THE COMPLEXITY OF THE EQUATION
SOLVABILITY PROBLEM OVER FINITE RINGS
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ABSTRACT. Given a finite ring R, the sum-of-monomials equation
solvability problem for R is the decision problem which, given a
polynomial in noncommuting variables over R expressed as a sum
of monomials, asks whether the polynomial has a zero in R. We
prove that this problem can be decided in polynomial time if the
quotient of R by its Jacobson radical is commutative. An imme-
diate consequence is that for such R the sum-of-monomials equiv-
alence problem for R, which asks if the input polynomial is iden-
tically zero for all substitutions from R, is also decidable in poly-
nomial time. As these problems were known to be NP-complete
and coNP-complete respectively for all other finite rings, our result
completes the proof of dichotomy theorems for these two problems.
As a stepping stone to our proofs, we give an upper bound to the
time complexity of deciding whether a system of polynomial equa-
tions over a finite commutative ring has a solution in the ring. Our
algorithm and the proof of its correctness depend heavily on the
theory of Galois rings.

1. INTRODUCTION

Investigations into the algorithmic aspects of various classical alge-
braic problems has received increasing attention in the past half cen-
tury. The equation solvability problem is one of the most basic prob-
lems of algebra: it asks for a commutative finite ring R whether or
not a polynomial p € R[zy,...,x,] can attain the value zero for some
substitution, i.e. if the equation p = 0 can be solved over R. A re-
lated problem is the equivalence problem which asks whether or not a
polynomial p € R[xy,...,z,] is identically zero over R (denoted by
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R E p = 0), i.e. if p determines the constant zero function over R.
Analogous problems can be naturally formulated for noncommutative
rings, at the expense of passing to polynomials in noncommuting vari-
ables.

These are computational problems, parametrized by the finite ring
R, whose complexity we wish to understand. Their complexity de-
pends (assuming P # NP) on the choice of R. For example, if R is
the 2-element field, then equation solvability includes 3-SAT and so
is NP-complete, while if R is a non-unital ring in which all products
are 0, then both the equation solvability and equivalence problems are
easily seen to be in P. Hunt and Stearns [I0] fully classified all fi-
nite commutative rings according to the complexity of their equation
solvability and equivalence problems in 1990. Burris and Lawrence [2]
generalized the context to non-commutative rings and determined the
complexities if the rings were not nilpotent. Finally, the first author
[6] handled equation solvabililty for nilpotent rings, establishing the
following dichotomy:

Theorem 1 ([10,2,[6]). Let R be a finite, not necessarily unital ring. If
R s nilpotent, then both the equation solvability and equivalence prob-
lems can be solved in polynomial time. If R is not nilpotent, then the
equation solvability problem is NP-complete and the equivalence prob-
lem is coNP-complete.

This is not, however, the end of the story. In [I0 2] 6], polynomials
were permitted to be given to the solver as arbitrary formal expressions
built from variables and elements of R, using addition and multipli-
cation. This is natural from the perspective of logic (in which a ring
is merely an example of a formal algebraic structure), but less natural
to ring theorists for whom polynomials “are” sums of monomials. The
distinction matters: a formal expression of the form

(w1 +x5)(vo+ x5+ 1)(xg + 27 +7) ... (x;+2; +5) (n factors)

has length O(n), while the sum of monomials that it represents (ob-
tained from the expression by formally expanding it) is exponentially
longer. As the computational complexities of the equation solvabil-
ity and equivalence problems are, by definition, measured against the
space used to describe their inputs, the complexities may decrease when
formal expressions of the kind displayed above are disallowed as inputs.

In this paper we study the equation solvability and equivalence prob-
lems restricted to “honest” inputs being sums of monomials (we will
define these precisely in Section . We call these restricted problems
the sum-of-monomial (SM) equation solvability and sum-of-monomial
(SM) equivalence problems, respectively. The SM equation solvability
and SM equivalence problems were introduced by the second and third
author in the unpulished manuscript [12], and a dichotomy conjecture
was formulated about their complexities.



THE EQUATION SOLVABILITY PROBLEM OVER FINITE RINGS 3

Conjecture 2 ([12]). Let R be a finite ring and J be its Jacobson
radical. If R/J is commutative, then the SM equation solvability and
the SM equivalence problems are decidable in polynomial time. If R/ J
15 not commutative, then the SM equation solvability problem is NP-
complete, and the SM equivalence problem is coNP-complete.

For most matrix rings, arguments of [12] establish NP-completeness
for the SM equation solvability problem and coNP-completeness for
the SM equivalence problem. For commutative rings, polynomial-time
algorithms for both problems were drafted in [12] as well. However,
[12] was never submitted for publication. Meanwhile, the first author
(Horvath) tackled the commutative ring case of the SM equivalence
problem in [7], and the SM equation solvability problem in the special
situation when the variables are substituted from the multiplicative
subgroup of the ring [8]. The latter approach was then applied to bring
all previously existing positive complexity results about the analogous
equation solvability and equivalence problems over finite groups under
a unified roof.

Szab6 and Vértesi in [I5] proved coNP-completeness for the SM
equivalence part of Conjecture 2l For matrix rings they prove a stronger
theorem, that is the SM equivalence problem is coNP-complete even
if the input polynomials are restricted to only one monomial. To this
problem they reduce the equivalence problem over the multiplicative
subgroup of matrix rings, which is coNP-complete by [9]. For matrix
rings [I] proves coNP-completeness, as well. The NP-completeness of
the SM equation solvability follows from the methods of [15] [].

In this paper we confirm Conjecture [2[in the case where R/J is com-
mutative, thereby completing the proof of the dichotomy conjecture.
The main result of the paper is the following.

Theorem 3. Let R be a not necessarily unital, finite ring, and let J
denote its Jacobson radical. Assume that R/J is commutative. Then
the SM equation solvability and SM equivalence problems for R are
decidable in polynomial time.

The structure of the paper is the following. We summarize most of
the definitions and notations in Section For the proofs we apply
the theory of Galois rings, and summarize some of their most important
properties in Section In Section we establish how tensor prod-
ucts of Galois rings behave. Then in Section [2.4 we reduce both the SM
equivalence and the SM equation solvability problems to checking these
problems over finite rings of prime power characteristic. For commu-
tative rings a similar reduction yields to checking these problems over
finite, commutative, local rings of prime power characteristic.

The main result of the paper (Theorem [3) is proved in Section .
The proof of Theorem [3| contains many technical steps, and ultimately
reduces SM equation solvability over a ring R to solvability of a system
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of equations over a Galois ring R*. To this end, first we need a tech-
nical statement (see Theorem [f] introduced in Section for finite,
commutative, unital, local rings establishing the time complexity for
deciding solvability of a system of equations. Theorem [f] is proved in
Section [3] In particular, Theorem [0 already proves Theorem [3]if the
ring R is commutative. For proving Theorem [3| in the general case,
we need to apply Theorem [6]in the special case of Galois rings, which
we assert as Corollary [7] at the end of Section [3] Note, that tensor
products of Galois rings are not needed for the proof of Theorem []
and the readers may skip Section if they are only interested in the
commutative ring case.

Section [4] contains the rather technical proof of Theorem For
easier readability, we divide Section {4 into several subsections. We
start by introducing the notations for the proof in Section Then
in Section [4.2] we introduce the Galois ring R*. Then in Section [4.3] we
sketch the idea of the proof and how we reduce SM equation solvability
over R to deciding solvability of a system of equations over R*. Finally,
in Sections [4.414.9] we explain all the details of the proof. We finish
the paper by giving some remarks and open problems in Section [5]

2. PRELIMINARIES

2.1. Definitions and notations. Let R be a (not necessarily com-
mutative, not necessarily unital) ring. A monomial over R is a formal
product of noncommuting variables and elements of R. The length of a
monomial v (denoted by ||v]|) is the number of variables and elements
of R occurring in v with multiplicity. A polynomial written as sum
of monomials is a formal sum of monomials over R. The length of a
polynomial f is the sum of the lengths of the monomials occurring in
f (with multiplicity), and is denoted by || f]|.

Let & € R. We say that the polynomials f and g are equivalent
over R for substitutions from S (and write R = f|s = g|s) if for every
S1,...,8, €S the two polynomials agree on this evaluation:

f(s1y-.y80) =9 (S1,...,8n).

Similarly, we say f = g is solvable over R for some substitution from
S (and write f|s = g|s is solvable over R) if there exist si1,...,s, €S
such that the two polynomials attain the same value on this evaluation:

f(s1y--y80) =9 (S1,...,8n) .

If for disjoint sets of variables X and Y we want to emphasize that
variables in X are substituted from & and variables in Y are substi-
tuted from S, then we write R = f(X|s,Y]|s) = g (X]|s,Y]s) for
the equivalence and f (X|s,Y|s) = g (X|s,Y|s) for the equation solv-
ability.
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The SM equation solvability problem over R receives for input a poly-
nomial p over R written as sums of monomials, and asks whether or
not f = 0 is solvable over R. The SM equivalence problem over R re-
ceives for input a polynomial p over R written as sums of monomials,

and asks whether or not R = f ~ 0 holds.

2.2. Galois rings. In this subsection we review the theory of Galois
rings necessary for our proofs. The readers may skip this Section if
they are familiar with the literature.

Galois rings play an important role in the theory of commutative
rings. They were first examined in [14], and later in [I6]. In the
following we list some of the most important properties of Galois rings
(see e.g. |13, Chapters XVI-XVII|). Let p be a prime, ¢,d positive
integers, and let hy € Z[x] be a monic polynomial of degree d which
is irreducible modulo p. Then the Galois ring GR (p°,d) is the factor
ring Z [z} / (p°, ha (2)).

The Galois ring GR (p°, d) is completely characterized (up to isomor-
phism) by the numbers p, ¢, d, and does not depend on the choice of the
polynomial hy. The Galois ring GR (p°, d) is a finite, commutative, uni-
tal, local ring. The characteristic of GR (p, d) is p, the number of its
elements is p°. In particular, GR (p, d) is isomorphic to the p?-element
field F,a, and GR (p°, 1) (where hq is of degree 1) is isomorphic to Zye.
For every ideal Z < GR (p°, d) there exists a number 0 < ¢ < ¢ such
that Z = (p'). Hence, every ideal is principal, thus every finitely gen-
erated GR (p°, d)-module is a direct sum of cyclic GR (p°, d)-modules
|16, p. 81, Corollary 2]. The Galois ring GR (p°, d) is local, the unique
maximal ideal is the Jacobson radical (p). For every 1 < i < ¢ the
factor ring GR (p°, d) / (p') is isomorphic to the Galois ring GR (p', d).
In particular, the factor by the Jacobson radical is isomorphic to F .

There are exactly d different homomorphisms from GR (p©, d) onto
GR (p',d) [14, p. 214, Proposition 3| for 1 < i < ¢, and the automor-
phisms of GR (p¢,d) are the maps r — 77’ for j € {0,1,...,d—1}
|14, p. 213, Proposition 2|. Any (non-nilpotent) subring of GR (p, d)
is isomorphic to GR (p°, d;) for some d; | d, and for every d; | d there
exists a unique subring of GR (p°, d) isomorphic to GR (p°, d;), which
is the range of the map r — @' =D/~ [14 1, 213, Proposition 1].
In particular, if a (nonzero) ring is both a subring and a homomorphic
image of GR (p°, d), then it is isomorphic to GR (p°, d). Further, we will
need the following (here |z] denotes the greatest integer not greater
than x):

Lemma 4. For a prime p and for arbitrary positive integers c,t let
m > c+ Uogp (t — 1)J be an integer. Then p° | (pz, ) for all integers
1<i<t—1andp| (p;n) for all integers 1 < i < p™ — 1.
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Proof. Let 1 <1i < p™ — 1 be arbitrary. Now,

m m m m ; m =l :
(p ) et =D " =it ) p" P o

i 1...(i—=1)-4 1 ey J
Here, the p-part of p™ — j and j are the same. As p™ {7, the exponent
of the p-part of 7 is at most m — 1, and thus the p-part of the first factor
is at least p. Furthermore, if i <t — 1, then the exponent of the p-part
of 7 is at most [log, 7] < [log,(t —1)] <m — ¢, and thus the p-part of
the first factor is at least p°. O

2.3. Tensor products of Galois rings. Every tensor product occur-
ring in the paper is considered over the ring of integers Z. For positive
integers ¢y, ¢, dy,dy and for ¢ = min{ ¢y, ¢}, d = lem{dy,ds }, and
d' = ged {dy,dy } we have GR (p™,dy) @ GR (p*, dy) ~ S°¥ GR (p¢, d)
|16, Proposition 1.2]. In particular, the (k + 1)-fold tensor product
GR (p%,d) @ --- ® GR (p°,d) ® GR (p°,d) is isomorphic to the direct
sum of d*-many copies of GR (p¢,d). Moreover, the following lemma
establishes how the d*-many primitive idempotents of GR (p¢,d)®- - -®
GR (p¢,d) ® GR (p°, d) project onto the GR (p, d) summands.

Lemma 5. Let R* = GR (p°,d), and consider the (k + 1)-fold tensor
product R*®---@R*®R*. Then there is a one-to-one correspondence
between the primitive idempotents E of R* ® --- ® R* ® R* and the

k-tuples of ((ng), cee go,iE)>, where go(E) 1 an automorphism of R* and

7

Ep® - ®aq® Q1)
=E<1®"'®1®90gE)(QI)”'901(gE)(Qk)Qk—H);

fOT EVETY q1y - - ks Qkt1 € R*.

Proof. We prove the lemma for k = 1, the statement follows for £ > 2
by induction. There are exactly d automorphisms of GR (p°,d) and
there are exactly d primitive idempotents in GR (p°,d) @ GR (p,d)
corresponding to the d copies of GR (p°, d) summands.

Let E be a primitive idempotent in GR (p°,d) ® GR (p°,d). Now,
multiplying by E is a homomorphism from 1 ® R* = GR (p°,d) onto
a subring of £ (R*® R*) ~ GR (p°,d). There exist a,b € R* such
that 0 # F(a®b) = E(1®b)(a®1), thus 0 # E(1®R*) is both
a subring of GR (p°,d) and a homomorphic image of GR (p°, d). That
is E(1®R*) ~ GR (p°,d). Similarly, F(R*® 1) ~ GR (p°,d), and
hence E(1®R*) = E(R*®@R*) = E(R*®1). Thus, there exists a
unique automorphism o) : GR (p°,d) — GR (p°, d), attained by com-
posing the isomorphisms GR (p°,d) ~ E(R*®1) = E(1®R*) ~
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GR (p°, d) (see Diagram (1)).
1®@R* =GR (p°,d)
SO(E) ’,/’7
(1) LT Eiz

_- E
GR (p°,d) = R*®1 ——> E (R* @ R*) ~ GR (5*,d) .

For the other direction we only need to observe that for different idem-
potents different automorphisms correspond. Assume that the auto-
morphism ¢: GR (p°,d) — GR (p°,d) corresponds to primitive idem-
potents £ and F, that is E(b® 1) = E(1®¢ (b)) and F(b®1) =
F(1® @ (b)) for every b € R*. Then

ker £ = {Zai®bi:2¢(ai)bi20} = ker I

7

implies £ = F\. U

2.4. SM equation solvability over rings. Note first, that if for a
finite ring R the SM equation solvability problem can be decided in
polynomial time, then the same is true for the SM equivalence problem.
Indeed, for a polynomial f over R we have that R | f ~ 0 if and
only if none of the equations f = r can be solved over R for some
0 # r € R. Thus, from now on we only consider the SM equation
solvability problem.

Secondly, the SM equation solvability problem can be checked com-
ponentwise for a direct sum of finite rings. It is well known that every
finite ring can be decomposed into a direct sum of finite rings with
prime power characteristic. Therefore in the proof of Theorem [3| we
only consider rings having prime power characteristic.

By the Pierce decomposition theorem (see e.g. [5, p. 48, 50]) every
finite commutative ring is the direct sum of a commutative nilpotent
ring and some commutative, unital, local rings. For nilpotent rings
the equation solvability can be decided in polynomial time [6]. Thus
for proving Theorem [3| for commutative rings, it is enough to prove
that SM equation solvability can be decided in polynomial time over a
finite commutative, unital, local ring of prime power characteristic. In
particular, we prove the following in Section

Theorem 6. Let R be a finite commutative, unital local ring of prime
power characteristic, and let fi,..., fo € Rlz1,...,x,] be polynomials
written as sums of monomials. Let log denote base 2 logarithm, and let

I —/. |R|2+10g\R\+loglog\R\ . 10g |R| .

Then it can be decided in

@) 0 ((tos )" o 15"

1<k<t
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time whether or not the system f1 =0,..., fr = 0 is solvable over R.

3. COMMUTATIVE RINGS

We prove Theorem [0 in this section.

3.1. Notations. Let R be a finite, commutative, unital, local ring of
characteristic p® for some prime p. Let J denote the Jacobson radical
of R and let ¢ be the smallest positive integer for which J* = {0}.
Let F denote the factor field R/J, and assume F =~ F,a. Then R
contains a (unique) subring Ry < R isomorphic to GR (p, d) [16}, p. 80,
Theorem B|. Let m > ¢+ |log, (£ — 1) | be the smallest positive integer
such that d | m. Consider the map r — r?" (r € R). As d | m, we
have F |= 2" =~ x, hence " —r € J. For arbitrary r € R and u € J
we have

t—1 m p™ m
m " P s P .
r+u)f —rP = E Py g rP Tt = 0.
) i:l(i) +i:t(i>

Here, the first sum is 0 since p° is a divisor of every binomial coefficient
by Lemma 4] The second sum is 0 as any product containing at least ¢
elements from 7 is 0. Thus r — 7P" is a projection onto a multiplica-
tively closed set S such that S is a representation system for F. Note,
that s** = s for every s € §, and S is a subset of the unique subring
Ry isomorphic to GR (p°, d) contained in R.

Consider R as an Rg-module. Thus R is a direct sum of cyclic Rg-
modules. Then every element of R can be written as ), 7,0 for some
s, € Ro, where B is a (weak) basis of R. That is R = @,csRob such
that >, 7m0 = 0 if and only if r, € Ann{b} for all b € B. Since
Ann{b} is an ideal in the Galois ring Ry ~ GR (p°, d), for every b € B
there exists 1 < ¢, < ¢ such that Ann{b} = (p®). Furthermore, every
element of Ry can be uniquely written as Zf;é s;p’ for some s; € S, and
thus every element of R can be written in the form of Zf;é > v Sisp'D.
Let P contain all pairs (7,b) for which 0 <i < ¢, — 1, that is

(3) P={(i,b):beB0<i<c,—1}.

Now, for every element r € R there exist unique elements s, € S
((4,0) € P) such that r =3, cp Sipp'D.

3.2. Sketch of the proof of Theorem[6] Let X = {x1,...,x, } and
let fi,..., fe be polynomials from R[X] written as sums of monomials.

(a) First, by introducing a new set of variables Y, and using the
unique representation r = Z(i,b)eP s;pp'b, we rewrite the poly-
nomials fi,..., f; € R[X] into polynomials g1,...,9, € R[Y]
such that fi (X|g) =0,..., fr (X|gr) = 0 is solvable over R if
and only if g1 (Y]s) =0,...,9¢(Y]|s) = 0 is solvable over R.
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(b) Again, we use the fact that R is a direct sum of cyclic Ry-
modules, that is R = @pepRob for the (weak) basis 5. Then
we can find polynomials hy, € Ro[Y] for every 1 < k < ¢,
b € B such that the system ¢, (Y|s) =0,...,9/(Y]s) = 0 can
be solved over R if and only if the system

(4) i (Vs) = 0 1<k<tbeB)

is solvable over the Galois ring Ry. That is, we reduced the
original problem to solving a system of equations over the Galois
ring Ry for substitutions from S.

(c) Then we reduce this system over Ry to a system of - |P|-many
equations over F = R/J. In particular, we find hy;p € F[Y]
(1 <k </, (i,b) € P) such that the system (4)) over Ry can be
solved simultaneously if and only if the system

() heip (Y]F) =0 (1<k<{(i,b) €P)
can be solved over F.
(d) Let g = Hizl [Tiiser (1 — hkmb)pd*l € F[Y]. We prove that
the system (j5)) is not solvable over F if and only if F |= ¢|= ~ 0.
That is, filr = 0,..., fer = 0 is not solvable over R if and only if
F E ¢l = 0. Throughout the proof we compute the time-complexity
of calculating every set of new polynomials. In particular, the final

polynomial ¢ can be calculated in time (2|) as stated in Theorem @ By
[7] it can be decided in linear time in ||g|| whether or not F = ¢|r =~ 0.

3.3. Detailed proof of Theorem @. Let f1,...,fe € Rlxy,..., 2,
Recall that every element » € R can be uniquely written in the form
r= 2 ner s;pp'b for some s;, € S, where P is defined by ([3). We
use this presentation in order to reduce solving f; =0,..., f = 0 over
R to solving a system of equations over Ry. For this we introduce the
following disjoint sets of variables:

X={z;|1<j<n},

(a) Let 1 <k </ be fixed and rewrite fy in the following manner.
Replace every occurrence of z; (1 < j < n) in f;, with the
expression >, p ¥;ip'b. Let the resulting polynomial be f,gz).
Now,

RE fi(X =)~ £ (V]s).
Let us expand f,gi) as a sum of monomials, and remove monomi-

als containing at least ¢ elements from J. Let f,gii) denote the
resulting polynomial. Monomials containing at least ¢ elements
from J attain value 0 for arbitrary substitution, hence

RE £ (V]s) = £ (Y]s).
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By not calculating monomials containing at least ¢ elements
from 7, one can execute the expansion in O (|P|" - || fi|") time,

and the resulting polynomial f,iii) has length O (|P|"- || fll").
Let us rearrange every monomial of f,gn) into the form of

Her y*v-r, where r € R. Since R is Com@utative, the resulting

polynomial attains the same values as f,gm). Moreover, replace

every constant » € R occurring in f,im with its equivalent of
the form Z(i,b)ep sipp'b (sipy € S), and expand the resulting
polynomial. Let the resulting polynomial be denoted by g.
Now,

R = fi (X|r) = gk (Ys) .-
Furthermore, the rearranging of the monomials and the expan-
fkii)
puted in O ([P - [[f[|") time and [|gsl| = O (IP"" - [Ifill")-
Again, fix 1 < k < /. Now,

gr (V) = Zzgk,b (Y)-b

k=1 beB

sion can be done in O (\73| . > time. Thus, g can be com-

for some polynomials g, € Ro[Y] over Ry (and not R), written
as sums of monomials. As R = ®pepRob, the polynomial g
attains 0 for a substitution if and only if each polynomial gy
attains a value from Ann {b} for the same substitution. Now,
for every b € B there exists 1 < ¢, < ¢ such that Ann{b} =
(p®). Thus gip attains a value from Ann{b} if and only if
P - grp attains the value 0 in Ry. Let hyp = p“™@ - gip.
Summarizing our observations,

e f1(X|r)=0,...,fe(X|r) =0 can be solved over R if and

only if

e g1 (Y|s)=0,...,9,(Y]s) = 0 can be solved over R if and
only if

e the system of equations
hey (Ys) =0 (1<k<lbeb)

can be solved over R.
For simplicity, let h = hyy for some 1 < k < ¢, b € B. Let
Vo denote the set of monomials in A whose coefficients are not
divisible by p, and let A?) denote (h— > e, v) /p- That is
h = ZUGVO v+p-h®. Recall that s = s for every s € S. Thus

d | m implies s?" = s for every s € S. For every v € V} its
coefficient is in . Thus, for every v € V we have

RO ): ’U‘S ~ Upm

S"
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Consider (ZUGVO U)pm. By Lemma one can prove by induc-

tion on |V that

pm
() -(5)
veVp veVp

for some polynomial h(®) € Ry[Y]. Therefore,

m

p
Rof D vls~d v s~ (Z) —p-hls.

veVp veVp veVp S

Let ho = ¢y, v- Then we have

Ro ’:h’g%holg +ph(l)‘3% hgm S-

L (p @) (i)
S—i—p (h h)|

Note, that h® and A can be computed in O (Hthm> time,
and ||| = O (||h||p"‘), [n@] = 0 (||h||p’”). Now, repeat
the process with A — A then in

p”")

o (I~ n2") <o (((1n)"™) = 0 (in

time we obtain polynomials hy, (A — (")) € Ro[Y] such that
the coefficients in hy are from S and

Ro (h(z’) _ h(m’)) . Tp- (h(iii) . h(“’))’

~ pm,
~ hl

s s
Then repeat the process with A(#) — B etc. Then after
at most O (c |\ B[ cm)—many steps we arrive at polynomials hg,
hi,..., he—1 € Rol[Y], each is written as a sum of monomials,
such that all their coefficients are from S, and

Ro = hls ~ B

+p- by
S

SREEE Ly A I
S S

Recall that r — 77" is a projection onto S and for every element
r € Ry, there exist unique elements sg,...,s..1 € S such that
r = Z?;Ol s;p'. Thus h(sy,...,s,) = 0 if and only if for every
0 <i¢<c¢—1 we have h; (31,...,3n)pm = 0. Consider h; as
a polynomial over F by the natural map v: Ry — F. Now,
hi(s1,...,8,)" =0in Ry for some sq,...,s, € S if and only
if hi (¥ (s1),...,¢(s,)) =01in F. That is, h = 0 can be solved
over R by a substitution sy,...,s, € S if and only if hy =
0,...,h.1 =0 can be solved over F by ¢ (s1),...,% (s,).
Executing this procedure for every hy, (1 < k < ¢, b € B)
we obtain polynomials hg,p, € F[Y] (1 < k < ¢, (i,b) € P)
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such that the system can be solved over Ry if and only if
the system

‘) hk,i,b (Yl]:) =0 (1 < k < g, (Z, b) - P)

can be solved over F. Furthermore, all hy;;, can be com-
puted from gz, in O (c|]gk7b\|pcm> <O (cHngpcm) time, and

Iioll = O (llgel”™).

(d) Let ¢ = ITh_y [uper (1 — heis)” " € FIY]. Note, that F |=
q ~ 0 if and only if the system hy;, =0 (1 < k < ¢, (i,b) € P)
has no solution in F. Moreover, ¢ can be expanded into sum
of monomials in O (ngkge,(i,b)ep ||hk7i7b||pd> time. By [7] it can

be decided in linear time in ||¢||, whether or not F |= g = 0.

Now,
d d
lall <O IT el ) =0 I1 11 11 Wewsel?
1<k<L,(3,b)eP 1<k<l beB (i,b)eP
cnpCm d d+cm
<o [ ITlexl*" p) =0 ( | I )
1<k<t beB 1<k<¢
t1)|P|pdtem t|P|pdtem
<0 H ‘73’( +1)[Plp I £l IPlp )

1<k<t

S O (|P|€(t+1)|73|pdpcm max kaHéterdpcm) .

1<k<t

Here, [P| < log|R|, |P|-p? < [P|-[S] < |SI”' = [R], ¢ <t <
log | 7] < log|R| —1, m < d+ c+logt, p¢ < p < |R|, giving the
required upper bound on the time complexity. This finishes the proof
of Theorem [l O

Note, that if R is a Galois ring, parts and (d) of the proof of
Theorem [6] immediately yield the following.

Corollary 7. Let R be isomorphic to the Galois ring GR (p°,d) for
some prime p and positive integers c,d. Letm > c+ Llogp (c— 1)J be the
smallest positive integer divisible by d, and let S be the representation
system of R/(p) obtained as the image of the map r — r*". Then

ecpd+cm

it can be decided in O (maxlgkg | fx |l time whether or not the

system fils =0,..., fils = 0 is solvable over R.

4. NONCOMMUTATIVE RINGS

We prove Theorem [3]in this section.
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4.1. Notations. Let R be a not necessarily commutative, not neces-
sarily unital ring with prime power characteristic, J be its Jacobson
radical. Assume that R/J is commutative. If R is nilpotent, then
the (SM) equation solvability problem can be decided in polynomial
time by [6]. If R is not nilpotent, then R/J is the sum of finite fields:
R/T = @' F;. Let ey,..., e be a complete set of primitive, pairwise
orthogonal idempotents (yielding e;e; = 0 if 1 < i ## j <) such that
e; +J is the identity element of F;, and e, + J is zero in F; for j # <.
Let e =e; 4+ --- + ¢;. Motivated by the Pierce decomposition theorem
(see e.g. [5], p. 48, 50]), for 0 < ¢,j <[ we define the subrings R, ; <R
as follows:

Rop={reR|ere=0}=(1—-¢)R(1—¢e),

Rio={reeR|re=0}=eR(1—e), 1<i<l),
Roj={r€Re;jler=0}=(1—¢)Rey, (1<j <),
Ri,j = eiRej, (1 S Z,] S l)

Then every element of ‘R can be uniquely written as a sum of elements
from R;; for 0 <4,5 <. Notethat R;; < Jif it #jorifi=j =0,
and R;;/ (J NR;;) ~ F; for 1 <i <[. Moreover,

{0}7 lfjl#l%

Ri, j,» otherwise.

(6) RiyjiRizgo © {

Let the characteristic of R;; be p“ and let | F;| = p%. Now, R, is local,
thus there exists a Galois subring R; < R, ; such that R, ~ GR (p“, d;)
|16, p. 80, Theorem B|. Let ¢ be the smallest positive integer for which
J'={0}. Let d =lem(dy,...,d;), c = max{cy,...,¢ }, then t > c.
Let m > ¢+ |log, (t —1)| be the smallest positive integer divisible
by d. Then by Section the map r — rP" is a projection from R;
onto a set S; such that &; is a multiplicatively closed representation
system for F;, and sfdi = s; for every s; € S;. Let S = @_,S;, then
s =sforall s € S. Every element r € R can be uniquely written as
r= 22:1 Si+20<i,j<l Tijs where s; € S; (1 <1< l) and T € jﬂRi’j
0<i,j<i).

4.2. The ring R*. Let R* = GR (p,d). Since t > ¢, by Section
the map r — r?" is a projection from R* onto a set S* such that
S* is a multiplicatively closed representation system for R*/(p), such
that s = s for every s € S§*. For every 1 < ¢ < [ there exists a
unique subring R < R* such that R} ~ GR (p°,d;), which is the
range of the map R* — R*, r — r®~D/"~1  Now, let S be the
range of the map R* — R*, r — rP"@#' =D/~ then S C R, Let
v Ry — R; be an arbitrary surjective homomorphism. Note, that
each 1; is bijective between S’ and §;, and preserves the multiplicative
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structure. Diagram summarizes these properties, where the dashed
arrow represents a bijection preserving the multiplicative structure.
pT—1

(7)
. , T rticg . L 5
GR (p°,d) ~ R* — = GR(1°,d;) ~ R} —> R, =~ GR (p%, d;)

T rpmi T r”mi l/r s P

§” S --mmee - > S,

d )

p~—1 w
(2

7o i

d

4.3. The sketch of the proof. For a polynomial f over R written as
a sum of monomials having noncommuting variables and elements of
R, f = 0 can be solved over R if and only if for some @ = (uq,...,u,) €
J X -+ x J the polynomial fz(x1,...,2,) = f(z1+ug,..., T, + uy)
can attain value 0 by a substitution from S. According to Lemma
(see below) it is enough to consider such n-tuples @ = (uq,...,u,),
where the number of nonzero coordinates are at most D for some D
depending on R. Thus we only need to check polynomially many new
polynomials f; instead of exponentially-many ones. We need to con-
sider these polynomials for substitutions from &. This reduction is
carried out in Section

In Sectionfor a fixed fy we substitute z; = 320 2;; (1 < j <n)
(and think that every variable z;; can attain values from S;), and
every constant r by its form of Zi.:l s; + ZO<i,j<l rij, where s; € §;
1 <i<landr,; € TNR;; (0 < 14,5 < 7). We expand the
resulting polynomial into g. If we denote the set {x;1,...,2;,} by
X, then R = fals = g (Xils,, ..., Xi|s,). Using (6) we can execute
the expansion in O (|| fz]|') time. Then in Section we group the
monomials of g into types. A type of a monomial is (vq,...,vy) if vy,
..., vg are the elements from 7 occurring in the monomial from left to
right. Let g, ... .,) denote the sum of those monomials in g which are
of type (vi,...,v;). Note that the number of types depend only on R
and neither on f nor on g.

A monomial of type (vq,...,vg) is of the form ¢ v1qavs . . . QrUKGE11,
where q1, ..., qx, qrr1 are monomials containing no constants from 7.
If vi € Riyjis--- v € Ry, j,., then it is not hard to see that j; =
io # 0,...,jk-1 = ix # 0, and ¢, attains values from R;, g2 at-
tains values from R;,, etc., Moreover, the map R;, X R;, X ... R;, X
Rj. = R, (r1,r9, ..., Tk, Tkt1) — T101T202 . . . TEUETE41 is multilinear
in r1,7r9, ...,k k1. This motivates to consider the tensor product
Rivr,p) = Riy @ Riy @ -+ - @ Ry, @ R, for every type (vq,...,vg) in
Section 4.7 Then we are going to polynomially reduce the equation
g (Xils,,---,Xils,) = 0 over R to solving several systems of equations
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over the introduced tensor products Ry, ..., ). Both the number of sys-
tems and the number of equations in each system depend only on the
ring R and neither on f nor on g. However, we are not able to simply
apply Theorem [6] or Corollary [7] at this point, because the equations
occurring in these systems are over different commutative rings. First,
we need to translate these systems of equations to systems of equations
over a common commutative ring, which is going to be R*. The key
argument is found in Lemma [10[in Section where we polynomially
reduce a system of such equations to a system of equations over the
ring R* such that the number of equations depends only on the ring
R. Finally, in Section we wrap up the proof.

4.4. Reducing to substitutions only from S. Let f be a poly-
nomial over R written as a sum of monomials having noncommuting

variables x1, ..., x, and elements of R. We first reduce the problem to
check substitutions of the variables only from S. Let uy,...,u, € J
be arbitrary, and let @ = (uyq,...,u,). Let

(8) fa(xy, . oo z) = fer+ug, .o 2, +uy)

be the polynomial attained by replacing every variable x; by (z; + ;)
and expanding as a sum of monomials. We do not compute the mono-
mials that contain at least t-many of u;s as these attain value 0 for
an arbitrary substitution. Thus fz can be calculated in O (Hf||t) time

and || fzll = O (||f]"). Consider the polynomials f for every possible
Uy, ... u, € J. It is clear that f|gz = 0 is solvable over R if and only if
for some @ the equation fz|s = 0 is solvable over R. Now, the number
of the fz polynomials is | 7|", which is an exponential number in || f|.
Nevertheless, by Lemma, [§] below, one only needs to consider those fz
polynomials, for which the number of nonzero u; coordinates in wu is
less than D for some D depending only on R.

Lemma 8. Let R be a finite ring, J be its Jacobson radical. Let S
be any representation system of R/J, and let f be a polynomial over
R in not necessarily commuting variables xy, ..., x,. Then there exists
D = D (R) such that flg = 0 is solvable over R if and only if fz|s =0
is solvable over R for some @ for which [{1 <i<n|wu; #0} <D.

Proof. Lemma 2.1 in [0] asserts the statement for R = 7, and almost
the same proof shows the validity of Lemma [§], as well. For the sake of
completeness, we provide the proof here.

Assume f = 0 is solvable over R, and a solution is z1 = s1 +uq, ...,
Tp = Sp + u, for some s1,...,s, €S, uy,...,u, € J. Let

g1, yn) = f(s1+ Y1, S0+ Un)

be the polynomial attained by replacing every variable z; by (s; + ;)
and expanding as a sum of monomials. We do not compute the mono-
mials that contain at least t-many of y;s as these attain value 0 for
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an arbitrary substitution from J. Now, g (u) = 0. For every subset
I C{1,...,n}let g be the sum of those monomials in g which depend
on the variables y; for every j € I. Note that the monomials in g; may
depend on y; for j ¢ I, as well. For example, gy = g.

Let w = (uq,...,u,) € J", and for an arbitrary I C {1,...,n} let
uy be the n-tuple (rq,...,7,) for which r; = w; if i € [ and r; = 0,
otherwise. Consider g (7). Let S denote the indices of nonzero u;, i.e.
S={1<i<n|u #0}. If|S| > D, then we find a proper subset H
of S such that g (ES\H) = g (u) = 0. The value of D will be determined
later. First, let H C S be arbitrary. We compute the value of g for
the substitution where we replace u; by 0 in u for every j € H. Every
monomial containing a variable y; for some j € H attains value 0 for
the substitution ug\ y. Thus by inclusion-exclusion we have

g9 (@s\u) =Y _(—1)g; (@).

IcH

Since all products containing at least t-many u;s are 0, we obtain

9 (Ts\u) = Z<_1)|I|gl (w)

ICH
[I|<t
=g (u) — Zg{i} (W) + Z 9iigy (@) — Z Giigry (@ + ..
icH ijeH ij,keH

i<j i<j<k

We prove that there exists a subset H C S, such that every sum
D ien 9¢iy (@), D jer 9tigy (W), ete. attains the value 0. To this end
we color the less than t-element subsets of S by the elements of 7: for
every subset I C S let g; (u) be the color of I.

For positive integers ¢, k,p™ let Ry (k,p™) = kp™ and for ¢t > 2
let Ry (k,p™) = kB—1G2™" " Let Ty (k,p™) = Rs(k,p™) and let
Ti (k,p™) = Ry (k,Ti—1 (k,p™)). We use the following form of Ram-
sey’s theorem, which follows from [4, Section 1.2, Theorem 2| and [4]
Section 4.7|:

Theorem 9 (Ramsey’s Theorem). Let t, k and p™ be positive integers,
t > 1. Then there exists a positive integer D < T, (k,p™) such that if we
color the less than t-element subsets of a set S by k colors and |S| > D,
then S has a subset H with p™ elements, such that any two subsets
of the same size have the same color, that is for every Hy,Hy C H,
|H,| = |Hs| <t the color of Hy and Hy are the same.

Recall that ¢ is the nilpotency class of 7, and m > ¢+ Uogp (t— 1)J,
where p© - r = 0 for every r € R. Let k = |J|. By Ramsey’s theorem
for ¢,k,p™ there exists D such that if |S| > D, then there exists a
subset H C S, |H| = p™ such that every one-element subset of H
has the same color, every two-element subset of H has the same color,
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etc., every subset of H with (¢ — 1) elements has the same color. Let
v(7) denote the color of the subsets of H with i elements. Hence,
v (1) = gr (u), where I C H is arbitrary such that |I| = i. Now, the
value of g for the substitution g g is

g (@) = 9@ =Y gpy @+ Y gpigy (@) —

1€H i,J€H
1<j

—y@ S (7)o

We chose m such that all binomial coefficients (p;n) for1 < <t—-1
are divisible by p¢ (Lemma , thus g (Ts\) = g (u) holds. Hence if
|S| > D then we have found an H C S, such that g (us\n) = g ().
If |[S\ H| > D, then we can repeat the procedure for S = S\ H until
1S\ H| < D holds. O

Let D be the constant defined in Lemma Let T be the set of
u-tuples for which the number of nonzero u; coordinates is less than D:

T={(u,...;un) |y, €T, 1<i<n{1<i<n:u; #0} <D}.
Then

|T|<Z( ) |J|J<Z RIY < (D +1)-[R)” =0 (1£17).

which is polynomial in | f||. By Lemma [8) f = 0 is solvable over
R if and only if for some u € T the equation fz = 0 is solvable by
a substitution from S. Each of these polynomials is computable in

O (||f||t) time, there are O (Hf||D> polynomials to be computed, thus
the reduction is polynomial.

4.5. Transforming f;. Now, fix © = (uy,...,u,) € T, where the
number of nonzero w;s is less than D and consider f; for substitutions
from S = ®._,S;. That is, write z; = S\_, 2;; (1 < j < n), where
every variable z; ; can attain values from &;. Let us call a substitution
rij =8, (1 <1<l 1<j<n)vaidif s;; € S; for every 1 <
t <[, 1 <j <n. Wesay that the variable x; ; has type e;. Collect
together the neighboring constants in every monomial. Then write
every constant as Y._, s; + > o<ij<iTigs Where s; € S (1 <1 <)
and r;; € TNR;; (0 <i,j < 1). We say that the element s; € S;
has type e;, and r;; € J has type r;; (i.e. itself). Note that if an
element or variable has type e;, then it attains values only from the
Galois ring R;. Finally, expand the resulting polynomial as sum of
monomials. This expansion would take exponential time in O (|| fz]|)
if we computed every monomial. However, by not computing those
monomials which attain 0 for every valid substitution, the expansion
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can be done in polynomial time. That is, we do not compute the
monomials containing at least ¢ elements from 7, or those containing
two neighboring variables or constants which multiply to 0 according
to @ Precisely, we do not compute a monomial if it contains at least
t elements of type from 7, or if it has two neighboring variables with
different types, or if a variable of type e; is multiplied from the left
by a constant from R,, ;, for some j; # i, or if a variable of type e; is
multiplied from the right by a constant from R;, ;, for some ¢ # iy, or if
the monomial contains two neighboring constants, whose product must
be 0 by (6). This expansion can be done in O (||fz|’) time. Finally, if
there are neighboring constants in a monomial, then we replace their
formal product by their product in R. Let us denote the resulting
polynomial by g, then |g|| = O (|| fz[|'). Here, g is a polynomial over
R having noncommuting variables z; ; (1 < <[,1 < j <n). Let X; =
{@ir,...,zin pfor 1 <i <l Now, R E fals = g (Xilsy, ..., Xils,). In
particular, fz = 0 can be solved by a substitution from & if and only
if g = 0 is solvable by a valid substitution z; ; € ;.

4.6. Type of monomials. We say that the type of a monomial in g is

(v1,...,vg) if the monomial contains exactly k elements from 7, which
are vq,...,U;, from left to right. Assume that vy € Ry, j,,..., 0 €
Ri,j.- Note, that j; = iz, and between v; and vy only elements of

type ej, = e;, can occur, otherwise the monomial attains 0 for every
substitution by @ Consequently, j; = is # 0. Similarly, jo = i3 # 0,
and between vy and vs only elements of type e;, = e;, can occur, etc.
Moreover, if 4, = 0, then neither variables nor constants can occur
before vy, and if j; = 0, then neither variables nor constants can occur
after v,. If a monomial in g does not contain any element from 7,
then every element of the monomial is of the same type e; for some
1 <4 < [. In such a case we say that the type of the monomial is e;.
Let Typ denote the set of all possible types of monomials occurring in
g. Considering that a monomial can contain at most ¢ — 1 elements
from 7,

I Typ| <1+ |T|+ TP+ + T,
and does not depend on f. For a type (vi,...,v) € Typ, let g, v

denote the sum of those monomials in g which are of type (vy,...,vg),
then g = Z(m,...,vk)ETyp 9(vr,...0p)- Finally, we say that a polynomial
is of type (v1,...,vg), if it is written as a sum of monomials of type

(v1,...,vg). Thatis, gu,,..v) is of type (v1, ..., v;). Monomials of type
v for some v € Ry do not contain variables. Let gy = ZveROO gy €
Ro,0. From now on, we exclude v from Typ if v € Ry .

4.7. Tensor products. Let (vy,...,vx) € Typ be a type, where v; €
Rivjis---»Vk € Ri .- As noted earlier, j1 =i2 #0,...,jr—1 =i # 0.
Assume first that i; # 0 # j. Let Ry, = Ri,®Ri,®- - @R, QR
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be the tensor ring corresponding to (v, ..., v). Let w: Ry, o) = R
be
(9) rMMRry® - QT @ Ty F> T1UITVs . . TRURT k41

extended multilinearly. If ¢y = 0, then we use the same definition,
except we omit the R; -part. If j, = 0, then we use the same definition,
except we omit the R, -part. Note, that even though w depends on the
type, we abuse the notation and denote every map defined by @D by w.
We believe this does not create confusion but simplifies the notations.

We define the corresponding tensor expression to a polynomial of
type (v1,...,vx) inductively: for a monomial ¢ = q1v1¢2 . . . QrUEQg+1 Of
type (v1,...,vx), let the corresponding tensor expression be the formal
tensor product ¢ = ¢1 ® -+ @ ¢ @ qry1. For a polynomial of type
(v1,...,v;) define the corresponding tensor expression as the sum of
the corresponding tensor expressions of its monomials. That is, if A =
Zj q1,;V1G2,5 - - - Qk,jUkqk+1,5, then its corresponding tensor expression is

= Zj Gj Q- @ ;D qrgr1,5- Consider a valid substitution 5. Let
W) =5, 415 (5) @ @ auy (5) ® Gy (5), then b (5) = w (W (3)).

Let gEvlmvk) denote the corresponding tensor expression of g(,,
Let M denote the set of tuples A, indexed by Typ, for which A, . .,
((v1,...,vx) € Typ) is an element of the tensor product Ry, ,..v,) cor-
responding to (v, ..., vg) such that

gt Y w(Aww) =0,

(V1,08 ) ETYD

Then g = 0 is solvabe by a valid substitution z; ; € S; if and only if for
some A € M the system of equations

(10) gZUl,...,vk) = A(Ul ----- Uk) ((Ulv st ,Uk) € Typ>

can be solved simultaneously over the appropriate tensor rings by a
valid substitution z;; € S;. That is, we reduced the original equation
to | M|-many systems, each consisting of | Typ|-many equations over the
corresponding tensor rings, where variables z; ; are substituted from §;
(1 <i<lI 1< j<mn). The reduction is polynomial, as M only
depends on R and does not depend on f, and hence can be computed
in advance.

4.8. Solutions of tensor expressions. Let us fix (vy,...,vx) € Typ
and A € M. Let h be the tensor expression g(v1 o A(vl,...,vk)- Recall
the definitions of d, R*, &* and 1; from Section By Lemma
there exists a one-to-one correspondence between the solutions of h=0

over R, v, and the solutions of a system of d*-many equations over
R*.

Lemma 10. There exist polynomials hy,..., hg over R* such that
T;j = s;; € 8" is a solution to the system hy = 0,... hg = 0 if and
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4 d; _
only if ;5 = sij = ((Szj)(p R D) € §; is a solution of h =0
over Rv,,....vp)- Moreover, the polynomials hy, ..., hge can be oblained
from h in polynomial time in ||h]|.

Proof. Assume vy € R, j,, ..., Ur € Rip i, then ji =io #0,..., ji1 =
i # 0. We only prove the lemma in the case iy # 0 # ji, the
other three cases can be handled in exactly the same way. Now,
Rewr,n) = Riy @ - @ R, ® Rj,. Recall that d = lem {dy, ..., d; }.
Let ¢ =min{c;,...,c, ¢} R =R"/(p), and let x: R* — R’ be
the natural map. Similarly to the “star” notations in Section we
define some “primed” notations.

Let R, = R:/(p) for every 1 < i < I, then R/ is the unique sub-
ring of R’ isomorphic to GR (pcl,di). In fact, R} is the range of the
map R’ — R/, r — r@=D/0"=D_ For every i € {i1,..., i, jx} let
Xi: Ri = R be a surjective homomorphism such that x; o ¢; equals to
the homomorphism x restricted to R} (such homomorphism y; exists
since ¢ < ¢; < ¢). Recall that m > ¢+ Uogp (t — 1)J is the smallest
positive integer divisible by d. Then by Section the map r — r?"
is a projection from R’ onto a set S’ such that S’ is a multiplicatively
closed representation system for R'/(p), such that s** = s for every
s e &' Let S be the range of the map R — R/, r — ¢#"@'=D/0% 1)
then S/ C R;. Note, that x is a bijection from &* to &’ and from S;
to S/, and y; is a bijection from S; to §/. Diagram summarizes
these properties, where the dashed arrows represent maps, which are
bijections between the corresponding S-sets and preserve their multi-
plicative structure.

p~—1

(11)
c * 7"-)7"1"11'71 . . 7/}1 .
IR (p%d) > R" ————=>GR (" di) ¥ R} ->Ri ~GR (p",di)

d

Xy ooy
GR (;f’, d) ~R > GR (pC’, di> ~ R
T retici

We lift the tensor expression h from Ry, .. v, to the (k+1)-fold ten-
sor ring R'®- - -QR'Q@R’ in two steps. Note first, that the characteristic
of the tensor product Ry,...v,) 15 p¢. That is, by replacing every con-
stant 71 € Ry, by x4, (1) € R, ..., 7 € Ry, by x4, (1) € R}, and
Ter1 € Ry, by Xy, (re41) € R, in h we obtain a tensor expression A’
over R} ® - ®R; ® R;k such that a substitution z;; = s;;, € S;
is a solution to h = 0 over Ry, . ., if and only if the substitution
Ti; = Xi(8i;) € Si is a solution to i/ = 0 over R}, ®--- @R ®@R,.

Second, as R} , ..., Rj , R are subrings of R’, we can consider A’
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over the (k + 1)-fold tensor ring R @ - @R ®@R. After replacing
(p%i— . .
every occurrence of x; ; by a: “D/CT=D gor all 1 <i<Il,1<j<n,
we obtain a tensor expresswn h” over R’ ® --- ® R' ® R’ such that
z;; = s;; € §'isasolution to h” = 0 over R'®- - -@R'@R’ if and only if

Tip= X ((s;j)(pd_l)/(”d“l)) € S, is a solution to h = 0 over Ry, ... v,)-

That way, we reduced our tensor equation over Ry, ..., (substituting
z;; € S;) to another tensor equation over R' ® --- ® R’ ® R’ (substi-
tuting x; ; € §’). The reduction is polynomial, as A" can be computed
in polynomial time in ||A]|.

Now, we consider h” = 0 over the (k + 1)-fold tensor ring R’ ®

@R @R = Z'fk R’ (see Section Let Ey, ..., Eg denote
the primitive idempotents in R’ ® --- ® R’ ® R'. Let us denote a
substitution x;; = s;; € &' by s’. Now, h” (s') = 0 if and only if
E(h(s') = 0 for every E € {Ei,...,Ep}. By Lemma , there
is a bijection between the primitive idempotents £ € { Ey,..., Ex }

and k-tuples (gng), . ,go,(qE)) of R — R’ automorphisms. Assume
h” = Z] QI,j R ® qu (29 qk+1,j7 then by Lemima

(Z q1j ® G2, ( ) ® - Q Qg j (?) & Qk+1,5 (?>>
_F < 21 2901 (@15 (5)) -0 (a5 (5) G (§)> :

which is 0 if and only if ) o\ (q15(5)) - - cplgE) (aj (5) s (8) =
0. That is, we reduced the tensor equation h = 0 over Ry, ,....,,) to the
system of equations

(12) ZSD(E) (q15) SOI(CE) (hj) k15 =0 (EE€{FE,...,En})

such that z;; = s;; € & is a solution to (12)) if and only if z;; =

X; ((si’j)( —D/ - U) € S is a solution to h = 0 over Ry, v

Every R’ — R’ automorphism is just raising to a p-power. That is,
gng) (q15)s - SOI(CE) (qx,;) can be computed by raising the monomials
to the corresponding p-power, and thus they are monomials, as well.
The reduction is polynomial, because the number of automorphisms

and the corresponing p-powers only depend on R and not on h.
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Finally, we lift the whole system into R* by multiplying every
equation by p~¢. That is, let

c—c' E E
hi=p Zsﬂg ) (q1,4) - --9012 Y (Qk.7) Qrt1,55
j

c—c' ) (Egr)
hage = p=° - E o1 ") o8 " () Qe
i

Then (by x = xi0 ) zij = x (s;j) = s;; € 8" is a solution to
the system h; = 0,...,hge = 0 over R* if and only if z;; = s,; =

d__ di _
Ui <(s* )(p D/ 1)> € §; is a solution of h = 0 over Ry, ... .4,,). More-

i?j
over, the polynomials hy, ..., hg can be obtained from A in polynomial
time in [|A]|. d

4.9. Finishing the proof. Using Lemmall0] the system for valid
substitutions can be reduced to a system of equations over R* for sub-
stitutions from S&* such that there is a natural correspondence between
the solutions of and the solutions of the obtained system over R*.
The number of equations over R* is at most d'~! times the number of
equations of , and thus only depends on the original ring R. The
reduction is polynomial in || f||. Finally, solvability of a system of fixed
many equations over R* for substitutions from S* can be decided in
polynomial time over R* by Corollary O

Remark 11. Note that our proof shows that an equation over R is
equivalent to some fixed many (|Typ| - d"~'-many) equations over R*.
Using the same argument, one can prove that if a system has at most
(-many equations over R, then they can be reduced to ¢ - |Typ| - d'~!-
many equations over R*. Thus, if ¢ is not part of the input, then
solvability of the system over R can still be decided in polynomial time
in the length of the longest polynomial of the system.

5. CONCLUDING REMARKS AND OPEN PROBLEMS

Reduction to substitutions over ®!_;S; in Section needed the
rather technical Lemma [§, compared to the very natural way of find-
ing a basis as we did for commutative rings in part (a]) of Section [3.3]
Note, however, that if R is a finite unital ring for which R/J is com-
mutative, then one can apply the same idea as for commutative rings,
and Lemma [8 can be avoided. Indeed, then R = 22:1 e; R, and each
e; R is a left R;-module, therefore a sum of cyclic left R;,-modules. In
particular, for every 1 < i < one could find a (weak) basis B; of ;R
over R; such that every element r € R can be written in the form
r o= Zi:l Zbe& ripb, where r;; is an element of the Galois ring R;.
Then the elements of R; can be written using elements from §; as in
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Section and reducing to substitutions from @®!_,S; can be handled
similarly as in case (@) in Sections[3.2]and This method (whenever
applicable, e.g. if R is unital) would be not only simpler but much
faster, as well, than applying Lemma [§]

Unfortunately, this technique only works if R is unital, therefore
Lemma [§]is essential to handle the general case. Lemma [§] proves the
existence of an integer D, depending only on the ring R, such that
to obtain the range of a polynomial f over R one has to consider
polynomials f; for u € J x --- x J, where the number of nonzero
entries in u is bounded by D. Note that the upper bound for the
integer D obtained in this paper is multiply exponential in the size
of the ring R. Recent work [3], [I1] suggests that the upper bound on
D can be decreased significantly. Applying intriguing computational
techniques over upper triangular matrix rings, Foldvari [3] proved that

solvability of f = 0 can be decided in O (|| f||‘R‘2'°g‘R'<1°g'R'>5> time if

R = J. Karolyi and Szab6 [II] managed to reduce the exponent of
] to O (|R|log|R]|) in the case R = J by applying some current
results in additive combinatorics. One might wonder if any of these
techniques might be applicable to reduce the exponent D in Lemma [§]

Problem 1. Determine if the integer D in Lemma |8 can be bounded
by a polynomial in the size of the ring R.

For practical applications (such as solving a system of equations over
commutative, finite rings) Theorem @ could be a starting point. In
Section 3| some of the estimates we gave were rather generous, and the
upper bound on the time complexity probably can be sharpened.

Problem 2. Determine if the integer L in Theorem [6] can be bounded
by a polynomial in the size of the ring R.
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