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Congruence lattices of powers of an algebra*

Ross WILLARD

In Memory of Evelyn Nelson

§0. Introduction

Let & be a property which can be attributed to 0, 1-sublattices of Eq (X), X
arbitrary. (Eq (X) is the lattice of all equivalence relations on X.) For example, ?
could be modularity or permutability. It was proved in [3] that for every integer
k =2 there is an r = 1 such that for every algebra A of cardinality k, if Con (A™)
satisfies 2 for all m <n then Con (A™) satisfies 2 for all m. Let nz(k) denote the
least such n. The open problem is: given 2, to evaluate the function ng.

In this paper we establish an upper bound to ns, for each of the following
properties %: permutability, distributivity, modularity and the property of being
skew-free. The upper bounds established here are much too large; for example,
the bound for modularity is

ntoa(k) = KD
(k)=

when in fact, e.g., myoq(2) =2. However, the method used to obtain these
bounds may be of interest. The underlying idea is that the set K = {A™:m =1}
contains algebras which to a certain extent act like free algebras; and the
derivation of a Mal’cev condition for & (in varieties) can be mirrored in K.

§1. Permutability

In this section we modify Mal’cev’s characterization [6] of congruence
permutable varieties, so that it can apply to the class P(A) of all powers of a
fixed algebra A. This produces an upper bound t0 np. .
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DEFINITION 1.1. Let K be a class of algebras, F an algebra, and X c F. F is
a pseudo-K-free algebra over X if F has the universal mapping property for K
over X; i.e. for every A € K and every map a: X — A there is a homomorphism
B:F— A which extends «. In this case, X is called a set of pseudo-K-free
generators, and F is said to be pseudo-K-free of rank | X]|.

N.B. It is not required that X generate F.

EXAMPLE 1.2. Let A be an algebra and K = P(A). Then for every cardinal
K, A“" is pseudo-K-free of rank k. Indeed, for each 7 € k, let p, : A*— A be the
nth projection, and put X = {p,:n € x}. Then A“” is pseudo-K-free over X,
since any map a:X — A’ can be extended to a homomorphism f:A“”— A’ by
the formula

B = f({a(py)(@)) yex)-

PROPOSITION 1.3. Let K be a class of algebras which contains a pseudo-K-
free algebra F of rank 3. Then K is congruence permutable iff F is congruence
permutable.

Proof. First note that an algebra A is congruence permutable iff for all
a,b,ceA, (a,c)eBOu(b, c)oO4(a, b). Now suppose F is pseudo-K-free on
{x, y, z} and is congruence permutable. Then (x, z) € O(y, z)° Og(x, y), say

xOx(y, 2)pO(x, y)z. )
Suppose A € K and a, b, c € A. Since F is pseudo-K-free on {x, y, z} there is a

homomorphism f:F-> A such that g(x)=a, B(y) =5 and B(z)=c. It follows
that

aB,(b, c)f(p)Oala, b)c

since the homomorphism B preserves the principal congruence formulas which
witness (1). So (a, ¢} € O,(b, ¢)° O,(a, b) as required.

COROLLARY 1.4. For any algebra A, P(A) is congruence permutable iff
A is congruence permutable.

COROLLARY 1.5. npem(k) <k°.
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It should be clear that one can obtain, in a similar manner, an upper bound to
ng for any propery % of the form

VO, - - V0,[s(8) c(8)]

where s(6), #(8) are terms in N, v and °, and v does not occur in s(6). (For the
corresponding Mal’cev condition, see [8] or [9].) For example the property 2 of
permutability combined with distributivity (characterized by Pixley in [7]) is
equivalent to the universally quantified inclusion 8 N (y;°y,) < (0 N y,)o (6N
11). Hence one can show that Apepypist(K) = k*. A second example is the weak
distributive property WDist () defined by 6 N (y,°™ y,) = (8 N y,) v (8 N y,);
the above method yields nypisiomy(k) < k™.

§2. Distributivity

This section contains a generalization of Jénsson’s characterization [5] of
congruence distributive varieties. The development is not as straightforward as it
was for congruence permutability; this is because Jonsson’s condition actually
characterizes the property WDist(2):

0N (o) (0N Y) v(BNY,)

which is equivalent in a variety to congruence distributivity, but is strictly weaker
than congruence distributivity in general.

NOTATION 2.1. Let R, Ry, . . ., R, be subsets of A”.

(i) R™'={(b,a):{a,b) eR}; R'=R.
(ii) [T Ri= RyoRy0- - -oR,.
(iii) trans (R) is the transitive closure of R.

DEFINITION 2.2. Let z(x, y, u, v) be the principal congruence formula

m—1
3W<x ztl(le, W) & [ & t,-(z,(, VT)) —~"’~t,~+1(zi+1, "-{))] & tm(Z,’n, l'_{)) zy) .
i=1

The length of m is the positive integer m. The fype of m is the function
€:{0,...,m—1}— {1, —1} defined by

if (z;,z{)=(u, v)

) 1
e(i —1)={_1 if (Zi’ Z;) = (U, u)

(The trivial principal congruence formula 3w (x =~ y) has length 0 and no type.)
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The following is essentially the easy half of Mal’cev’s description of principal
congruences.

LEMMA 2.3. Suppose A is an algebra, R is a reflexive subuniverse of A*, and
7 is a principal congruence formula of length m=1 and type €. Then for all
a,b,c,deA, if (c,d)eR and Ak n(a, b, c, d), then {(a, b) e [I™,' R<®.

The generalization of Jonsson’s characterization begins here.

LEMMA 2.4. Let A be an algebra and m =z 1. Then (3),,>(2) > (1),, where:

(l)m FOT all 01 1/’1, 1/’2, ] w2m € COH A’ B N szzml wi = zz;nl (0 N 'P:)
(2) Con A is distributive.
(3), for each 6 € Con A and all reflexive subuniverses Ry, R, . . . , R,,, of A%,

m—1
OﬂHR ctrans[U U (90 11 Rf(‘))].
i=1 i=1 ee{l,—-1}" =0

Moreover, (1),, is equivalent to

(1), For all  ay,...,8,11€A, (a1, @am+1) € V71 [Oalay, Aam+1) N
Oa(a;, a;41)]-

Proof of (3),, > (2). Suppose A satisfies (3),,. It suffices to show, by induction
on n=1, that for all 6, y,, ..., Y., € ConA,

2%m om
N IR" _\/ (80 ).
j=1 =1

If n=1, set R; =1, and apply (3),.. If n > 1, set

on-1

R =[] ¥omrg-1y4s
j=1

and apply (3),, and the inductive hypothesis.

PROPOSITION 2.5. Suppose m =1 and K is a class of algebras containing a
pseudo-K-free algebra F of rank 2m + 1. Suppose further that {x,, . .., Xpp41} S
F is a set of 2m + 1 pseudo-K-free generators, and that ¥ satisfies (1),, for the
particular choice of elements a; = x; “‘using principal congruence formulas of length
=m to witness the Og(x;, x;11)’s”; i.e. there exist elements s, . . . , s, € F such that

(i) so=x1, § =Xom+1-

(ii) For every j<r, (sj, Sj+1) € Opl(x1, Xppn11)-

(iii) For every j <r there is an i(j)e {1, ..., 2m} and a principal congruence

formula m; of length <m such that F E (s}, 5;11, Xijy Xi¢jy+1)-

Then every A € K satisfies (3),,,.
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Proof. Suppose AeK, 8eConA, Ry, ..., R,, are reflexive subuniverses of
A% and (ay, ay,+1) € NI R,. Pick a,, . . ., ay, € A so that (a;, a,,,) € R, for
1=i=2m. Since F is pseudo-K-free over {xi,..., Xs,,1} there is a homo-
morphism :F— A which sends x; to g; for each i. Then

(1) ﬁ(SO) =4ay, ﬂ(sr) =Ayma1-
(ii) For each j<r, (B(s;), B(sj+1)) € 6.
(ili) For each j <r, Ak m(B(s;), B(Si+1)s Gicjy Fijy+1)-

For each j, assume (without loss of generality) that s; has length m and let €; be
its type. Then by Lemma 2.3,

i=1ee{l, —1}™ =0

(B(s;), Blsjs1)) €60 E Rf(’f;)g @ U (0 N ”ﬁ Rf(’)>

for each j <r. Thus A satisfies (3),,.

Remark. Suppose K is a variety; let F=Fg(%, ¥, Z) be the canonical K-free
algebra on {x, y, z} obtained as a quotient of the term algebra T(x, y, z), and
suppose F satisfies (1); for a, =%, a,=7, a;=2Z. Pick d, . . ., d, € T(x, y, z) such
that

£=dy[O(%, 2) N O(%, 7)|d,[OF, 2) N O®F, 2)|d, - - - d, = .

Define s¢, ..., 82,-2€T(x,y, 2) by Sy =drs1(x, ¥, 2), Sar=da(x, x, z) and
Sax+2 = dox+1(X, z, z). Then the elements 5, . . ., 5,,_, € F satisfy the conditions
(i)-(iii) of Proposition 2.5 with m = 1.

Proposition 2.5 can be applied to any class K which has definable principal
congruences, as the next corollary shows.

COROLLARY 2.6. Suppose m=1 and K is a class of algebras all of whose
principal congruences are witnessed by principal congruence formulas of length
=m. If K contains a pseudo-K-free algebra ¥ of rank 2m+1, then K is
congruence distributive iff F is congruence distributive.

This yields an upper bound to the function np. The proof of Theorem 1 in
[3] essentially showed the following: suppose A is finite and &, ..., &, are
principal congruence formulas such that the maximal members (with respect to
inclusion) of

{a* c A*: 7 is a principal congruence formula}
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are precisely nf,..., a®; then the set {m;,...,m,} defines principal con-
gruences in P(A). It is not hard to show that 7, ..., 7, can be chosen to have
lengths bounded by some function of |A|.

LEMMA 2.7. Suppose A is finite and k=|A|. Then for every principal
congruence formula m there is a principal congruence formula m, of length no
greater than

m(k) — k(k“—k3+k2) -1

such that n* < nd.

Proof. Suppose  m(x,y,u,v) has - length m=1, write & as
Jw; - - - Aw,p(x, y, u, v, W) where ¢ is

m—1

x=t(z;, W) & [ & t:(z], W) =~t;, (zi41, W)] &t (z,, W)=y
i=1

and assume that there is no m; of shorter length than & satisfying 7* < &, Pick
functions wy, . . ., w,: #*— A such that for all {a, b, ¢, d) € 74,

AF¢la, b, c, d, w(a,b,c, d)).

Let zy, z,4+; be the variables x, y respectively and let ty(x, w) and t,,,,(x, W)
denote the term x. Define f;, . . ., f,,: t*— A by fy(a, b, ¢, d) = a and for i >0,

tAc, w(a, b, c,d)) ifz]=u

/i@, b, ¢, dy= {t;‘(d, W(a, b, c,d)) ifzl=v

If f,, = f;, for some i; <i;, then the principal congruence formula 7, given by
— ioz1 ;7 = - ' — —
3W([ _840 ti(zi, W) = ti1(Zixs, W)] & 1;(ziyy W) = b, 01(Zi 41, W)
i-

& [ (rgnL . t(zi, W)=t 1(2zigq, ﬁ’)])

i=i+

has shorter length than 7 and satisfies 7* c 7. Hence f;, . . . , f,, are all distinct;
SO

m+1=<|A™| s kKK,



338 ROSS WILLARD ALGEBRA UNIV.

COROLLARY 2.8. Suppose A is finite of cardinality k. Then P(A) is
congruence distributive iff A“"™ is congruence distributive, where m(k)=
K& R _ :

COROLLARY 2.9. np (k) < k@m+D < @k&-Eed-1)

§3. Modularity

In a similar manner, one can obtain an upper bound for the function ny,4 by
imitating Day’s characterization {4] of congruence modular varieties. We simply
state the facts, without proof.

NOTATION 3.1. If R, S c A% then R>'S=R and R°"S =R (S<" ' R) for
n>1.

LEMMA 3.2. Let A be an algebra and m = 1. Then (6),, > (5) > (4),, where:

(4),, For all a, B, y e Con A such that =7y, aN(B """ y)c(aNP)vy.
(5) Con A is modular.
(6),, For all «, y e Con A such that o =y, and for every tolerance A of A,
aN (A L y)ctrans (a NIIZ, A) v y.
Moreover, (4),, is equivalent to
@),, Foralla,,...,a4,€A, {a, a4,) € (@NP) v y where

2m
p= \=/1 Oalaz—1, az)

1
Y= \/1 Ox(ay;, az41)

i=

o= Ox(a,y, ay,) Vv v

PROPOSITION 3.3. Suppose m =1 and K is a class of algebras containing a
pseudo-K-free algebra F of rank 4m. Suppose further that {x,, ..., Xs,} cFis a
set of 4m pseudo-K-free generators, and that F satisfies (4),, for the particular
choice of elements a;=x; using principal congruence formulas of length =m to
witness the Og(xy;_1, X5,)’s. Then every A € K satisfies (6),,.

COROLLARY 3.4. Suppose A is finite of cardinality k. Then P(A) is
congruence modular iff A" is congruence modular, where m(k) is as in
Lemma 2.7.

COROLLARY 3.5. npgoa(k) = k) = k=291
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Skew-free

DEFINITION 4.1. Let A,, ..., A, be nonempty sets, n =2 and put B =
X+ X A,

(i) Given 8,eEq(A;) for 1=i=n, 8; X --- X 0, denotes
{{d@,b)eB*(a, b)), foreachi=1,...,n).
(ii) 6 € Eq(B) is a product equivalence relation if 8 =8, X - - - X 8, for some
6; € Eq (A)).
(iif) L=Eq(B) is skew-free if every 0 € L is a product equivalence relation.
NOTATION 4.2. (i) Suppose B=A,;X-:-XA,, n=2. Then
o(B)={{d,b,& dyeB*: foreachi=1,...,n, a,=b,or {a; b;) = (c;, d,)).

(i) If R c A", then pf, ..., px denote the restrictions to R of the projections
, PntAT— A

The next lemma is an easy exercise (cf. [1], Lemma 1).

LEMMA 4.3. Suppose A,,...,A, are algebras, n=2, and B=A,X---XA,.

Then Con B is skew-free iff for every (@, b, & d) € 6(B), (@, b) € Oy(E, d).

The following lemma shows that for finite A, the set K = {A":n =2} contains

an algebra which is “pseudo-K-free with respect to ¢.”

LEMMA 4.4. Suppose A is finite. Then A°® and p7™, pg@®, pg™, ps@ ¢

A’ satisfy the following:

@) (p7, ..., piY) eo(a*®).
(i) For every n=2 and every {4, b, ¢, d) € o(A™), there is a homomorphism
B: AW — A" which sends p{™, ..., pi® to G, . .., d respectively.

Proof. Define B by B(f); =f(a;, b;, ¢;, d;).
COROLLARY 4.5. Let A be finite. Then Con (A") is skew-free for every

n =2 iff Con (A°™) is skew-free.
Proof. Use Lemmas 4.3 and 4.4, and the fact that homomorphisms preserve

principal congruence formulas.

COROLLARY 4.6. ngoi(k) <k>+k*—k.
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We close this paper with an upper bound to np,, which is better than the one
established in §2. It is easy to see that if Con (A") is distributive then it is
skew-free (cf. [2], Lemma IV.11.10). Not much harder is the fact that if [A| =k
and Con (A") is skew-free, then Con (A") is k-permutable. Hence Con (A") is
distributive iff it satisfies 6 N (" y,) = (O N y,) * (8N ;) for all 8, y,, ,. It
follows by the methods of §1 that this inclusion is true in Con (A") for everyn =1
iff it is true in Con (A“*™). Hence np(k) < k*+1.
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