n.

If M € C and a,b € G, say that a,b are conjugate in M if there exists x € X
such that a *x = b; and are weakly connected in M if a is conjugate to some element
in the connected component of G containing b. Say that M is weakly connected if
every pair of elements in G is weakly connected.

The existentially closed members of IC are weakly connected. In fact, if M €
and a, b are not weakly connected in M, then there exists M’ € K such that M < M’
and a, b are conjugate in M. Since the relation of weak connectivity is not definable
in IC by a first-order formula, the existentially closed members of K do not form an
axiomatizable class. This implies that the theory of L has no model companion.

On the other hand, weak connectivity is definable in each subclass C,, and the
theory of each IC,, does have a model companion.

Our strategy in this paper is to design, for each Turing machine 7, a finite algebra
M(7) so that the irreducible members of the variety generated by M(7) encode all
the members of K (actually, just the weakly connected ones) if 7 does not halt, but
only the members of K, for some n < w if 7 does halt. Readers who are familiar
with McKenzie’s work will realize how this can be done. Two problems arise: (1) in
either case, the variety will contain many more irreducible members than the intended
ones, and (2) the theory of the variety is not the same as the theory of its irreducible
members. In case 7 halts, neither problem is serious; we are able to show that there
exist finitely many Ny-categorical irreducible algebras Sy, ..., S in the variety such
that every countable irreducible member embeds into some S;, and this suffices. On
the other hand, if 7 does not halt then a brute force argument is needed to lift
noncompanionability up to the full variety.

We assume the notation and basic results of universal algebra as given in [1] or [7].
We also assume the reader is familiar with the formalism of first-order logic. Some
tedious arguments concerning the exact description of the irreducible members of the
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constructed varieties are merely sketched or even omitted. The reader may profit by
first reading [6].

2. MODEL COMPANIONS

A first-order theory T is model-complete if every embedding between models of
T is an elementary embedding. T is a model companion of a theory Ty if (i) T is
model-complete and (ii) every model of Tj can be embedded in a model of T" and vice
versa. See [4, Section 8.3].

A model M of a theory T is existentially closed in T if whenever M < N = T,
every existential sentence with parameters from M which is true in N is already true
in M. If K is an axiomatizable class, then we use K. to denote the class of structures
which are existentially closed in the theory of IC. The following basic result may be
found in several places, e.g. [4, Theorem 8.3.6].

Lemma 2.1. If T is an V3-axiomatizable theory and K is its class of models, then T
has a model companion if and only if IC.. is axiomatizable. If IC.. is axiomatizable,
then the theory of IC.. is the unique model companion of T

When 7 halts, we shall establish that the equational theory of M(7") has a model
companion by citing the following result of Burris and Werner.

Lemma 2.2. [2, Theorem 8.4] Suppose T is a first-order theory such that for every
n < w there are only finitely many existential formulas in n free variables, up to
equivalence in T'. Then the theory of universal Horn consequences of T" has a model
companion.

When 7 does not halt, we shall appeal to the following elementary result.

Lemma 2.3. Suppose T is an V3-axiomatizable theory, N is an infinite set, ¢(z,y),
Y(z,y) and 0,(x,y) (n € N) are existential formulas, and {0;(x,y) : 1 € I} = A is
a family of first-order formulas in the language of I'. Suppose moreover that the
following conditions hold:
(1) For all A =T and a,b € A, if A |= ¢(a,b) & Asep 0(a,b), then there exists
B | T such that A < B and B | ¢(a,b).
(2) Tk [¢(I7y) & ¢(957?J)] - /\neN _'en(l’,y).
(3) There exists a function r with domain A such that
(a) r() is a finite set for all § € A.
(b) For allm € N,

TH[p(zy) & Ou(z,y) =\ Ox.y).
{0:ngr(d)}
(4) For all n € N there exists A |= T satistying 3xy[o(z,y) & 0,(x,y)].
Then T does not have a model companion.



4 ROSS WILLARD

Proof. Let K be the class of models of T'. Using item 4, for each n € N choose
A, € K and a,,b, € A such that A, = é(an,b,) & 0,(a,,b,). Pick B, € K. such
that A, < B,; thus B,, = ¢(a,,b,) & 0,(a,,b,) as well. Moreover, B,, = —(ay,, b,)
by item 2, and B,, = §(ay,, b,) for all § € A such that n & r(d) by item 3.

Let U be a nonprincipal ultrafilter over N and put C = [[B,,/U and a = (a,)/U
and b = (b,)/U. Then C = —(a,b) & ¢(a,b) & Asca 0(a,b) by construction. By
item 1, there exists D € K such that C < D and D [ ¢(a,b). Thus C ¢ K.,
which proves that IC.. is not axiomatizable and therefore T" does not have a model
companion by Lemma 2.1. O

3. TURING MACHINES

Let 7 be a Turing machine of the type considered in [6]. Thus the tape alphabet of
7 is {0, 1}, the set of internal states of 7 is {qo, q1,- - -, qr_1} for some k = k(7) > 2
and the transition function of 7 is a total function

T A{q, - a1} x {0,1} = {0,1} x {L, R} x {qo, ..., qe—1}-

0 is the blank symbol, ¢, is the wnitial state, and qq is the unique halting state. The
instruction 7 (¢, r) = (s, D, ¢') means “If the read/write head is viewing the symbol r
while in state ¢, then replace the symbol by s, move one step in direction D (D = L
means left, D = R means right), and change to state ¢’.” We interpret 7 to operate
on two-way infinite tapes, so that the machine never halts for lack of space.

Somewhat more precisely, configurations are triples (t,m,i) where t € {0,1}% (¢ is
a tape), m € Z (m is the current location of the read/write head), and 0 < i < k
(g; is the current state of the machine). Config, (or simply Config) is the set of all
configurations for 7, F7 (or simply ) is the one-step transition relation on Config
determined by the instructions of 7, and F* is the reflexive transitive closure of .
Thus Q F* Q' means that the computation of 7 starting from the configuration Q
will eventually reach the configuration Q'.

A configuration (t,m,i) is in the halting state if i = 0. Letting t; denote the
constant zero (i.e., blank) tape, we say that 7 halts if there exists a configuration Q
in the halting state such that (¢y,0,1) F* Q. The halting problem we use in this paper
is the decision problem which asks, for each Turing machine of the kind described
here, whether the machine halts in this sense.

More generally, suppose N is a nonempty interval (convex subset) of Z. An N-
configuration is a configuration (¢, m, i) such that (1) ¢(¢) =0 for all £ ¢ N, and (2)
m € N. We let Configy denote the set of all N-configurations, let 5 denote the
restriction of - to Configy, and let 3, be the reflexive transitive closure of . Thus
Q % Q@ if and only if the tape of Q is blank outside of N, the computation of 7°
starting from Q eventually reaches @', and the read/write head never moves outside
of N during this computation.
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We shall be especially interested in the directed graph (Configy,Fy) and its con-
nected components. Note that, for a fixed Turing machine 7, there is a function
f N — N such that for each n, f(n) is an upper bound to the sizes of the connected
components of (Configy,Fy) for any interval N with |N| < n. Also note that, be-
cause 7 has no defined action on configurations in the halting state, if Q € Config,
then the connected component containing Q contains a configuration @’ in the halting
state if and only if Q 4, Q'

It will be helpful to simulate the computations of 7 by a nondeterministic machine
T2. The instructions of 79 will be of the following kind. Given i, € {0,...,k — 1}
and r,s,7', s € {0,1}, an instruction irsRi'r’s’ will have the following intended
effect: if @ = (¢, m, i) where (t(m),t(m+ 1)) = (r,s), then the above instruction can
be applied to Q and it will produce a new configuration @ = (t',m + 1,7') where
(t'(m),t'(m+1)) = (r',s), and t/(¢) = t(¢) for all £ € Z\ {m, m+ 1}. Informally, the
instruction irsRi'r’s’ tells the machine to check not only the current state (it should
be ¢;) and current symbol being read (it should be r), but also the symbol to the
right of the head (it should be s); if this is the case, then the machine is instructed
to change not only the symbol being read (to r’) but also the symbol to the right of
the head (to s’) and then move right, changing the state to g;.

Note that the intended effect of an instruction of 7 of the form 7 (¢;,r) = (s, R, ¢;)
is simulated by the pair of generalized instructions r0Rjs0 and ir1Rjsl.

The instruction irsLi'r’'s" shall have the reverse effect; that is, if @ = (¥, m+1,4’) is
a configuration where (t'(m),t'(m-+1)) = (r', s’), then this instruction can be applied
to @' to produce the configuration Q = (t,m, i) where (¢(m),t(m + 1)) = (r,s) and
t() =t'(¢) for all £ € Z\ {m, m + 1}. In other words, the instruction irsLi'r's" tells
the machine to check not only the current state (it should be ¢;) and the symbol
being read (it should be §'), but also the symbol to the left of the head (it should be
r’); if this is the case, then the machine changes not only the symbol being read (to
s) but also the symbol to the left of the head (to r) and then moves left, changing the
state to ¢;. Again, an instruction of 7 of the form 7 (¢;,r) = (s, L, g;) is simulated
by the pair of generalized instructions j0sLiOr and jlsLilr.

Let 77 be the (deterministic) machine whose instructions are obtained by replacing
each instruction of 7" by the corresponding pair of generalized instructions. Then let
79 be the (nondeterministic) machine obtained from 7’ by adding both irsRi'r’s’
and irsLi'r's’ as instructions whenever at least one of them is an instruction of 77. It
should be clear that 7 and 7" give rise to identical directed graphs (Configy, b y) for
any interval N, and that the graphs corresponding to 77 (suitably defined) are the
symmetric closures of the graphs for 7’. Thus all three machines give the identical
decompositions of Configy into connected components, for any interval N.
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4. THE INTENDED SUBDIRECTLY IRREDUCIBLES

Throughout this and the next two sections, fix a Turing machine 7 of the kind
described in the previous section, let 72 be the corresponding nondeterministic ma-
chine described at the end of the previous section, and let Instr be the collection of
all 6-tuples irsjpq such that irsRjpq and irsLjpq are instructions of 79,

In Section 5 we shall effectively construct from 7" a finite algebra M(7") such that
the subdirectly irreducible members of V(M(7)) reflect the strategy outlined in the
introduction. M(7") will be built on a (40k 4 25)-element universe where k = k(7)
is the number of distinct internal states of 7, and will have 4c 4 16 operations where
¢ = |Instr|. The explicit definition of M(7) is quite tedious. In this section we
shall be content to describe the language of M(7) and (most of) the subdirectly
irreducible members of V(M(7)).

The language consists of:

e Two nullary operations: 0 and e.

Two unary operations: I and v.

Five binary operations: A, -, o, %, X.

2¢ 4 2 ternary operations: J,J’, and a pair L., R, for each 7 € Instr.

2¢ + 4 quaternary operations: Sp, S1,T1,Th, and a pair U}, U? for each 7 €
Instr.

e One 5-ary operation: Ss.

For psychological convenience we group the symbols as follows. - and o are the
chain operations. [ and the operations L., R, (7 € Instr) are the machine op-
erations. *, X, e are the group action operations. The remaining operations —
0,A,v,J,J", Sy, S1,8, Ty, Ty, and the pairs U, U? (7 € Instr) — are the enabling
operations. We also let Ly denote the language consisting of the chain operations,
machine operations, and 0; let L; denote the union of Ly with the the group ac-
tion operations and A; and let L denote the full language consisting of all the listed
symbols.

Now we define some algebras in these languages. Given a nonempty interval N
(possibly infinite) in Z, let Sy (7) be the algebra in the language L defined as follows.
The universe of Sy (7) is

{0}U{a, :ne N}U{v, :neNorn—-1¢€ N}

where the indicated elements are distinct. The operations are defined by interpreting
0 as itself, putting

Qp - Upy1 = Up forn € N,
z-y = 0 in all other cases,
ap oV, = U,y forn €N,

rzoy = 0 in all other cases,
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and setting each machine operation to be identically zero. Sy(7) will be called the
chain type building block corresponding to the interval N. Note that the formula
r#£0&y#0& Fz(zox =y & z-y = x) defines in Sy(7) a directed chain of edge
order-type N; the elements {v, : n € N or n —1 € N} are the vertices.

Again, let N be a nonempty interval in Z and let C' be a nonempty connected
component of (Configy,Fx) in which no configuration is in the halting state. The
algebra Py ¢)(7) in the language Lo is defined as follows. Its universe is

{0}u{a, : ne N}UC

where again the indicated elements are distinct. 0 is interpreted as itself, the chain
operations - and o are defined to be identically zero, and the machine operations are
defined as follows. For each n € N if there exists Q = (¢,n,1) € C such that t(¢) = 0
for all ¢ € N (such Q, if it exists, is unique), then define I(a,) = Q. Put I(x) =0 in
all other cases. Next, suppose 7 = irsjpq € Instr and Q, Q" € C where Q = (t,n,1)
and @ = (t,n+ 1,7). If the generalized instruction irsRjpq can be applied to Q
to produce @', then R, (ay,any1, Q) and L, (ay, a,y1, Q') are defined to be Q' and Q
respectively. All other values of R, (z,y,2) and L,(x,y, z) are declared to be 0. The
algebra Py )(7) is called a machine type building block corresponding to the
interval N.

Note that in both Sy (7") and P (x,¢)(T ), the elements {a,, : n € N} are parameters
which serve to coordinate the sequential structure of the remaining elements relative
to the fundamental operations. In a chain type building block, a, witnesses the
existential parameter in the definition of the edge from v,, to v,;1. In a machine type
building block, the parameters are used in the fundamental operations to “point to”
the two adjacent squares that participate in the generalized instruction of the Turing
machine.

Definition 4.1. Suppose that B is an algebra in the language L and X is a Boolean
group. Define an algebra B® X in the language L, as follows. The universe of B&® X
is the disjoint union of X, (B \ {0B}) x X, and {0}. 0 is interpreted as itself while
each chain or machine operation H is defined as follows:

H((by,v),...,(by,v)) = (HB(D),v) if HB(b) # 0B

H(zy,...,2,) = 0 in all other cases.

e is interpreted as the identity element of X, while x and x are defined by

vy — xy fzr,ye X
y = 0  otherwise

(byu)xv = (buv) if b€ B\ {0B} and u,v € X;

xrxy = 0 in all other cases.
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Finally, A is defined by setting x Ax = z and z Ay = 0 for x # y. This completes
the definition.

Definition 4.2. For any algebra C in the language L;, C? is the trivial expansion
of C to the language L obtained by defining

Si(i,u, z,w) = 0 fort=0,1,2
Ti(z,y,z,w) = (zAz2) (yAw)
(x y,z,w) = (zAz)o(yAw)
Ul(z,y,z,u) R-(z,y A z,u)
UX(z,y,2,u) = R.(xAy,z,u)
J(x,y,2) = xAy
J'(z,y, z) TAYAz
viz) = =x.

Definition 4.3. T is the algebra in the language L; built on the meet semilattice
({0,1}, A) by setting all other operations in L; equal to zero. 2 is the reduct of T
to the language L. 1 is the unique one-element subalgebra of 2. 1 and 2 are the
trivial building blocks.

The algebra M(7) to be defined in the next section will have the following property.

Theorem 4.4. Let M(7T) be the algebra defined in the next section.

(1) Suppose T does not halt. Then the subdirectly irreducible members of
V(M(T)) are, up to isomorphism:

(a) T® and all algebras of the form (B ® X)® where B is a chain type or
machine type or trivial building block as described above, and X is a
Boolean group.

(b) A finite list of finite algebras, each of which is in HS(M(7)) and in which
the operation S; is not identically equal to 0 for some ¢ = 0,1, 2.

(2) Conversely, suppose T does halt. Let M be the finite interval in Z representing
the set of tape squares actually “visited” by 7 during the computation starting
from the standard initial configuration (ty,0,1) in Config,, and put 7(7) =
|M|. Then the description of the subdirectly irreducible members of V(M(T))
is as in the previous item except that algebras of the form (B ® X)®, where
B is Sy(7) or Py, (7), are included only if [N| < 7(T).

5. DEFINITION OF M(7)

Recall that 7 is a fixed Turing machine having k = k(7) distinct internal states.
Before defining the algebra M(7), we briefly recall McKenzie’s scheme for encoding
the elements of the chain type and machine type building blocks. Let V' be the
10k-element set
:0<i<k, {r,s} C{0,1}}

{ ir ’LT”



WHETHER V(A) HAS A MODEL COMPANION IS UNDECIDABLE 9

where the indicated elements are pairwise distinct and also distinct from 1,2, C, D, H
and 0. For future reference, define Vo = {C., D§,., M} = {r,s} C{0,1}}. Given a
nonempty interval N C Z, define sequences [a,] € {1, H,2}" (if n € N), [v,] €
{C,D}N (ifn € Norn—1¢€ N), and [Q] € V¥ (if Q = (¢,n,i) € Configy) as
follows:

1 if ¢ <n,

a)(0) = { H itl=n,

2 ifl>n,

C ifl <n,

i) = {5 HiSw
Ciiy it L <,
[t D)) = § M™ it L=n,

DY ifr>n

it(n)

Note in particular that each element in the sequence representing the configuration
Q records not only the symbol at the corresponding position of the tape, but also
(1) the direction from that position to the read/write head, (2) the symbol currently
under the read/write head, and (3) the current state of the machine.

Comparing the intended implementations of the elements a,,, v, and Q displayed
above with the definitions of the fundamental operations in the chain type and ma-
chine type building blocks should help the reader make sense of the next definition.

Definition 5.1. M(7) is the algebra in the language L, whose universe is V U
{0,1,2,C, D, H} and whose operations are defined as follows. 0 is interpreted as
itself. The chain operations are defined by:

1-C = C,
H-C = 2.D = D,

z-y = 0 for all other pairs (z,y),
loC = HoD = (|
20D = D,

rzoy = 0 for all other pairs (z,y).

The unary machine operation [ is defined by:

MY ifx=H,
I(l‘) - DO 3 —
o ifx=2

0 otherwise.
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For each 7 = irsjpq € Instr define R, and L, as follows:

g, if (z,y,2) = (1,1,Cf) for some o,
ey, if (v,y,2) = (H,1, M]),
Ro(z,y,2) = M} if(v,y,2)=(2,H,Dj,),
D, if (z,y,2) = (2,2, Dj,) for some o,
(0 in all other cases,
((C¢ if (z,y,2) = (1,1, C?,) for some o,
My if (z,y,2) = (H,1,C%,),
L. (z,y,2) = D;. if (z,y,2) = (2, H, M),
Dy, if (z,y,2) = (2,2, Dj,) for some o,
0 in all other cases.

\

This completes the definition of My(7). Note that |My(7)| = 10k+6. The algebra
just defined is clearly stolen from McKenzie's A(7) in [6], the only changes being
that both the chain operations and machine operations have been made “reversible”
as in [9)].

Definition 5.2. M;(7) := My(7) ® K, where K, denotes a two-element cyclic
group with identity element e.

Thus M; (7)) is a (20k + 13)-element algebra in the language L; essentially consist-
ing of K, together with two copies of My(7) amalgamated over 0 and being acted
upon by Ks. This doubling of My(7) is the only step at which our construction
differs in an essential way from McKenzie’s A(7). Our version of his binary relation
< is defined as follows: for z,y € M,(7) we write x < y if and only if z = (z1,¢)
and y = (y1,¢) with ¢ € Ky and (xq,11) € {(1,1), (H,1), (2,H), (2,2)}.

Finally, we implement McKenzie’s enabling operations almost exactly as he did for
his A(7) in [6]. A general context for the implementation is explained in [10]. First
let U denote the set of nonzero elements of M;(7") and put U; = U X Zs. Also put
Uy = U x {0} C Uy and note that Uy U {0} is in obvious bijective correspondence
with M;(7). We interpret < defined in the previous paragraph as a binary relation
on Uy via this correspondence. Also let 0 : Uy U{0} — U; U {0} be the involution
given by 9((u,c)) = (u, c+1) and 9(0) = 0.

Definition 5.3. The algebra M(7") has universe U; U {0} and operations defined as
follows. 0 is interpreted by itself, e is interpreted by (eM1(7),0), and A is defined in the
usual way: x A x = x while z Ay = 0 when = # y. Each operation H € Ly \ {0,e, A}
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is defined (with n = arity of H) by

H(Z’l,..

otherwise,

The remaining operations in L \ L; are defined as follows.

J(x,y, 2)

J/(x7 y? Z)
v(z)

So(z,u, z,w)
S1(z,u, z,w)

So(x,y,u, z,w)

Ti(z,y,z,w)

To(z,y,z,w)

~ —— —— S

\

x ifr=yorz=z=09(),
0 otherwise,
(), 2),
x1,0) if x = (x1,¢) € W x Ky,
if x =0,
if € Vy x Ky x {0} and (u = z or u = w),
otherwise,
if € {1,2} x Ky x {0} and (u = z or u = w),
otherwise,
if t =0(y) # 0 and (u=z or u=w),
otherwise,

o)

(

8

)

—~

o oOog og O

-y ifr,y,z,welUpandx-y=2-w#0
and (r = z and y = w),

Oz-y) ifzy,zzwelpandx-y=2-w#0
and (xr # z or y # w),

0 otherwise,

roy if x,y,z,welUyand xoy=zo0wF#0
and (r = z and y = w),

d(zoy) ifx,y,z,weUyand zoy=zow #0
and (z # z or y # w),

0 otherwise,

H((wy, 1), (wn,ca)) = {(()HM“T)(W),Z?:lci) if HMIT) (w) £ 0,

Sxy) = 0 if0e{zy,. ..., 2.}

11
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and, for each 7 € Instr,

(

R.(z,y,u) if x,y,z,u € Uy and R,(x,y,u) #0 and = < 2

and y = z,
Ulx,y,z,u) = O(R-(z,y,u)) ifx,y,z,u € Uy and R,(x,y,u) #0 and z < 2
and y # z,
0 otherwise,

\
(

R.(x,z,u) if v,y,2,u € Uy and R, (x,z,u) # 0 and y X 2

and z =y,
U(z,y,2,u) = (R, (x,z,u)) ifz,y,z,u € Uy and R,(x,z,u) #0and y < z
and = # v,
0 otherwise.

\

6. PROOF OF THEOREM 4.4

In this section we sketch the proof of Theorem 4.4.
Recall that 7 is a fixed Turing machine and M;(7) is the (20k + 13)-element

algebra in the language L; defined in the previous section. Observe that (i) the
reduct of My(7) to {A} is a height-1 semilattice with absorbing element 0, and
(ii) each nonnullary fundamental operation H € L; has the property that for any

ap, .
Our analysis of the subdirectly irreducible members of V(M(7)) will be accom-

oy € My(T) (n = arity of H),if 0 € {ay,...,a,} then H(a) =0.

plished by studying certain members of V(M (7)) satisfying “intended conditions.”
Definition 6.1. ([10]) Suppose I # () and B < M, (7).

(1) Bo denotes the set BN UY.

(2) > is the binary relation on B, defined as follows: for f,g € By, f > g iff
H(f1,...,fn) =g for some H € L \ {0,e} and some fi,...,f, € By (n =
arity of H) such that f € {f1,..., fu}.

(3) >> is the transitive closure of >>.

(4) If p € By then B, :={f € By : f>>p}and 0, := (B\ B,)*U0p.

(5) If p € B4 then B(p) := B/6,. We call B(p) a neighborhood algebra.

Note that neighborhood algebras belong to V(M;(7)). Suppose B(p) is a neigh-

borhood algebra with B < M;(7)!. Here are some desirable restrictions on B and p
that may or may not be satisfied.

(1) BN (Vy x Ky)! =0,

(2) BN ({1,2} x Ky)! = 0.

(3) If f,g,h,k € Byyand f-g=h-k € B,, then f =h and g = k.

(4) If f,g,h,k € Bzgand fog=hok € B, then f = h and g = k.

(5) For each 7 € Instr, if f,g,h,k € B4y and R-(f,g,k) € B, and f(i) < h(i) for
all 2 € I, then g = h.

3
4
5
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(6) For each 7 € Instr, if f,g,h,k € B4y and R-(f,h,k) € B, and g(i) < h(i) for
all 2 € I, then f = g.

Also let 3’6" denote the versions of 3-6 obtained by replacing “ € B,” with “ € B,.”

Definition 6.2. Let B(p) be a neighborhood algebra.

(1) B(p) is good if 1-6 hold.
(2) B(p) is very good if 1-2 and 3'-6" hold.

Lemma 6.3.

(1) If S is a subdirectly irreducible member of V(M(T)), then either S € HS(M(T))
and some operation S; (i = 0,1,2) is not identically equal to 0 in S, or
S = B(p)® for some good neighborhood algebra B(p).

(2) Conversely, if B(p) is a very good neighborhood algebra, then B(p)® is a
subdirectly irreducible member of V(M(T)).

Proof. This lemma essentially follows from Theorem 2.7 of [10]. In the notation used
there, A is M;(7), restrictions 1-2 on neighborhood algebras are “B-conditions,”
3-6 are “C-conditions, 3'-6' are the corresponding “strong C-conditions,” and M(7)
as defined in the previous section is isomorphic to the algebra A built from A :=
M, (7) and this list of B- and C-conditions according to the recipe in the proof of
[10, Theorem 2.7].

There are just two niggling details that must be addressed: M;(7) fails to satisfy
the hypotheses placed on A in the statement of [10, Theorem 2.7]; and the stated
conclusions of [10, Theorem 2.7] do not imply the conclusions of the above lemma.
We explain briefly what the problems are and why they are not serious.

The first problem is simply that the language of M;(7) contains a nullary con-
stant e # 0, yet this is disallowed in the definitions preceding the statement of [10,
Theorem 2.7]. In fact, the reader of the proof of [10, Theorem 2.7] will find no point
at which this assumption plays a role. The only effect of dropping the assumption is
the extra care needed in defining B(p) (cf. [10, p. 150]).

The second problem is that, while [10, Theorem 2.7] establishes item 2 of the above
lemma, it falls short of implying item 1. What it fails to yield is the following: if S
is a subdirectly irreducible member of HS(M(7')) and each operation S; (i = 0, 1,2)
is identically equal to 0 in S, then S = B(p)® for some good neighborhood algebra.
However, the proof of [10, Theorem 2.7], Part II, Case 1, can be easily modified to
establish this last fact. The only change needed occurs near Claim B. Just before
this claim the hypothesis that S € HS(M(7)) was used to deduce m > 1, but in the
current context neither the hypothesis nor the deduction are true. Hence the proof
of Claim B is invalid in the current context. However, Claim B was used only in
proving Claims C and D, which assert that Sy, S, S5 are identically equal to 0 in S.
Fortunately, in the current context this is already assumed to be true. O
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Let Ky be the set of all chain type building blocks S (7") and machine type building
blocks P(n,cy(7) such that || satisfies the restriction in Theorem 4.4(2) if 7 halts.
Let IC be the class consisting of T and all algebras B ® X where B ranges over the
members of yU{1,2} and X ranges over all Boolean groups. In light of Lemma 6.3,
the proof of Theorem 4.4 will be completed by showing the following.

Lemma 6.4.

(1) Every member of K is isomorphic to a very good neighborhood algebra.
(2) Conversely, every good neighborhood algebra is isomorphic to a member of

K.

Sketch of proof. To prove item 1, we give the definitions of the appropriate neigh-
borhood algebras and leave the tedious verification of all details to the reader. The
reader might want to first study [6, Section 4].

To represent T, let B be the subalgebra of M;(7)? generated by the element
p={e,(1,e)). Then Bxy = {p,(e,e)}, B, = {p}, B(p) = T, and B(p) is very good.

Given a chain type building block Sy (7) (respectively, a machine type building
block P(n¢)(7T)) in Ky and a Boolean group X, choose a linearly ordered set [/
containing N as an initial segment and sufficiently large so that X can be embedded
in (K3)!; in fact, assume that X is a subgroup of (K5)!. For each n € N let C,, be the
connected component in (Configy, Fy) containing (tg,n, 1) where, recall, ty denotes
the blank tape. Put D = J,,cy Cn (vespectively D = C U,y Crn) and

EFE=X U (DUf{a, :neN}U{v, :neNorn—1€N})xX,

and note that the nonzero elements of Sy(7) ® X (respectively, of Py oy (7) ® X)
are included in FE. For each element o € E we define a corresponding element
[a] € My (T)! as follows:

] = =z fora:EX
if £ <n,
[(an,2)](0) = if £ =n,
) if £ >n,
(0)) ifl <n,
(0)) if ¢ >mn,
lt(n,:c ) if ¢ <mn,

(¢
[((t’nal)ax)]@) = ( ,ZL‘(E)) if £ =n,
(D “@ ,x(0) if €>n.
Let [E] = {[a] : « € E} and Fy = {f € Ml(’T)I : 0 € range(f)}, and put B =

[E] U Fy. Then B < My (7) and By = [E], and for every p € By, B(p) is very
good.
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Choose n € N. If the building block with which we began the construction is
S~ (T), put p = [(vn, €)]. Then B(p) = Sy(7)®X. On the other hand, if the building
block is P(y,cy(7), choose Q € C' and put p = ([Q, e]). Then B(p) = Py (7)® X.
1®X and 2® X can also be realized by choosing p = [e] and p = [(ay, €)] respectively.
This proves the first item.

The proof of item 2 is very similar to McKenzie’s proofs of Lemmas 5.4, 5.5, 5.6,
5.7(iv), 5.8, and 5.9 in [6] for A(7), the added complication being the group action.
Given B < M;(7)! and p € By such that B(p) is good, let X = BN (K3)" and
note that (X, x) is a Boolean group. Also define Vz = BN (V x Ky)!, Gg =
BN ({O,D} X KQ)I, and Eg = BN ({1, H, 2} X KQ)I.

Now consider cases. By examining the definition of M;(7), the definition of B(p),
and the assumption that B(p) is good, it is possible to prove the following.

(1) If pe X, then B, =X and B(p) ¥ 1® X.
(2) If p e Gp, then X U {p} € B, C X UGpU Ep and B(p) = Sy(7) ® X for
some chain type building block Sy (7).
(3) If p e Vi, then XU {p} C B, C XUV UEp and B(p) = B(n,)(7T) ® X for
some machine type building block P (n.)(7).
(4) If pe (VU{C,D,1,H,2}) x Ky) but p ¢ GpU Vg, then B(p) ¥ 2® X.
(5) If none of the above hold, then B, = {p} and B(p) = T.
Furthermore, the building blocks arising in cases 2 and 3 are such that |N| satisfies
the restriction in Theorem 4.4(2) if 7 halts. The tedious details are left to the
reader. 0J

7. WHEN 7 HALTS

Let 7 be a fixed Turing machine, let H denote the class of subdirectly irreducible
members of V(M(7)), and let Ay denote the class of all Boolean groups.

Suppose 7 halts. Then by Theorem 4.4 there exist finitely many finite building
blocks Cy, ..., Cy and finitely many finite algebras Sq,...,S; in HS(M(7)) U {T®}
such that H is, up to isomorphism,

(U{(CZ®X)® X € ./42}) U{Sl,...,Sl}.

For i =1,... k define
Ki=1{(C;® X)? : X € Ay, X infinite}

and put K = (Uf:1 /ci> U{S1,....S;}. Clearly H C S(K) and therefore V(M(T)) =
SP(K). On the other hand, it is not hard to see that each class K; is (up to isomor-
phism) the class of models of an Ng-categorical theory, and therefore for every n < w
there are only finitely many pairwise KC-inequivalent existential formulas in the free
variables x1,...,z,. Hence by Lemma 2.2 we have:
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Theorem 7.1. If T halts, then the theory of V(M(7)) has a model companion.

8. CHAIN TYPE ALGEBRAS

We need to look more closely at chain type algebras in the language L4, i.e., algebras
of the form Sy (7)) ® X. Recall that the universe of Sy(7) ® X is the disjoint union
of {0}, X, {a, :ne N} xX and {v, : n€ Norn—1¢€ N} xX. We shall use the
notation

U = {a, :neN}xX
W = {v, :neNon—-1eN}xX

(superseding the notation of Section 5). Define a binary relation £ on W by the
rule (y,z) € E iff Jz[z -y = z]. (Note: this E is the converse of the edge relation
discussed in the paragraphs preceding Definition 4.1.) FE is naturally in bijective
correspondence with U by (y,z) ~ z iff -y = z. Thus we can consider W to be
the set of vertices and U the set of edges of a directed graph. Up to isomorphism,
this graph consists of the disjoint union of |X|-many isomorphic chains. X acts on
this graph as a group of automorphisms via the operation *; furthermore, this action
is regular in the sense that for all v € X if there exists a vertex x € W such that
r*u=x, then u=-e.

Conversely, suppose that (G; E) is a directed graph, X = (X, x,e) is a Boolean
group, and # is a regular action of X on (G; E). We shall construct an algebra in the
language L;. The universe is the disjoint union of G, E, X and {0}. x and * are
extended to this set by putting z x y =0 if {z,y} Z X and z*xu=0if x € GUE
or u & X. Then define

L z ifx=(y,2)€E
y = 0 otherwise

on — z fex=(zy) € E
rey = 0 otherwise.

0 and e are interpreted as themselves, A is defined by x Az = x, Ay = 0 if x # y, and
the machine operations are defined to be identically 0. The algebra just defined shall
be denoted S(G, E, X). Observe that if U, W and E are obtained from Sy (7) ® X
as in the previous paragraph, then Sy (7) ® X = S(W, E, X).

Say that two vertices x,y € G are weakly connected if there exist z € GG and
u € X such that z,z are connected in the graph (G;FE) and z x u = y. Weak
connectedness is an equivalence relation on G; we shall call the equivalence classes
the weak components of S(G, E, X).

Suppose x € G. Let us temporarily use [z] to denote the subgraph induced on
the connected component of z in (G; E), and [[z]] to denote the weak component of
S(G, E, X) containing x. If y € [[z]], then [z] and [y] are isomorphic graphs. Hence
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the isomorphism type of [z] is an invariant for [[x]], which we shall call the type of
[[]].

Obviously if A = S(G, F, X) then we may also speak of the vertices, edges, con-
nected components, weak components and their types, etc. in A. For example,
S~(7) ® X has one weak component; its type is a chain determined by N.

Lemma 8.1. Suppose (G; E) is a directed graph, X € A,, and x is a regular action
of X on (G; E). If the type of each weak component of S(G, E, X) is a chain, then
S(G, E, X) can be embedded in Sz(7T) ® Y for sufficiently large Y € A,.

Proof. First, for each interval N (possibly empty) in Z we define a chain C(N) =
(C(N); E(N)) as follows: if N # () then

C(N) = {n:neNorn—-1€N}

E(N) = {e, : ne N}
where e, = (n+1,n) forn € N, while (C(0); E(0)) = ({0};0). Next, let ([[za]] : a <
n) be a one-to-one enumeration of the weak components of S(G, E, X). For each

a < n pick an interval N, in Z such that 0 € C(N,) and [z,] = C(N,) via an
isomorphism sending z, to 0. Define a new graph (G; E) as follows:

G = |JoW.) x{a} x X
a<n
E = [JEWN,) x{a} x X
a<n
where (e, o, u) now represents the edge from (n+1, , u) to (n, o, u). Define an action
of X on (G;E) by (z,a,u) *v = (z,a,u x v). Then there exists an isomorphism
f:S(G,E,X) = S(G, E, X) which sends z, to (0,a,¢) for all a < 7. (Here we
use the regularity of the action of X on (G; E), plus the fact that chains have no
automorphisms of order 2.)
Now choose Y € Ay and {y, : @ <n} C Y such that X is a subgroup of Y and
Yo X ys & X whenever a < 3 < 7. Define a map g from S(G, £, X) to Sz(7)®Y by
z+— x for v € X U {0} and

(n,a,u) — (U, u X y,) for (n,a,u) € G
(en,,u) +—  (ap,u X yq) for (e,,a,u) € E.
gf is the desired embedding. O
In the preceding proof, let h = gf. Then h(z,) * (Yo X yg) = h(zp) for all a, f <

n. Since each z, can be chosen arbitrarily from [[x,]], and since (Sz(7) ® Y)® €
V(M(7)) when 7 does not halt, we have proved

Corollary 8.2. Assume 7 does not halt. Suppose B = S(G, E, X) where (G; E)
and X satisfy the hypotheses of Lemma 8.1. If a,b are vertices of B belonging to
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different weak components, then there exists D € V(M(T)) such that B® < D and
DEJufaxu=>b& b*xu=al.

The next lemma provides useful criteria which imply that an algebra B is isomor-
phic to some S(G, E, X) satisfying the hypotheses of Lemma 8.1.

Lemma 8.3. Let B be an algebra in the language L,. Suppose B satisfies the
following properties:

(1) B® € V(M(T)).

(2) The machine operations are identically equal to 0 (:= 0B).

(3) B is the disjoint union of sets X, W, U and {0}; W is nonempty.

(4) e := B € X. X is closed under x. Conversely, if x x y # 0 then x € X.

(5) If v -y # 0 thenx € U andy € W. For all x € U there exists y € W such that
x-y #0.

(6) Ifx-y#0andx-z+#0 theny = z.

(7) If x € W and u € X, then x xu € W.

(8) If t xu=x € W then u=e.

(9) If x # y then x Ay = 0.

Then B is isomorphic to some S(G, E, X) satisfying the hypotheses of Lemma 8.1.
W and U are the sets of vertices and edges, respectively, of B.

Proof. Since B® € V(M(T)) by item 1, A is a meet semilattice operation with least
element 0. By items 3 and 9, (B;A) has height 1. Since M(7) E z xz < e, B
also satisfies this identity (again using item 1). Items 4 and 9 then imply X = {x €
B : x x x = e}. Using the fact that x is commutative and associative and satisfies
z x e <zin M(7) (and hence in B), one can deduce that (X; x,¢e) € A,.

We claim that x -y # 0 implies x - y € W. For if - y € X, then (z-y) x e € X by
item 4, which contradicts M(7) = (z-y) X 2 = 0. And if z - y € U, then by item 5
there exists z such that (z-y) - z # 0, contradicting M(7) = (z-y) - z = 0.

By items 5 and 6 it is now apparent that U is in bijective correspondence with the
directed edge relation E defined on W by E = {(y,z) € W? : Jz[z -y = z|}, where
the correspondence is (y, z) ~» the unique x € B satisfying = - y = z.

Next, we claim that -y =z # 0 iff z 0 2z = y # 0. Indeed, using the identities (i)
zo(z-y) <y, (ii)x-(ro(r-y)) =x-y,and (iii) z-0 = 0 (which are true in M(7),
thus in B), if x - y = 2z # 0 then 0 # z o z < y, which implies z o z = y by item 9.
The opposite implication is proved similarly.

Assume x € U and u € X. By item 5 there exists y such that x -y # 0; in fact,
we have shown z -y € W. Thus by item 7, (z - y) x u # 0. Using the identity (iv)
(x-y)*xu=(r*xu)- (y*xu) of M(T), we obtain x * u € U by item 5.

Conversely, assume that x,w € B and xxu # 0. Using the identities zxu = x*(uxe)
and z x 0 = 0, we can deduce u x ¢ # 0 and therefore v € X. Using the identity
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0xu =0 we also get x # 0. Suppose z € WU U. Then z € X, so x x ¢ = z. But
these facts contradict the identity (z x y) * z = 0.

Thus far we have proved that x is nonzero only when restricted to X, where it is
a Boolean group operation; that U represents a directed edge relation £ on W and
that - and o are definable from FE in the usual way; that z xu # 0 iff x € WU U and
u € X; and that for each u € X, the unary polynomial \,(z) := x * u maps W into
W and U into U. Using the identities (z * u) * v =z * (u X v) and = x e < x, we see
that  is a group action of (X; x, e) on the set WU U. Using the identity (iv) above,
we see in fact that each A\, is an automorphism of the graph (W; E). The action is
regular by item 8. Thus we have proved B = S(W, £, X).

It remains to prove that every connected component of (W; E) is a chain. As
B® € V(M(T)), we can represent B® as a subdirect product of subdirectly irreducible
members of V(M(7)). Since S; is identically equal to 0 in B® (i = 0,1,2) by
definition, and the machine operations are identically equal to 0 in B by item 2, the
subdirectly irreducible algebras in this representation have the same property. So by
Theorem 4.4, B is a subdirect product of chain type algebras, algebras of the form
2® X and 1 ® X, and T. Such algebras satisfy the following identities:

(- yA(z-w) = (zA2) (yAw)
(zoy)A(zow) = (zA2)o(yAw)
yi- (2 (- Wno1 - (Yn-x))---))Ax = Oforalln>1
Y1020 (WYp10(pox))---))Az = Oforalln>1

Hence B satisfies these identities as well. The reader can check that they imply that
each connected component of (W; E) is a chain. OJ

We end this section with some syntactic notions. Let B be an algebra in either L
or L. A basic translation of B is any unary polynomial A(z) of B of one of the
following forms (where r € B is arbitrary):

xT-r xor €T xT T XTr T AT
r-x rox Tk rX T rA\x.

Pol] B shall denote the subset of Pol; B consisting of the identity map plus all compo-
sitions of basic translations. Observe that if B is (a reduct of) a member of V(M(7)),
then A(0) = 0 for all A\ € Pol] B.

Let x,vq,v9,... be a fixed infinite sequence of variables. Let T* denote the small-
est set of terms ¢(z;v) which contains = and is closed under the following rule: If
t(z;vq,...,0,) € T*, then the following also belong to T*:

t- Unt1 t 0 Upy1 t* Upy1 t X Upt1 t A\ Upy1
Un+1 t Un+1 © t Un+1 * t.
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Thus Pol; B = {tB(z;7) : t € T*, ¥ € B"} provided only that x and A are com-
mutative in B. Next we define some subsets of T*.

Definition 8.4.

(1) Tx is the smallest set of terms ¢(x;v) which contains x and is closed under

the following rule: if ¢(z;vq,...,v,) € Tx, then t Av,,; and t X v, are in
Tx.

(2) Ty is the smallest set of terms t(x,v) which contains x and is closed under
the following rule: if ¢(z;vq,...,v,) € Ty, then ¢t A v,y and ¢ % v, are in
Ty.

(3) Ty is the smallest set of terms ¢(x,v) which contains x and is closed under
the following rule: if t(x;vq,...,v,) € Ty, then t Av,y1, t* Upyq, Ve -t and

Upt1 Ot are in Tyy.
(4) Tyw is the set of all terms of the form

t(s(z;v1, -+ Un) * Ung1; Ung2s - - s Unpmt1)
or t(s(z;v1, -2, Un) O Una1; Una2s -+« Unkmt1)
where s(z;v1,...,v,) € Ty and t(z;01,...,0,) € Ty.
(5) Txw is the set of all terms of the form
t(Vpg1 * S(T; 01,0 00)5 Unaay -+ s Untmtt)
where s(x;vy,...,v,) € Tx and t(z;v1,...,0,) € Tw U Tyw.

Observe that the sets Ty, Tyw and T xy are pairwise disjoint.
For t € Ty U Tyw we define the integer displ(¢) inductively as follows:

displ(z) = 0
displ(t - vi) for t € Ty.

displ(tow;)) = —

displ(t Av;) = displ(t)

displ(t * v;) = displ(¢) for t € Ty UTonw
displ(v; - t) = displ(¢) + 1

displ(v; ot) = displ(t) —

Now let C be a chain type algebra, say C = Sy(7) ® X. Recall that we use
the notation W = {v, : n€ Norn—1¢€ N} x X for the vertex set of C and
U={a, : n€ N} x X for the edge set of C. The following Lemma can be proved
by examining the definition of Sy(7) ® X.

Lemma 8.5. Let C,W,U and X be as described above. Supposet € T*, 7 € C",
and \(x) = tC(x; 7).
(1) A(W) € W U {0}
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(2) Ifrange(/\) Nnw 7é @, thent € TW U TUW U TXW-

(3) If t € Tyw, then range(\) € W U {0} and \™}(W) C U.

(4) If t € Txw, then range(\) € W U {0} and \™1(W) C X.

(5) Ift € Ty, then \™Y(W) C W.

(6) Suppose (a,,u) € U and A((an,u)) = (0m,v) (sot € Tyw). Thenn —m =
displ().

(7) Suppose (v,,u) € W and X(v,,u)) = (v, v) (sot € Ty ). Then n —m =
displ(t).

(8) CEAMz)=AMy) #0—x=y.

Observe that one can also show the following. Suppose B = S(G, E, X) for some
graph (G; E), X € Ay, and a regular action of X on (G; E), and suppose a,b are
vertices of B. Then the following are equivalent: (i) there exists A € Pol] B satisfying
A(a) = b; (ii) a and b belong to the same weak component of B.

9. THE BRUTE-FORCE ARGUMENT WHEN 7 DOES NOT HALT

Define the following first-order formulas.

¢o() dzlzo(z-2) =2 & Si(z,2,2,2) = 0]
o1 () Juww - (wozx)=x& Si(w,z,z,x) = 0]
G2(7) 1 o(x) & ¢1(x)
P3(z,y) + d2(z) & P2(y)
o(z,y) + ¢s(z,y) & #0&y#0
U(z,y) Jurxu=y & y*u=x
On(,y) + Fzzalzn - (22 (0 (zpma - (200 0)) ) = 9] (n > 1)
0 (z,y) a1 zpfzio(zmo (- o(zp10(zpoy))--+))=xa] (n>1)
On(z,y) = 0 (2,y) &0, (z,y) (n > 1)
do(z,y) Vuv[zxu=xz%v > yxu=1y*1]
Spst(T,y) Vzut 0903z % u < p(z;01) — (s(z;02) At(y; 03)) * u = 0]
A ERT) Vzuty0a03[y * u < p(z;01) — (s(2;02) A t(z;03)) xu = 0]

where p, s vary over Ty U Ty and ¢ varies over Ty in the last two lines.
Assuming 7 does not halt, we shall verify the hypotheses of Lemma 2.3 for T" =
Th(V(M(T))), using the existential formulas ¢, ¢, 6, (0 < n < w), the family of

formulas {60} U {0y, 0,

r defined by

:p,s € TwUTyw and t € Ty} =: A, and the function

)85t

7‘(50) == Q)
7(0p,s.t) {displ(s) — displ(p) — displ(t)}
r(0,..) = {displ(p) + displ(t) — displ(s)}.
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Lemma 9.1. V(M(7)) = 6(0,0) for all 6 € A.
Proof. This follows from the fact that V(M(7)) = 0 u = 0. O

Lemma 9.2. Suppose S is a subdirectly irreducible member of V(M(T)). If S is
not of the form (Sy(7) ® X)®, then S |= ¢o(x) — 2 = 0. If S is of the form C® for
some chain type algebra C, and if W is the vertex set of C and a € S and S = ¢9(a),
then a € W U {0}.

Proof. It S = T® or S & (B ® X)® for some building block B and Boolean space
X, then the result is obvious. If S € HS(M(7)), then use the fact that the positive
sentence

Vezw[zo(z-2)=0 V w-(wozx)=0 V Si(z,z,z,2) =2 V Si(w,z,z,z) = x]

is true in M(7") and therefore also in S. (The sentence and ¢o(z) logically imply
x = 0.) By Theorem 4.4, there are no other possibilities. O

Lemma 9.3. If C is a chain type algebra, then for alln > 1,

(1) C|=[(,y) & On(x,y)] — = =0.
(2) C = 0,(z,y) — 0(x,y) for all 6 € A such that n & r(9).

Proof. Let C = Sy(7)®X with edge set U = {a,, : n € N} and vertexset W = {v, :
n€ N orn—1¢€ N} and suppose C |= 0,,(a,b). We shall prove C = [¢(a,b) — a =
0] & d(a,b). There are two cases:

CaAse 1. a=b=0.
Then in particular a = 0, and also C |= d(a,b) by Lemma 9.1.

CASE 2. a,be W.

Say a = (v, z) and b = (v,,y). Since C |= 0,(a,b) we have | — m = n, so in
particular, [ # m. This implies C = —)(a,b) by the definition of * in C. Next we
consider d(a, b).

Case (a): d is dp. Suppose u,v € C and b* u # b+ v. This can only happen if (i)
ue Xbutveg X, or (i) ve X butu¢g X, or (ili) u,v € X but u # v. Each case
implies a * u # a * v. The argument is symmetric in a and b, so C |= dy(a, b).

Case (b): 0is 6,5+ withn & r(d,5+). Suppose ¢, u, vy, Vg, U3 are elements or tuples of
elements from C such that (s€(c; 92) AtC(b; v3)) *u # 0. Then u € X and s€(c;7y) =
tC(b;v3) = (v;,2) € W where m—j = displ(t), by Lemma 8.5. Hence ¢ = (vg, 2) € W
or ¢ = (ay,z) € U where k — j = displ(s), again by Lemma 8.5. Suppose for the
sake of contradiction that a * u < p€(c;v1). Then pC(c;v1) = a*u = (v, x X u),
hence k — [ = displ(p) by Lemma 8.5. These facts contradict | —m =n & r(5,1), s0
C = dps.(a,b).

Case (c): 0 is 6, with n & r(d;, ;). The argument is similar to the previous one.
Thus in all cases, C = d(a, b). O
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Lemma 9.4. For eachn > 1 and § € A satisfying n & (),

(2) VIM(T)) = [¢(x,y) & Ou(,y)] — 0(2,y).
Proof. 1t suffices to prove the stronger claims
(4) VIM(T)) = [¢3(,y) & On(2,y)] — 0(z,y).
The sentences in items 3 and 4 are equivalent to (conjunctions of) quasi-identities,

hence it suffices to check their truth in the subdirectly irreducible members of V(M(T)).
This was done in Lemmas 9.1 through 9.3. 0

Lemma 9.4 establishes the second and third hypotheses of Lemma 2.3. To establish
the remaining two hypotheses, we need to assume that 7 does not halt.

Lemma 9.5. Assume that T does not halt. For every n > 1 there exists A €
V(M(T)) such that A = Jxy[d(x,y) & 0,(x,y)].

Proof. By Theorem 4.4, we can choose A = (Sz(7) ® {e})®. O

Lemma 9.6. Assume that 7 does not halt. Suppose A € V(M(7T)) and a,b € A
and A |= ¢(a,b) & Ascad(a,b). Then there exists D € V(M(T)) such that A < D
and D = ¢(a,b).

Proof. Since 1 is a Horn formula, it suffices to show the following:

For all ¢,d € A with ¢ # d, there exist D € V(M(7)) and a
(*) homomorphism h : A — D such that D |= ¢(h(a), (b)) and
h(c) # h(d).
We can assume that A <4 [] ieJ S; where each S; is subdirectly irreducible. Since
¢3 is a positive formula, S; = ¢3(a;,b;) for each j € J. Hence Lemma 9.2 implies
AkE=axe=a& bxe=">0 Thusif (c,d) ¢ Cg®(a,b) then we can prove (x) by
defining D = A /6 and h(z) = 2/6, where § = Cg®(a,b).
Therefore, for the remainder of this proof we shall assume that (¢, d) € Cg®(a,b).
Define
K={jeJ:S;= C;@ where C; is a chain type algebra}.
Since ¢ # d we must have either ¢ £ d or d £ ¢. We shall assume with no loss of
generality that d £ ¢. Observe that

[e#d] C [a+#10] since (c,d) € Cg*(a,b)
C Ja#0]Ub#0]
c K by Lemma 9.2.

Hence d|x £ c|k. Let Alx be the image of the homomorphism from A to [];cx S;
given by = — z|x, and note that (¢|x, d|x) € Cg?¥ (a|x, b|x).
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CLAIM. A|K }: ¢(a|K,b|K) & A(SEA 5(a|K,b|K)

Indeed, a = a|x UO|ge and b = b|x U 0|ge by Lemma 9.2. Since a # 0 and
b # 0 we get a|g # 0 and b|x # 0. As A |= ¢3(a,b) and ¢3 is a positive formula,
we get Algx | ¢s(alk,blkx) and hence A|x | é(a|k,b|lk). Suppose u,v € A and
alg * u|lg = a|g *v|g. Then axu=ax*xv (as M(7) EO0*xx =0),s0 bxu =bx*v
(using A |= do(a, b)) and hence b| g *u|x = bk *v|x. The converse is also true, which
proves Al = do(a|k,blx). A similar argument works for the other members of A,
proving the claim.

Thus in completing the proof of (%) for the given pair (¢,d) we can assume with
no loss of generality that K = J. Hence A = B® where B is the reduct of A to
the language L,. For the remainder of this proof we shall work with B rather than
A. So far we know that B <4 HjeJ C, where each C; is a chain type algebra, that
B E ¢(a,b) & Asepd(a,b), that d £ ¢, and that (c,d) € CgP(a,b). What remains

to be shown is:

() There exist D € V(M(7)) and a homomorphism h : B® — D
such that D = ¢(h(a), k(b)) and h(c) # h(d).

For each j € J write C; = Sy,(7) ® X; and let W; and U; denote the sets of
vertices and edges, respectively, of C;. For € B we shall use the notation [z € W],
[x € X] etc. to denote the sets {j € J : xz; € W;}, {j € J : z; € X;}, etc. As was
already noted, [a # 0] = [a € W] and [b # 0] = [b € W].

Because all operations of B except A, -, o, X and % are constant, the congruences
of B are precisely the equivalence relations which are compatible with the basic
translations defined in Section 8. Since (c,d) € Cg®(a,b), there exists Ay € Pol; B
such that d € {\g(a), \o(b)}. We shall assume with no loss of generality that d =
Ao(b). Pick t € T* and # € B™ such that \o(z) = tB(x;7). By examining the equation
tB(b;7) = d at each coordinate and using Lemma 8.5, we get [d # 0] = [d € W]. A
similar argument shows [c # 0] = [c € W].

Our strategy for proving (%) is as follows. We shall define a certain congruence 6
of B having the property that (c,d) ¢ 6. Then we shall show that B/6 is isomorphic
to some S(G, E, X) satisfying the hypotheses of Lemma 8.1. By construction, B/6
will have exactly two weak components, one of which will contain a/f as a vertex,
the other containing b/0 and d/6 as vertices. Corollary 8.2 will then provide D €
V(M(T)) such that (B/0)® <D and D = ¢(a/0,b/0), which will prove (xx).
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Define
Z = {ueB:dxu=d}
H = {fe€B: Juec Zsuchthat f >axu}
0 = {(f,g)€B* : VA€PoliB, \(f) € H« \g) € H
and \(f) > d < \g) > d}

W, = {fe€B:3teTy and 7 € B" such that tB(f;7) € H}
Wy = {f€B:3teTy and 7 € B" such that tB(f;7) > d}
U, = {f€B:3teTyw and 7 € B" such that tB(f;7) € H}
Ui = {f€B:3teTyw and ¥ € B" such that t8(f;7) > d}
X, = {f€B:3teTxy and 7 € B" such that tB(f;7) € H}
Xy = {fe€B:3teTxw and ¥ € B" such that tB(f;7) > d}.

Clearly 6 € ConB and (c,d) € 6.

Recall that \g € Pol} B and \g(b) = d. Hence [d # 0] C [b # 0]. Now suppose that
u,v € Band a*xu =ax*v. Then bxu =bx*wv, as C = dg(a,b). As [b# 0] = [b € W],
this implies

[b# 0] C [u=wvor {u,v}NX = 0]
hence [d#0] C [u=wvor {u,v}NX =10]
which implies d x u = d * v. Thus we have proved:

CrLAM 1. For all u,v € B,if a*xu =a*v then d*u = d *v.

If we set v = 0 in the above claim we get the following: if a *xu = 0 then d*u = 0.
Since d xu = d # 0 for all u € Z, we then get:

Cram 2. Forallu e Z, axu # 0. Hence 0 ¢ H.

Cramv 3. For all f € B, the following are equivalent: (i) (0, f) € 0; (ii) there exists
A € Pol] B such that A(f) > d or A\(f) € H; (iii) f € W, UW,UU,UU;U X, U X,.

Indeed, (iii) = (ii) is obvious, while (i) < (ii) follows from Claim 2 and the fact
that A(0) = 0 for all A € Pol] B. Now assume that A € Pol] B and either \(f) > d
or A(f) € H. In either case, [\(f) € W] # 0. Pick ¢t € T* and 7 € B™ such that
A(z) = tB(z; 7). Lemma 8.5 implies t € Ty U Tyw U Txw, which proves (ii) = (iii).

Craim 4. Each of the sets W,, Wy, U,, Uy, X,, X4 is a union of #-classes.

For example, suppose f € W, and (f,g) € 6. Choose t € Ty and 7 € B" such
that tB(f;7) € H. Then tB(g;7) € H as well, by the definition of 6, proving g € W,.
The proof is identical for the other sets.

CrAM 5. For any f € B, the following are equivalent:
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(1) feXq

(2) [d# 0] < [f € X]

(3) feX,

(4) There exists u € Z such that J[axu # 0] C [f € X].

Here is the proof. 1 = 2 follows from Lemma 8.5 and the fact that [d # 0] = [d €
W1]. Assume item 2. Then dx*(f x f) = d, proving f X f € Z. Hence ax(f x f) € H,
which proves item 3 using the term vo* (z X v1) € Txw. Now assume f € X,. Choose
t € Txw and 7 € B" and u € Z such that tB(f;7) > a * u. By Lemma 8.5 we get
[a*u#0] =[axue W] C [f € X], which proves 3 = 4. Finally, assume u € Z
and Ja*xu # 0] C[f € X]. Then a* (f x f X u) = a*u, so

dx(f x fxu) = dxu by Claim 1
= dasu€Z.

Thus f € X, via the term vy * (z X v1), which proves 4 = 1.

It follows that X, = X;. We shall denote this common set by X. The next claim
follows from Lemma 8.5.

CLAM 6. 1. If f € W, then [d # 0] C [f € W].

(2) If f € W, then there exists u € Z such that [axu # 0] C [f € W].
(3) If f € Uy then [d # 0] C [f € U].
(4) If f € U, then there exists u € Z such that [axu # 0] C [f € U].

Cram 7. If u,v € Z, then u Av € Z. (Obvious.)
CrAmM 8. B is the disjoint union of 0/6, X, W,, Wy, U, and Uy.

In light of Claims 3 and 5, to prove Claim 8 it will suffice to establish the following:
(1) X4, Wy and U, are pairwise disjoint.
(2) X, W, and U, are pairwise disjoint.
(3) WauUa) N (WU Uq) = 0.

To prove the first item, suppose for example that f € X;NW;,. Then [d # 0] C [f €

X] by Claim 5 (1 = 2) while [d # 0] C [f € W] by Claim 6 (1). This would imply
d = 0, a contradiction.

To prove the second item, suppose for example that f € X, N W,. Then there
exists u € Z such that Jaxu # 0] C [f € X] by Claim 5 (3 = 4), and there exists
v € Z such that [axv # 0] C [f € W] by Claim 6 (2). By Claim 7 there exists
w € Z such that [w € X] C [[u € X]N[v € X]. This would imply [a * w # 0] = 0,
which contradicts Claim 2.

To prove the third item, suppose f € (W, U U,) N (Wy U Uy). Pick p(z;0,) €
Tw UTyw and 7, € B™ and u € Z such that pB(f;7,) > a* u, and pick s(z;v,) €
Tw U Tyw and 7y € B™ such that sB(f;#;) > d. Finally, recall that \y € Pol; B
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and \o(b) = d. Choose t(x;73) € T* and 73 € B™ such that tB(b;73) = d. Since
0+ [de W] C[be W], Lemma 8.5 implies ¢t € Tyy. Now observe that

(sB(fim2) AEB(bi7s)) v u = dxu = d # 0.
But this contradicts the fact that B |= d,.(a,b). Hence Claim 8 is proved.

CrLAIM 9. 6 has the following characterization.
(1) 0 C (0/0)2UX2U (Wo)?>U (Wy)? U (Uy)? U (Uyg)?.
(2) For all (f,g) € X2, the following are equivalent:
(a) (f.9) €0.
(b) [d#0] < [f =gl
(c) There exists u € Z such that [axu # 0] C [f = ¢].
(3) For all (f,g) € (Wg)? U (Uy)?, the following are equivalent:
(a) (f,g) €0.
(b) [d#0] € [f =gl
(4) For all (f,g) € (W,)*> U (U,)?, the following are equivalent:

(a) (f,9) €0
(b) There exists u € Z such that [a *u # 0] C [f = ¢].

The first item follows from Claims 3 and 4. Here is the proof of the second item.
(a=b) As f € X, there exists A € Pol} B such that A\(f) > d. Then A\(g) > d as well,
since (f,g) € 6. Thus [d # 0] C [A(f) = A(g) # 0], which implies [d # 0] C [f = ¢]
by Lemma 8.5 (8).

(a = ¢) As f € X, there exists A € Pol] B and u € Z such that A\(f) > a * u.
Then \(g) € H, say A(g) > a*v with v € Z, since (f,g) € 0. Let w = uw Av. Then
w € Z by Claim 7, and A(f) A M(g) > a*w. Hence [a*xw # 0] C [A(f) = A(g) # 0],
which implies [a * w # 0] C [f = ¢g] by Lemma 8.5 (8).

(b = ¢) Since [d # 0] C [f € X]N[f = g] by hypothesis and Claim 5, we see
that d % (f x g) = d and therefore f x g € Z. Define u :=e A (f x g) € Z by Claim
7. Then [axu # 0] C [f = ¢].

(¢ = b) Suppose u € Z and Ja*xu # 0] C [f =g]. Then a* (u x f) =ax* (u X g),
hence

dxf = (dxu)xf = dx*(uxf)
= dx* (ux g) by Claim 1
= e = d*g
Since [d # 0] C [f € X] N [g € X] by Claim 5, we get [d # 0] C [f = ¢].
(b and ¢ = a) Suppose A € Poli B. Clearly \(f) > d iff A(g) > d, by item (b).
Suppose A(f) € H, say A(f) > a*u with u € Z. By item (c), there exists v € Z
such that Jaxv # 0] C [f = g]. Let w = uAv € Z. Then A(f) > a x w and

[axw # 0] C [f = g], implying A(g) > a * w and hence A\(g) € H. The converse is
proved similarly. This proves (f, g) € 6.
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The proofs of items 3 and 4 are similar. The proofs of (b = a) are simplified by
the following observation: If f € W, U U, then there does not exist A € Pol] B such
that A(f) € H. Similarly, if f € W, U U, then there does not exist A € Pol] B such
that A(f) > d. (This observation follows from Claim 8 and the proof of Claim 3.)

Now we can finish the proof of Lemma 9.6. Define W = W, UW,; and U = U, UU,.
We wish to show that the algebra B := B/ and the sets W := W/0, U := U/
and X := X/0 satisfy the hypotheses of Lemma 8.3. Hypotheses 1 and 2 are true
since they already hold in B. Hypothesis 3 follows from Claim 8 and the obvious
fact that a,d € W. Clearly e € X and X is closed under x by Claim 5. Thus to

verify the remaining hypotheses of Lemma 8.3 it suffices to show the following (for
all f,g,h,u € B):

(4) Iffxg;éOthenfEX.

(5) (a) Iff-g%OthenfEUandgGW.

(b) For all f € U there exists g € W such that f - g % 0.
(6)1f f-g#0and f-h%0, then g = h.
(7) If feW and u € X, then fxu € W.
(8) Iff*uéfEWthenuée.
(9) Iff%gthenf/\gé().

0
(Proof of 4) Assume f x g # 0. Since [f x g # 0] = [f x g € X] we must have
f x g € X by Claim 6 and therefore [d # 0] C [f x g € X] by Claim 5. Since

[f xgeX]C[feX] weget [d#0] C[fe€ X] and hence f € X by Claim 5.
0
(Proof of 5a) Assume f-g # 0. Since [f-g # 0] = [f - g € W] we must have

f g € W by Claims 5 and 6. Choose t(x;vy,...,v,) € Ty and 7 € B" such that
either tB(f - g;7) > d or tB(f - g;7) € H. Define t; € Ty and t, € Tyw by
t1(z;01, .., 0pp1) = t(vr-x309, .00, Upye)
ta(@5 01, V1) = U@ V15V, V).
Clearly tB(g; f,7) = t2(f;9,7) = tB(f - g;7), which proves f € U and g € W.
Remark: In fact, this proof shows that f-g € W, implies f € U; and g € Wy, while
f-g€ W, implies f € U, and g € W,.
(Proof of 5b) Let f € U. Choose t € Ty and 7 € B™ such that either tB(f;7) > d
or tB(f;7) € H. By definition, ¢ must have the form
p(s(x; 01,0, Um) * Ut 15 Umt2y - - 5 Un)

or p(s(z;v1, -+, Um) © U1 U2y + -+, Up)
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for some s € Ty and p € Ty. In fact, using the identity xoy =z o (x - (zoy)) of
V(M(T)), we can assume that ¢ has the first form. Using the identities

(xAu)-v = (x-v)A(u-v)
(x*u)-v = (x-(vku))*u

which are true in M(7) and hence in B, we can furthermore assume that s = z.
Now let g = r;. As pB(f - g,rg,.. ) —tB(f, r)and p € Ty, we get f-ge W.

(Proof of 6) Assume f-g ;é Oand f-h 7‘é 0. Then f-g € Wand f-h € W as shown
in the proof of (5a). Suppose first that f-g € Wy. Then f € Uy and g € Wy by the
remark following the proof of (5a). Hence it must follow that h € W, as well, since
otherwise f - h € W, and therefore f € W, by the same reasoning. From f-g € Wy
and f-heWyweget [d#0]C[f-9g#0& f-h+#0] by Claim 6. Since

(xy#£20&zxz-2#0) —>y==z
is valid in all chain type algebras, we get [d # 0] C [¢ = h] and therefore (f,g) € 0
by Claim 9. In case f-g € W,, one argues in a similar manner, using Claim 7 to
obtain w € Z satisfing [axw #0] C[f-g#0& f-h #0].

(Proof of 7) Assume first that f € W,;. Choose t € Ty and 7 € B"™ such that
tB(f;7) > d. Since u € X we have [d # 0] C Ju X u = ] by Claim 5 and hence
tB(f % (u x u);7) > d. Since f* (u x u) can also be written as (f * u) x u, we get
f*ue W, A similar argument, using Claim 7, works in case f € W,,.

(Proof of 8) Assume first that f € Wy. Since (f *u, f) € 6, we get f*xu € W, by
Claim 4 and [d # 0] C [f *u = f] by Claim 9. Moreover, [[d # 0] C [f € W] by
Claim 6. This forces [d # 0] C [u = €] and hence u € X and (u,e) € 6 by Claims 5
and 9. A similar argument, using Claim 7, works in case f € W,.

0
(Proof of 9) Assume f A g # 0. Then f A g must belong to one of X, W,, Wy,
U, or U;. We argue by cases. For example, suppose f A g € Wy. Choose t € Ty,
and 7 € B" such that tB(f A g;7) > d. Then by the monotonicity of ¢ we also get
tB(f;7) > d and tB(g;7) > d, hence f,g € W,. Furthermore, t8(f A g;7) > d implies

[d#0] € [fAng#0]
C [f=4l
so (f,g) € 0 by Claim 9. Similar arguments work in the other cases.
Thus the hypotheses of Lemma 8.3 are met, so by that lemma B/ is isomorphic
to some S(G, E, X) satisfying the hypotheses of Lemma 8.1. Obviously a € W, and
d € Wy. Recall that \g(b) = d. Choose t € T* and 7 € B" such that A\o(x) = tB(z; 7).

As was shown in the proof of item 3 of Claim 8, t € Tyy,. It follows that b € W,;. Hence
a/0 and b/6 are vertices of B/f. Suppose a/6 and b/6 belonged to the same weak

component. Then there would exist A € Pol] B such that A(a) 2 b and therefore
Aa) € Wy. Hence there exists p € Pol] B such that p(a) > d. But this implies
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a € WU Uy UX, which is false. So a/6 and b/ belong to distinct weak components
of B/#.

By Corollary 8.2 there exists D € V(M(7)) such that (B/#)® < D and D |
¥(a/0,b/0). Thus defining h : B® — D by h(x) = x/6 completes the proof of ()
and therefore of (x), proving the lemma. O

Theorem 9.7. If 7 does not halt, then the theory of V(M(T)) does not have a
model companion.

Proof. By Lemmas 2.3 and 9.4-9.6. 0

Corollary 9.8. The problem of deciding, given a description of a finite algebra A in
a finite language, whether V(A) has a model companion is recursively unsolvable.

Proof. Theorems 7.1 and 9.7, the recursive unsolvability of the halting problem, and
the effectiveness of the construction of M(7) from 7. O
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