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Abstract. Given a �nite ring R, the sum-of-monomials equation

solvability problem for R is the decision problem which, given a
polynomial in noncommuting variables over R expressed as a sum
of monomials, asks whether the polynomial has a zero in R. We
prove that this problem can be decided in polynomial time if the
quotient of R by its Jacobson radical is commutative. An imme-
diate consequence is that for such R the sum-of-monomials equiv-

alence problem for R, which asks if the input polynomial is iden-
tically zero for all substitutions from R, is also decidable in poly-
nomial time. As these problems were known to be NP-complete
and coNP-complete respectively for all other �nite rings, our result
completes the proof of dichotomy theorems for these two problems.
As a stepping stone to our proofs, we give an upper bound to the
time complexity of deciding whether a system of polynomial equa-
tions over a �nite commutative ring has a solution in the ring. Our
algorithm and the proof of its correctness depend heavily on the
theory of Galois rings.

1. Introduction

Investigations into the algorithmic aspects of various classical alge-
braic problems has received increasing attention in the past half cen-
tury. The equation solvability problem is one of the most basic prob-
lems of algebra: it asks for a commutative �nite ring R whether or
not a polynomial p ∈ R[x1, . . . , xn] can attain the value zero for some
substitution, i.e. if the equation p = 0 can be solved over R. A re-
lated problem is the equivalence problem which asks whether or not a
polynomial p ∈ R[x1, . . . , xn] is identically zero over R (denoted by
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R |= p ≈ 0), i.e. if p determines the constant zero function over R.
Analogous problems can be naturally formulated for noncommutative
rings, at the expense of passing to polynomials in noncommuting vari-
ables.
These are computational problems, parametrized by the �nite ring
R, whose complexity we wish to understand. Their complexity de-
pends (assuming P 6= NP) on the choice of R. For example, if R is
the 2-element �eld, then equation solvability includes 3-SAT and so
is NP-complete, while if R is a non-unital ring in which all products
are 0, then both the equation solvability and equivalence problems are
easily seen to be in P. Hunt and Stearns [10] fully classi�ed all �-
nite commutative rings according to the complexity of their equation
solvability and equivalence problems in 1990. Burris and Lawrence [2]
generalized the context to non-commutative rings and determined the
complexities if the rings were not nilpotent. Finally, the �rst author
[6] handled equation solvabililty for nilpotent rings, establishing the
following dichotomy:

Theorem 1 ([10, 2, 6]). Let R be a �nite, not necessarily unital ring. If
R is nilpotent, then both the equation solvability and equivalence prob-
lems can be solved in polynomial time. If R is not nilpotent, then the
equation solvability problem is NP-complete and the equivalence prob-
lem is coNP-complete.

This is not, however, the end of the story. In [10, 2, 6], polynomials
were permitted to be given to the solver as arbitrary formal expressions
built from variables and elements of R, using addition and multipli-
cation. This is natural from the perspective of logic (in which a ring
is merely an example of a formal algebraic structure), but less natural
to ring theorists for whom polynomials �are� sums of monomials. The
distinction matters: a formal expression of the form

(x1 + x5)(x2 + x3 + 1)(x2 + x7 + r) . . . (xi + xj + s) (n factors)

has length O(n), while the sum of monomials that it represents (ob-
tained from the expression by formally expanding it) is exponentially
longer. As the computational complexities of the equation solvabil-
ity and equivalence problems are, by de�nition, measured against the
space used to describe their inputs, the complexities may decrease when
formal expressions of the kind displayed above are disallowed as inputs.
In this paper we study the equation solvability and equivalence prob-

lems restricted to �honest� inputs being sums of monomials (we will
de�ne these precisely in Section 2.1). We call these restricted problems
the sum-of-monomial (SM) equation solvability and sum-of-monomial
(SM) equivalence problems, respectively. The SM equation solvability
and SM equivalence problems were introduced by the second and third
author in the unpulished manuscript [12], and a dichotomy conjecture
was formulated about their complexities.
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Conjecture 2 ([12]). Let R be a �nite ring and J be its Jacobson
radical. If R/J is commutative, then the SM equation solvability and
the SM equivalence problems are decidable in polynomial time. If R/J
is not commutative, then the SM equation solvability problem is NP-
complete, and the SM equivalence problem is coNP-complete.

For most matrix rings, arguments of [12] establish NP-completeness
for the SM equation solvability problem and coNP-completeness for
the SM equivalence problem. For commutative rings, polynomial-time
algorithms for both problems were drafted in [12] as well. However,
[12] was never submitted for publication. Meanwhile, the �rst author
(Horváth) tackled the commutative ring case of the SM equivalence
problem in [7], and the SM equation solvability problem in the special
situation when the variables are substituted from the multiplicative
subgroup of the ring [8]. The latter approach was then applied to bring
all previously existing positive complexity results about the analogous
equation solvability and equivalence problems over �nite groups under
a uni�ed roof.
Szabó and Vértesi in [15] proved coNP-completeness for the SM

equivalence part of Conjecture 2. For matrix rings they prove a stronger
theorem, that is the SM equivalence problem is coNP-complete even
if the input polynomials are restricted to only one monomial. To this
problem they reduce the equivalence problem over the multiplicative
subgroup of matrix rings, which is coNP-complete by [9]. For matrix
rings [1] proves coNP-completeness, as well. The NP-completeness of
the SM equation solvability follows from the methods of [15, 1].
In this paper we con�rm Conjecture 2 in the case whereR/J is com-

mutative, thereby completing the proof of the dichotomy conjecture.
The main result of the paper is the following.

Theorem 3. Let R be a not necessarily unital, �nite ring, and let J
denote its Jacobson radical. Assume that R/J is commutative. Then
the SM equation solvability and SM equivalence problems for R are
decidable in polynomial time.

The structure of the paper is the following. We summarize most of
the de�nitions and notations in Section 2.1. For the proofs we apply
the theory of Galois rings, and summarize some of their most important
properties in Section 2.2. In Section 2.3 we establish how tensor prod-
ucts of Galois rings behave. Then in Section 2.4 we reduce both the SM
equivalence and the SM equation solvability problems to checking these
problems over �nite rings of prime power characteristic. For commu-
tative rings a similar reduction yields to checking these problems over
�nite, commutative, local rings of prime power characteristic.
The main result of the paper (Theorem 3) is proved in Section 4.

The proof of Theorem 3 contains many technical steps, and ultimately
reduces SM equation solvability over a ring R to solvability of a system
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of equations over a Galois ring R∗. To this end, �rst we need a tech-
nical statement (see Theorem 6 introduced in Section 2.4) for �nite,
commutative, unital, local rings establishing the time complexity for
deciding solvability of a system of equations. Theorem 6 is proved in
Section 3. In particular, Theorem 6 already proves Theorem 3 if the
ring R is commutative. For proving Theorem 3 in the general case,
we need to apply Theorem 6 in the special case of Galois rings, which
we assert as Corollary 7 at the end of Section 3. Note, that tensor
products of Galois rings are not needed for the proof of Theorem 6,
and the readers may skip Section 2.3 if they are only interested in the
commutative ring case.
Section 4 contains the rather technical proof of Theorem 3. For

easier readability, we divide Section 4 into several subsections. We
start by introducing the notations for the proof in Section 4.1. Then
in Section 4.2 we introduce the Galois ring R∗. Then in Section 4.3 we
sketch the idea of the proof and how we reduce SM equation solvability
overR to deciding solvability of a system of equations overR∗. Finally,
in Sections 4.4�4.9 we explain all the details of the proof. We �nish
the paper by giving some remarks and open problems in Section 5.

2. Preliminaries

2.1. De�nitions and notations. Let R be a (not necessarily com-
mutative, not necessarily unital) ring. A monomial over R is a formal
product of noncommuting variables and elements of R. The length of a
monomial v (denoted by ‖v‖) is the number of variables and elements
of R occurring in v with multiplicity. A polynomial written as sum
of monomials is a formal sum of monomials over R. The length of a
polynomial f is the sum of the lengths of the monomials occurring in
f (with multiplicity), and is denoted by ‖f‖.
Let S ⊆ R. We say that the polynomials f and g are equivalent

over R for substitutions from S (and write R |= f |S ≈ g|S) if for every
s1, . . . , sn ∈ S the two polynomials agree on this evaluation:

f (s1, . . . , sn) = g (s1, . . . , sn) .

Similarly, we say f = g is solvable over R for some substitution from
S (and write f |S = g|S is solvable over R) if there exist s1, . . . , sn ∈ S
such that the two polynomials attain the same value on this evaluation:

f (s1, . . . , sn) = g (s1, . . . , sn) .

If for disjoint sets of variables X and Y we want to emphasize that
variables in X are substituted from S and variables in Y are substi-
tuted from S ′ , then we write R |= f (X|S , Y |S′) ≈ g (X|S , Y |S′) for
the equivalence and f (X|S , Y |S′) = g (X|S , Y |S′) for the equation solv-
ability.
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The SM equation solvability problem over R receives for input a poly-
nomial p over R written as sums of monomials, and asks whether or
not f = 0 is solvable over R. The SM equivalence problem over R re-
ceives for input a polynomial p over R written as sums of monomials,
and asks whether or not R |= f ≈ 0 holds.

2.2. Galois rings. In this subsection we review the theory of Galois
rings necessary for our proofs. The readers may skip this Section if
they are familiar with the literature.
Galois rings play an important role in the theory of commutative

rings. They were �rst examined in [14], and later in [16]. In the
following we list some of the most important properties of Galois rings
(see e.g. [13, Chapters XVI�XVII]). Let p be a prime, c, d positive
integers, and let hd ∈ Z[x] be a monic polynomial of degree d which
is irreducible modulo p. Then the Galois ring GR (pc, d) is the factor
ring Z [x] / (pc, hd (x)).
The Galois ring GR (pc, d) is completely characterized (up to isomor-

phism) by the numbers p, c, d, and does not depend on the choice of the
polynomial hd. The Galois ring GR (pc, d) is a �nite, commutative, uni-
tal, local ring. The characteristic of GR (pc, d) is pc, the number of its
elements is pcd. In particular, GR (p, d) is isomorphic to the pd-element
�eld Fpd , and GR (pc, 1) (where hd is of degree 1) is isomorphic to Zpc .
For every ideal I C GR (pc, d) there exists a number 0 ≤ i ≤ c such
that I = (pi). Hence, every ideal is principal, thus every �nitely gen-
erated GR (pc, d)-module is a direct sum of cyclic GR (pc, d)-modules
[16, p. 81, Corollary 2]. The Galois ring GR (pc, d) is local, the unique
maximal ideal is the Jacobson radical (p). For every 1 ≤ i ≤ c the
factor ring GR (pc, d) / (pi) is isomorphic to the Galois ring GR (pi, d).
In particular, the factor by the Jacobson radical is isomorphic to Fpd .
There are exactly d di�erent homomorphisms from GR (pc, d) onto
GR (pi, d) [14, p. 214, Proposition 3] for 1 ≤ i ≤ c, and the automor-

phisms of GR (pc, d) are the maps r 7→ rp
j
for j ∈ { 0, 1, . . . , d− 1 }

[14, p. 213, Proposition 2]. Any (non-nilpotent) subring of GR (pc, d)
is isomorphic to GR (pc, d1) for some d1 | d, and for every d1 | d there
exists a unique subring of GR (pc, d) isomorphic to GR (pc, d1), which

is the range of the map r 7→ r(p
d−1)/(pd1−1) [14, p. 213, Proposition 1].

In particular, if a (nonzero) ring is both a subring and a homomorphic
image of GR (pc, d), then it is isomorphic to GR (pc, d). Further, we will
need the following (here bxc denotes the greatest integer not greater
than x):

Lemma 4. For a prime p and for arbitrary positive integers c, t let
m ≥ c +

⌊
logp (t− 1)

⌋
be an integer. Then pc |

(
pm

i

)
for all integers

1 ≤ i ≤ t− 1 and p |
(
pm

i

)
for all integers 1 ≤ i ≤ pm − 1.
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Proof. Let 1 ≤ i ≤ pm − 1 be arbitrary. Now,(
pm

i

)
=
pm (pm − 1) . . . (pm − i+ 1)

1 . . . (i− 1) · i
=
pm

i
·
i−1∏
j=1

pm − j
j

.

Here, the p-part of pm− j and j are the same. As pm - i, the exponent
of the p-part of i is at most m−1, and thus the p-part of the �rst factor
is at least p. Furthermore, if i ≤ t− 1, then the exponent of the p-part
of i is at most blogp ic ≤ blogp(t− 1)c ≤ m− c, and thus the p-part of
the �rst factor is at least pc. �

2.3. Tensor products of Galois rings. Every tensor product occur-
ring in the paper is considered over the ring of integers Z. For positive
integers c1, c2, d1, d2 and for c = min { c1, c2 }, d = lcm { d1, d2 }, and
d′ = gcd { d1, d2 } we have GR (pc1 , d1)⊗ GR (pc2 , d2) '

∑d′

1 GR (pc, d)
[16, Proposition 1.2]. In particular, the (k + 1)-fold tensor product
GR (pc, d) ⊗ · · · ⊗ GR (pc, d) ⊗ GR (pc, d) is isomorphic to the direct
sum of dk-many copies of GR (pc, d). Moreover, the following lemma
establishes how the dk-many primitive idempotents of GR (pc, d)⊗· · ·⊗
GR (pc, d)⊗ GR (pc, d) project onto the GR (pc, d) summands.

Lemma 5. Let R∗ = GR (pc, d), and consider the (k + 1)-fold tensor
product R∗⊗· · ·⊗R∗⊗R∗. Then there is a one-to-one correspondence
between the primitive idempotents E of R∗ ⊗ · · · ⊗ R∗ ⊗ R∗ and the

k-tuples of
(
ϕ
(E)
1 , . . . , ϕ

(E)
k

)
, where ϕ

(E)
i is an automorphism of R∗ and

E (q1 ⊗ · · · ⊗ qk ⊗ qk+1)

= E
(
1⊗ · · · ⊗ 1⊗ ϕ(E)

1 (q1) . . . ϕ
(E)
k (qk) qk+1

)
,

for every q1, . . . , qk, qk+1 ∈ R∗.

Proof. We prove the lemma for k = 1, the statement follows for k ≥ 2
by induction. There are exactly d automorphisms of GR (pc, d) and
there are exactly d primitive idempotents in GR (pc, d) ⊗ GR (pc, d)
corresponding to the d copies of GR (pc, d) summands.
Let E be a primitive idempotent in GR (pc, d) ⊗ GR (pc, d). Now,

multiplying by E is a homomorphism from 1 ⊗ R∗ = GR (pc, d) onto
a subring of E (R∗ ⊗R∗) ' GR (pc, d). There exist a, b ∈ R∗ such
that 0 6= E (a⊗ b) = E (1⊗ b) (a⊗ 1), thus 0 6= E (1⊗R∗) is both
a subring of GR (pc, d) and a homomorphic image of GR (pc, d). That
is E (1⊗R∗) ' GR (pc, d). Similarly, E (R∗ ⊗ 1) ' GR (pc, d), and
hence E (1⊗R∗) = E (R∗ ⊗R∗) = E (R∗ ⊗ 1). Thus, there exists a
unique automorphism ϕ(E) : GR (pc, d)→ GR (pc, d), attained by com-
posing the isomorphisms GR (pc, d) ' E (R∗ ⊗ 1) = E (1⊗R∗) '
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GR (pc, d) (see Diagram (1)).

(1)

1⊗R∗ = GR (pc, d)

GR (pc, d) = R∗ ⊗ 1
E

'
>

ϕ(E) >

E (R∗ ⊗R∗) ' GR (pc, d) .

E '
∨

For the other direction we only need to observe that for di�erent idem-
potents di�erent automorphisms correspond. Assume that the auto-
morphism ϕ : GR (pc, d) → GR (pc, d) corresponds to primitive idem-
potents E and F , that is E (b⊗ 1) = E (1⊗ ϕ (b)) and F (b⊗ 1) =
F (1⊗ ϕ (b)) for every b ∈ R∗. Then

kerE =

{∑
i

ai ⊗ bi :
∑
i

ϕ (ai) bi = 0

}
= kerF

implies E = F . �

2.4. SM equation solvability over rings. Note �rst, that if for a
�nite ring R the SM equation solvability problem can be decided in
polynomial time, then the same is true for the SM equivalence problem.
Indeed, for a polynomial f over R we have that R |= f ≈ 0 if and
only if none of the equations f = r can be solved over R for some
0 6= r ∈ R. Thus, from now on we only consider the SM equation
solvability problem.
Secondly, the SM equation solvability problem can be checked com-

ponentwise for a direct sum of �nite rings. It is well known that every
�nite ring can be decomposed into a direct sum of �nite rings with
prime power characteristic. Therefore in the proof of Theorem 3 we
only consider rings having prime power characteristic.
By the Pierce decomposition theorem (see e.g. [5, p. 48, 50]) every

�nite commutative ring is the direct sum of a commutative nilpotent
ring and some commutative, unital, local rings. For nilpotent rings
the equation solvability can be decided in polynomial time [6]. Thus
for proving Theorem 3 for commutative rings, it is enough to prove
that SM equation solvability can be decided in polynomial time over a
�nite commutative, unital, local ring of prime power characteristic. In
particular, we prove the following in Section 3.

Theorem 6. Let R be a �nite commutative, unital local ring of prime
power characteristic, and let f1, . . . , f` ∈ R[x1, . . . , xn] be polynomials
written as sums of monomials. Let log denote base 2 logarithm, and let

L = ` · |R|2+log|R|+log log|R| · log |R| .

Then it can be decided in

O

(
(log |R|)L · max

1≤k≤`
‖fk‖L

)
(2)
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time whether or not the system f1 = 0, . . . , f` = 0 is solvable over R.

3. Commutative rings

We prove Theorem 6 in this section.

3.1. Notations. Let R be a �nite, commutative, unital, local ring of
characteristic pc for some prime p. Let J denote the Jacobson radical
of R and let t be the smallest positive integer for which J t = { 0 }.
Let F denote the factor �eld R/J , and assume F ' Fpd . Then R
contains a (unique) subringR0 ≤ R isomorphic to GR (pc, d) [16, p. 80,
Theorem B]. Let m ≥ c+

⌊
logp (t− 1)

⌋
be the smallest positive integer

such that d | m. Consider the map r 7→ rp
m
(r ∈ R). As d | m, we

have F |= xp
m ≈ x, hence rp

m−r ∈ J . For arbitrary r ∈ R and u ∈ J
we have

(r + u)p
m

− rpm =
t−1∑
i=1

(
pm

i

)
rp

m−iui +

pm∑
i=t

(
pm

i

)
rp

m−iui = 0.

Here, the �rst sum is 0 since pc is a divisor of every binomial coe�cient
by Lemma 4. The second sum is 0 as any product containing at least t
elements from J is 0. Thus r 7→ rp

m
is a projection onto a multiplica-

tively closed set S such that S is a representation system for F . Note,
that sp

d
= s for every s ∈ S, and S is a subset of the unique subring

R0 isomorphic to GR (pc, d) contained in R.
Consider R as an R0-module. Thus R is a direct sum of cyclic R0-

modules. Then every element of R can be written as
∑

b∈B rbb for some
rb,∈ R0, where B is a (weak) basis of R. That is R = ⊕b∈BR0b such
that

∑
b∈B rbb = 0 if and only if rb ∈ Ann { b } for all b ∈ B. Since

Ann { b } is an ideal in the Galois ring R0 ' GR (pc, d), for every b ∈ B
there exists 1 ≤ cb ≤ c such that Ann { b } = (pcb). Furthermore, every
element ofR0 can be uniquely written as

∑c−1
i=0 sip

i for some si ∈ S, and
thus every element ofR can be written in the form of

∑c−1
i=0

∑
b∈B si,bp

ib.
Let P contain all pairs (i, b) for which 0 ≤ i ≤ cb − 1, that is

(3) P = { (i, b) : b ∈ B, 0 ≤ i ≤ cb − 1 } .

Now, for every element r ∈ R there exist unique elements si,b ∈ S
((i, b) ∈ P) such that r =

∑
(i,b)∈P si,bp

ib.

3.2. Sketch of the proof of Theorem 6. Let X = {x1, . . . , xn } and
let f1, . . . , f` be polynomials from R[X] written as sums of monomials.

(a) First, by introducing a new set of variables Y , and using the
unique representation r =

∑
(i,b)∈P si,bp

ib, we rewrite the poly-

nomials f1, . . . , f` ∈ R[X] into polynomials g1, . . . , g` ∈ R[Y ]
such that f1 (X|R) = 0, . . . , f` (X|R) = 0 is solvable over R if
and only if g1 (Y |S) = 0, . . . , g` (Y |S) = 0 is solvable over R.
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(b) Again, we use the fact that R is a direct sum of cyclic R0-
modules, that is R = ⊕b∈BR0b for the (weak) basis B. Then
we can �nd polynomials hk,b ∈ R0[Y ] for every 1 ≤ k ≤ `,
b ∈ B such that the system g1 (Y |S) = 0, . . . , g` (Y |S) = 0 can
be solved over R if and only if the system

hk,b (Y |S) = 0 (1 ≤ k ≤ `, b ∈ B)(4)

is solvable over the Galois ring R0. That is, we reduced the
original problem to solving a system of equations over the Galois
ring R0 for substitutions from S.

(c) Then we reduce this system over R0 to a system of ` · |P|-many
equations over F = R/J . In particular, we �nd hk,i,b ∈ F [Y ]
(1 ≤ k ≤ `, (i, b) ∈ P) such that the system (4) over R0 can be
solved simultaneously if and only if the system

hk,i,b (Y |F) = 0 (1 ≤ k ≤ `, (i, b) ∈ P)(5)

can be solved over F .
(d) Let q =

∏`
k=1

∏
(i,b)∈P (1− hk,i,b)

pd−1 ∈ F [Y ]. We prove that

the system (5) is not solvable over F if and only if F |= q|F ≈ 0.

That is, f1|R = 0, . . . , f`|R = 0 is not solvable over R if and only if
F |= q|F ≈ 0. Throughout the proof we compute the time-complexity
of calculating every set of new polynomials. In particular, the �nal
polynomial q can be calculated in time (2) as stated in Theorem 6. By
[7] it can be decided in linear time in ‖q‖ whether or not F |= q|F ≈ 0.

3.3. Detailed proof of Theorem 6. Let f1, . . . , f` ∈ R [x1, . . . , xn].
Recall that every element r ∈ R can be uniquely written in the form
r =

∑
(i,b)∈P si,bp

ib for some si,b ∈ S, where P is de�ned by (3). We
use this presentation in order to reduce solving f1 = 0, . . . , f` = 0 over
R to solving a system of equations over R0. For this we introduce the
following disjoint sets of variables:

X = {xj | 1 ≤ j ≤ n } ,
Y = { yj,i,b | 1 ≤ j ≤ n, (i, b) ∈ P } .

(a) Let 1 ≤ k ≤ ` be �xed and rewrite fk in the following manner.
Replace every occurrence of xj (1 ≤ j ≤ n) in fk with the

expression
∑

(i,b)∈P yj,i,bp
ib. Let the resulting polynomial be f

(i)
k .

Now,

R |= fk (X |R) ≈ f
(i)
k (Y |S) .

Let us expand f
(i)
k as a sum of monomials, and remove monomi-

als containing at least t elements from J . Let f (ii)
k denote the

resulting polynomial. Monomials containing at least t elements
from J attain value 0 for arbitrary substitution, hence

R |= f
(i)
k (Y |S) ≈ f

(ii)
k (Y |S) .
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By not calculating monomials containing at least t elements
from J , one can execute the expansion in O

(
|P|t · ‖fk‖t

)
time,

and the resulting polynomial f
(ii)
k has length O

(
|P|t · ‖fk‖t

)
.

Let us rearrange every monomial of f
(ii)
k into the form of∏

y∈Y y
ky ·r, where r ∈ R. SinceR is commutative, the resulting

polynomial attains the same values as f
(ii)
k . Moreover, replace

every constant r ∈ R occurring in f
(ii)
k with its equivalent of

the form
∑

(i,b)∈P si,bp
ib (si,b ∈ S), and expand the resulting

polynomial. Let the resulting polynomial be denoted by gk.
Now,

R |= fk (X|R) ≈ gk (Y |S) .
Furthermore, the rearranging of the monomials and the expan-

sion can be done in O
(
|P| ·

∥∥∥f (ii)
k

∥∥∥) time. Thus, gk can be com-

puted in O
(
|P|t+1 · ‖fk‖t

)
time and ‖gk‖ = O

(
|P|t+1 · ‖fk‖t

)
.

(b) Again, �x 1 ≤ k ≤ `. Now,

gk (Y ) =
∑̀
k=1

∑
b∈B

gk,b (Y ) · b

for some polynomials gk,b ∈ R0[Y ] overR0 (and notR), written
as sums of monomials. As R = ⊕b∈BR0b, the polynomial gk
attains 0 for a substitution if and only if each polynomial gk,b
attains a value from Ann { b } for the same substitution. Now,
for every b ∈ B there exists 1 ≤ cb ≤ c such that Ann { b } =
(pcb). Thus gk,b attains a value from Ann { b } if and only if
pc−cb · gk,b attains the value 0 in R0. Let hk,b = pc−cb · gk,b.
Summarizing our observations,
• f1 (X|R) = 0, . . . , f` (X|R) = 0 can be solved over R if and
only if
• g1 (Y |S) = 0, . . . , g` (Y |S) = 0 can be solved over R if and
only if
• the system of equations

hk,b (Y |S) = 0 (1 ≤ k ≤ `, b ∈ B)(4)

can be solved over R0.
(c) For simplicity, let h = hk,b for some 1 ≤ k ≤ `, b ∈ B. Let

V0 denote the set of monomials in h whose coe�cients are not
divisible by p, and let h(i) denote

(
h−

∑
v∈V0

v
)
/p. That is

h =
∑

v∈V0
v+p ·h(i). Recall that spd = s for every s ∈ S. Thus

d | m implies sp
m

= s for every s ∈ S. For every v ∈ V0 its
coe�cient is in S. Thus, for every v ∈ V0 we have

R0 |= v|S ≈ vp
m∣∣
S .
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Consider
(∑

v∈V0
v
)pm

. By Lemma 4, one can prove by induc-
tion on |V0| that(∑

v∈V0

v

)pm

=

(∑
v∈V0

vp
m

)
+ p · h(ii)

for some polynomial h(ii) ∈ R0[Y ]. Therefore,

R0 |=
∑
v∈V0

v|S ≈
∑
v∈V0

vp
m∣∣
S ≈

(∑
v∈V0

v

)pm
∣∣∣∣∣∣
S

− p · h(ii)|S .

Let h0 =
∑

v∈V0
v. Then we have

R0 |= h|S ≈ h0|S + p · h(i)|S ≈ hp
m

0

∣∣∣
S
+ p ·

(
h(i) − h(ii)

)∣∣
S .

Note, that h(i) and h(ii) can be computed in O
(
‖h‖p

m
)
time,

and
∥∥h(i)∥∥ = O

(
‖h‖p

m
)
,
∥∥h(ii)∥∥ = O

(
‖h‖p

m
)
. Now, repeat

the process with h(i) − h(ii), then in

O
(∥∥h(i) − h(ii)∥∥pm) ≤ O

((
‖h‖p

m
)pm)

= O
(
‖h‖p

2m
)

time we obtain polynomials h1,
(
h(iii) − h(iv)

)
∈ R0[Y ] such that

the coe�cients in h1 are from S and

R0 |=
(
h(i) − h(ii)

)∣∣
S ≈ hp

m

1

∣∣∣
S
+ p ·

(
h(iii) − h(iv)

)∣∣
S .

Then repeat the process with h(iii) − h(iv), etc. Then after

at most O
(
c ‖h‖p

cm
)
-many steps we arrive at polynomials h0,

h1, . . . , hc−1 ∈ R0[Y ], each is written as a sum of monomials,
such that all their coe�cients are from S, and

R0 |= h|S ≈ hp
m

0

∣∣∣
S
+ p · hp

m

1

∣∣∣
S
+ · · ·+ pc−1 · hp

m

c−1

∣∣∣
S
.

Recall that r 7→ rp
m
is a projection onto S and for every element

r ∈ R0, there exist unique elements s0, . . . , sc−1 ∈ S such that
r =

∑c−1
i=0 sip

i. Thus h (s1, . . . , sn) = 0 if and only if for every

0 ≤ i ≤ c − 1 we have hi (s1, . . . , sn)
pm = 0. Consider hi as

a polynomial over F by the natural map ψ : R0 → F . Now,
hi (s1, . . . , sn)

pm = 0 in R0 for some s1, . . . , sn ∈ S if and only
if hi (ψ (s1) , . . . , ψ (sn)) = 0 in F . That is, h = 0 can be solved
over R by a substitution s1, . . . , sn ∈ S if and only if h0 =
0, . . . , hc−1 = 0 can be solved over F by ψ (s1) , . . . , ψ (sn).
Executing this procedure for every hk,b (1 ≤ k ≤ `, b ∈ B)

we obtain polynomials hk,i,b ∈ F [Y ] (1 ≤ k ≤ `, (i, b) ∈ P)
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such that the system (4) can be solved over R0 if and only if
the system

hk,i,b (Y |F) = 0 (1 ≤ k ≤ `, (i, b) ∈ P)(5)

can be solved over F . Furthermore, all hk,i,b can be com-

puted from gk,b in O
(
c ‖gk,b‖p

cm
)
≤ O

(
c ‖gk‖p

cm
)
time, and

‖hk,i,b‖ = O
(
‖gk‖p

cm
)
.

(d) Let q =
∏`

k=1

∏
(i,b)∈P (1− hk,i,b)

pd−1 ∈ F [Y ]. Note, that F |=
q ≈ 0 if and only if the system hk,i,b = 0 (1 ≤ k ≤ `, (i, b) ∈ P)
has no solution in F . Moreover, q can be expanded into sum

of monomials in O
(∏

1≤k≤`,(i,b)∈P ‖hk,i,b‖
pd
)
time. By [7] it can

be decided in linear time in ‖q‖, whether or not F |= q ≈ 0.

Now,

‖q‖ ≤ O

 ∏
1≤k≤`,(i,b)∈P

‖hk,i,b‖p
d

 = O

 ∏
1≤k≤`

∏
b∈B

∏
(i,b)∈P

‖hk,i,b‖p
d


≤ O

( ∏
1≤k≤`

∏
b∈B

‖gk‖cbp
cmpd

)
= O

( ∏
1≤k≤`

‖gk‖|P|p
d+cm

)

≤ O

( ∏
1≤k≤`

|P|(t+1)|P|pd+cm

‖fk‖t|P|p
d+cm

)

≤ O

(
|P|`(t+1)|P|pdpcm max

1≤k≤`
‖fk‖`t|P|p

dpcm
)
.

Here, |P| ≤ log |R|, |P| · pd ≤ |P| · |S| ≤ |S||P| = |R|, c ≤ t ≤
log |J | ≤ log |R| − 1, m ≤ d + c + log t, pc ≤ pcd ≤ |R|, giving the
required upper bound on the time complexity. This �nishes the proof
of Theorem 6. �
Note, that if R is a Galois ring, parts (c) and (d) of the proof of

Theorem 6 immediately yield the following.

Corollary 7. Let R be isomorphic to the Galois ring GR (pc, d) for
some prime p and positive integers c, d. Letm ≥ c+

⌊
logp (c− 1)

⌋
be the

smallest positive integer divisible by d, and let S be the representation
system of R/(p) obtained as the image of the map r 7→ rp

m
. Then

it can be decided in O
(
max1≤k≤` ‖fk‖`cp

d+cm
)
time whether or not the

system f1|S = 0, . . . , f`|S = 0 is solvable over R.

4. Noncommutative rings

We prove Theorem 3 in this section.
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4.1. Notations. Let R be a not necessarily commutative, not neces-
sarily unital ring with prime power characteristic, J be its Jacobson
radical. Assume that R/J is commutative. If R is nilpotent, then
the (SM) equation solvability problem can be decided in polynomial
time by [6]. If R is not nilpotent, then R/J is the sum of �nite �elds:
R/J = ⊕l

i=1Fi. Let e1, . . . , el be a complete set of primitive, pairwise
orthogonal idempotents (yielding eiej = 0 if 1 ≤ i 6= j ≤ l) such that
ei +J is the identity element of Fi, and ei +J is zero in Fj for j 6= i.
Let e = e1 + · · ·+ el. Motivated by the Pierce decomposition theorem
(see e.g. [5, p. 48, 50]), for 0 ≤ i, j ≤ l we de�ne the subrings Ri,j ≤ R
as follows:

R0,0 = { r ∈ R | ere = 0 } = (1− e)R (1− e) ,
Ri,0 = { r ∈ eiR | re = 0 } = eiR (1− e) , (1 ≤ i ≤ l),

R0,j = { r ∈ Rej | er = 0 } = (1− e)Rej, (1 ≤ j ≤ l),

Ri,j = eiRej, (1 ≤ i, j ≤ l).

Then every element of R can be uniquely written as a sum of elements
from Ri,j for 0 ≤ i, j ≤ l. Note that Ri,j ≤ J if i 6= j or if i = j = 0,
and Ri,i/ (J ∩Ri,i) ' Fi for 1 ≤ i ≤ l. Moreover,

(6) Ri1,j1Ri2,j2 ⊆

{
{ 0 } , if j1 6= i2,

Ri1,j2 , otherwise.

Let the characteristic ofRi,i be p
ci and let |Fi| = pdi . Now, Ri,i is local,

thus there exists a Galois subring Ri ≤ Ri,i such that Ri ' GR (pci , di)
[16, p. 80, Theorem B]. Let t be the smallest positive integer for which
J t = { 0 }. Let d = lcm (d1, . . . , dl), c = max { c1, . . . , cl }, then t ≥ c.
Let m ≥ c +

⌊
logp (t− 1)

⌋
be the smallest positive integer divisible

by d. Then by Section 3.1 the map r 7→ rp
m
is a projection from Ri

onto a set Si such that Si is a multiplicatively closed representation

system for Fi, and s
pdi
i = si for every si ∈ Si. Let S = ⊕l

i=1Si, then
sp

d
= s for all s ∈ S. Every element r ∈ R can be uniquely written as

r =
∑l

i=1 si+
∑

0≤i,j≤l ri,j, where si ∈ Si (1 ≤ i ≤ l) and ri,j ∈ J ∩Ri,j

(0 ≤ i, j ≤ l).

4.2. The ring R∗. Let R∗ = GR (pc, d). Since t ≥ c, by Section 3.1
the map r 7→ rp

m
is a projection from R∗ onto a set S∗ such that

S∗ is a multiplicatively closed representation system for R∗/(p), such
that sp

d
= s for every s ∈ S∗. For every 1 ≤ i ≤ l there exists a

unique subring R∗i ≤ R∗ such that R∗i ' GR (pc, di), which is the

range of the map R∗ → R∗, r 7→ r(p
d−1)/(pdi−1). Now, let S∗i be the

range of the map R∗ → R∗, r 7→ rp
m(pd−1)/(pdi−1), then S∗i ⊆ R∗i . Let

ψi : R∗i → Ri be an arbitrary surjective homomorphism. Note, that
each ψi is bijective between S∗i and Si, and preserves the multiplicative
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structure. Diagram (7) summarizes these properties, where the dashed
arrow represents a bijection preserving the multiplicative structure.

(7)

GR (pc, d) ' R∗
r 7→ r

pd−1

pdi−1

> GR (pc, di) ' R∗i
ψi
>Ri ' GR (pci , di)

S∗
r 7→ rp

m

∨

r 7→ r
pd−1

pdi−1

> S∗i

r 7→ rp
m

∨

ψi

> Si.

r 7→ rp
m

∨

4.3. The sketch of the proof. For a polynomial f over R written as
a sum of monomials having noncommuting variables and elements of
R, f = 0 can be solved overR if and only if for some u = (u1, . . . , un) ∈
J × · · · × J the polynomial fu (x1, . . . , xn) = f (x1 + u1, . . . , xn + un)
can attain value 0 by a substitution from S. According to Lemma 8
(see below) it is enough to consider such n-tuples u = (u1, . . . , un),
where the number of nonzero coordinates are at most D for some D
depending on R. Thus we only need to check polynomially many new
polynomials fu instead of exponentially-many ones. We need to con-
sider these polynomials for substitutions from S. This reduction is
carried out in Section 4.4.
In Section 4.5 for a �xed fu we substitute xj =

∑l
i=1 xi,j (1 ≤ j ≤ n)

(and think that every variable xi,j can attain values from Si), and
every constant r by its form of

∑l
i=1 si +

∑
0≤i,j≤l ri,j, where si ∈ Si

(1 ≤ i ≤ l) and ri,j ∈ J ∩ Ri,j (0 ≤ i, j ≤ l). We expand the
resulting polynomial into g. If we denote the set {xi,1, . . . , xi,n } by
Xi, then R |= fu|S ≈ g (X1|S1 , . . . , Xl|Sl). Using (6) we can execute
the expansion in O

(
‖fu‖t

)
time. Then in Section 4.6 we group the

monomials of g into types. A type of a monomial is (v1, . . . , vk) if v1,
. . . , vk are the elements from J occurring in the monomial from left to
right. Let g(v1,...,vk) denote the sum of those monomials in g which are
of type (v1, . . . , vk). Note that the number of types depend only on R
and neither on f nor on g.
A monomial of type (v1, . . . , vk) is of the form q1v1q2v2 . . . qkvkqk+1,

where q1, . . . , qk, qk+1 are monomials containing no constants from J .
If v1 ∈ Ri1,j1 , . . . , vk ∈ Rik,jk , then it is not hard to see that j1 =
i2 6= 0, . . . , jk−1 = ik 6= 0, and q1 attains values from Ri1 , q2 at-
tains values from Ri2 , etc., Moreover, the map Ri1 × Ri2 × . . .Rik ×
Rjk → R, (r1, r2, . . . , rk, rk+1) 7→ r1v1r2v2 . . . rkvkrk+1 is multilinear
in r1, r2, . . . , rk, rk+1. This motivates to consider the tensor product
R(v1,...,vk) = Ri1 ⊗Ri2 ⊗ · · · ⊗ Rik ⊗Rjk for every type (v1, . . . , vk) in
Section 4.7. Then we are going to polynomially reduce the equation
g (X1|S1 , . . . , Xl|Sl) = 0 over R to solving several systems of equations
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over the introduced tensor products R(v1,...,vk). Both the number of sys-
tems and the number of equations in each system depend only on the
ring R and neither on f nor on g. However, we are not able to simply
apply Theorem 6 or Corollary 7 at this point, because the equations
occurring in these systems are over di�erent commutative rings. First,
we need to translate these systems of equations to systems of equations
over a common commutative ring, which is going to be R∗. The key
argument is found in Lemma 10 in Section 4.8, where we polynomially
reduce a system of such equations to a system of equations over the
ring R∗ such that the number of equations depends only on the ring
R. Finally, in Section 4.9 we wrap up the proof.

4.4. Reducing to substitutions only from S. Let f be a poly-
nomial over R written as a sum of monomials having noncommuting
variables x1, . . . , xn and elements of R. We �rst reduce the problem to
check substitutions of the variables only from S. Let u1, . . . , un ∈ J
be arbitrary, and let u = (u1, . . . , un). Let

(8) fu (x1, . . . , xn) = f (x1 + u1, . . . , xn + un)

be the polynomial attained by replacing every variable xi by (xi + ui)
and expanding as a sum of monomials. We do not compute the mono-
mials that contain at least t-many of uis as these attain value 0 for
an arbitrary substitution. Thus fu can be calculated in O

(
‖f‖t

)
time

and ‖fu‖ = O
(
‖f‖t

)
. Consider the polynomials fu for every possible

u1, . . . , un ∈ J . It is clear that f |R = 0 is solvable over R if and only if
for some u the equation fu|S = 0 is solvable over R. Now, the number
of the fu polynomials is |J |n, which is an exponential number in ‖f‖.
Nevertheless, by Lemma 8 below, one only needs to consider those fu
polynomials, for which the number of nonzero ui coordinates in u is
less than D for some D depending only on R.

Lemma 8. Let R be a �nite ring, J be its Jacobson radical. Let S
be any representation system of R/J , and let f be a polynomial over
R in not necessarily commuting variables x1, . . . , xn. Then there exists
D = D (R) such that f |R = 0 is solvable over R if and only if fu|S = 0
is solvable over R for some u for which |{ 1 ≤ i ≤ n | ui 6= 0 }| < D.

Proof. Lemma 2.1 in [6] asserts the statement for R = J , and almost
the same proof shows the validity of Lemma 8, as well. For the sake of
completeness, we provide the proof here.
Assume f = 0 is solvable over R, and a solution is x1 = s1+u1, . . . ,

xn = sn + un for some s1, . . . , sn ∈ S, u1, . . . , un ∈ J . Let
g (y1, . . . , yn) = f (s1 + y1, . . . , sn + yn)

be the polynomial attained by replacing every variable xj by (sj + yj)
and expanding as a sum of monomials. We do not compute the mono-
mials that contain at least t-many of yjs as these attain value 0 for
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an arbitrary substitution from J . Now, g (u) = 0. For every subset
I ⊆ { 1, . . . , n } let gI be the sum of those monomials in g which depend
on the variables yj for every j ∈ I. Note that the monomials in gI may
depend on yj for j /∈ I, as well. For example, g∅ = g.
Let u = (u1, . . . , un) ∈ J n, and for an arbitrary I ⊆ { 1, . . . , n } let

uI be the n-tuple (r1, . . . , rn) for which ri = ui if i ∈ I and ri = 0,
otherwise. Consider g (u). Let S denote the indices of nonzero ui, i.e.
S = { 1 ≤ i ≤ n | ui 6= 0 }. If |S| > D, then we �nd a proper subset H
of S such that g

(
uS\H

)
= g (u) = 0. The value of D will be determined

later. First, let H ⊂ S be arbitrary. We compute the value of g for
the substitution where we replace uj by 0 in u for every j ∈ H. Every
monomial containing a variable yj for some j ∈ H attains value 0 for
the substitution uS\H . Thus by inclusion-exclusion we have

g
(
uS\H

)
=
∑
I⊆H

(−1)|I|gI (u) .

Since all products containing at least t-many ujs are 0, we obtain

g
(
uS\H

)
=
∑
I⊆H
|I|<t

(−1)|I|gI (u)

= g (u)−
∑
i∈H

g{ i } (u) +
∑
i,j∈H
i<j

g{ i,j } (u)−
∑

i,j,k∈H
i<j<k

g{ i,j,k } (u) + . . . .

We prove that there exists a subset H ⊆ S, such that every sum∑
i∈H g{ i } (u),

∑
i,j∈I g{ i,j } (u), etc. attains the value 0. To this end

we color the less than t-element subsets of S by the elements of J : for
every subset I ⊆ S let gI (u) be the color of I.
For positive integers t, k, pm let R2 (k, p

m) = kpm and for t > 2

let Rt (k, p
m) = kRt−1(k,pm)t−1

. Let T2 (k, p
m) = R2 (k, p

m) and let
Tt (k, p

m) = Rt (k, Tt−1 (k, p
m)). We use the following form of Ram-

sey's theorem, which follows from [4, Section 1.2, Theorem 2] and [4,
Section 4.7]:

Theorem 9 (Ramsey's Theorem). Let t, k and pm be positive integers,
t > 1. Then there exists a positive integer D ≤ Tt (k, p

m) such that if we
color the less than t-element subsets of a set S by k colors and |S| > D,
then S has a subset H with pm elements, such that any two subsets
of the same size have the same color, that is for every H1, H2 ⊆ H,
|H1| = |H2| < t the color of H1 and H2 are the same.

Recall that t is the nilpotency class of J , and m ≥ c+
⌊
logp (t− 1)

⌋
,

where pc · r = 0 for every r ∈ R. Let k = |J |. By Ramsey's theorem
for t, k, pm there exists D such that if |S| > D, then there exists a
subset H ⊆ S, |H| = pm such that every one-element subset of H
has the same color, every two-element subset of H has the same color,
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etc., every subset of H with (t − 1) elements has the same color. Let
γ(i) denote the color of the subsets of H with i elements. Hence,
γ (i) = gI (u), where I ⊂ H is arbitrary such that |I| = i. Now, the
value of g for the substitution uS\H is

g
(
uS\H

)
= g (u)−

∑
i∈H

g{ i } (u) +
∑
i,j∈H
i<j

g{ i,j } (u)− . . .

= g (u) +
t−1∑
i=1

(−1)i
(
pm

i

)
γ (i) .

We chose m such that all binomial coe�cients
(
pm

i

)
for 1 ≤ i ≤ t − 1

are divisible by pc (Lemma 4), thus g
(
uS\H

)
= g (u) holds. Hence if

|S| > D then we have found an H ⊆ S, such that g
(
uS\H

)
= g (u).

If |S \H| > D, then we can repeat the procedure for S = S \H until
|S \H| ≤ D holds. �

Let D be the constant de�ned in Lemma 8. Let T be the set of
u-tuples for which the number of nonzero ui coordinates is less than D:

T = { (u1, . . . , un) | ui ∈ J , 1 ≤ i ≤ n, |{ 1 ≤ i ≤ n : ui 6= 0 }| < D } .
Then

|T | ≤
D−1∑
j=0

(
n

j

)
·|J |j ≤

D∑
j=0

(n · |R|)j ≤ (D + 1)·(n |R|)D = O
(
‖f‖D

)
,

which is polynomial in ‖f‖. By Lemma 8, f = 0 is solvable over
R if and only if for some u ∈ T the equation fu = 0 is solvable by
a substitution from S. Each of these polynomials is computable in

O
(
‖f‖t

)
time, there are O

(
‖f‖D

)
polynomials to be computed, thus

the reduction is polynomial.

4.5. Transforming fu. Now, �x u = (u1, . . . , un) ∈ T , where the
number of nonzero uis is less than D and consider fu for substitutions
from S = ⊕l

i=1Si. That is, write xj =
∑l

i=1 xi,j (1 ≤ j ≤ n), where
every variable xi,j can attain values from Si. Let us call a substitution
xi,j = si,j (1 ≤ i ≤ l, 1 ≤ j ≤ n) valid if si,j ∈ Si for every 1 ≤
i ≤ l, 1 ≤ j ≤ n. We say that the variable xi,j has type ei. Collect
together the neighboring constants in every monomial. Then write
every constant as

∑l
i=1 si +

∑
0≤i,j≤l ri,j, where si ∈ Si (1 ≤ i ≤ l)

and ri,j ∈ J ∩ Ri,j (0 ≤ i, j ≤ l). We say that the element si ∈ Si
has type ei, and ri,j ∈ J has type ri,j (i.e. itself). Note that if an
element or variable has type ei, then it attains values only from the
Galois ring Ri. Finally, expand the resulting polynomial as sum of
monomials. This expansion would take exponential time in O (‖fu‖)
if we computed every monomial. However, by not computing those
monomials which attain 0 for every valid substitution, the expansion
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can be done in polynomial time. That is, we do not compute the
monomials containing at least t elements from J , or those containing
two neighboring variables or constants which multiply to 0 according
to (6). Precisely, we do not compute a monomial if it contains at least
t elements of type from J , or if it has two neighboring variables with
di�erent types, or if a variable of type ei is multiplied from the left
by a constant from Ri1,j1 for some j1 6= i, or if a variable of type ei is
multiplied from the right by a constant from Ri1,j1 for some i 6= i1, or if
the monomial contains two neighboring constants, whose product must
be 0 by (6). This expansion can be done in O

(
‖fu‖t

)
time. Finally, if

there are neighboring constants in a monomial, then we replace their
formal product by their product in R. Let us denote the resulting
polynomial by g, then ‖g‖ = O

(
‖fu‖t

)
. Here, g is a polynomial over

R having noncommuting variables xi,j (1 ≤ i ≤ l, 1 ≤ j ≤ n). LetXi =
{xi,1, . . . , xi,n } for 1 ≤ i ≤ l. Now, R |= fu|S ≈ g (X1|S1 , . . . , Xl|Sl). In
particular, fu = 0 can be solved by a substitution from S if and only
if g = 0 is solvable by a valid substitution xi,j ∈ Si.

4.6. Type of monomials. We say that the type of a monomial in g is
(v1, . . . , vk) if the monomial contains exactly k elements from J , which
are v1, . . . , vk, from left to right. Assume that v1 ∈ Ri1,j1 , . . . , vk ∈
Rik,jk . Note, that j1 = i2, and between v1 and v2 only elements of
type ej1 = ei2 can occur, otherwise the monomial attains 0 for every
substitution by (6). Consequently, j1 = i2 6= 0. Similarly, j2 = i3 6= 0,
and between v2 and v3 only elements of type ej2 = ei3 can occur, etc.
Moreover, if i1 = 0, then neither variables nor constants can occur
before v1, and if jk = 0, then neither variables nor constants can occur
after vk. If a monomial in g does not contain any element from J ,
then every element of the monomial is of the same type ei for some
1 ≤ i ≤ l. In such a case we say that the type of the monomial is ei.
Let Typ denote the set of all possible types of monomials occurring in
g. Considering that a monomial can contain at most t − 1 elements
from J ,

|Typ| ≤ l + |J |+ |J |2 + · · ·+ |J |t−1 ,
and does not depend on f . For a type (v1, . . . , vk) ∈ Typ, let g(v1,...,vk)
denote the sum of those monomials in g which are of type (v1, . . . , vk),
then g =

∑
(v1,...,vk)∈Typ g(v1,...,vk). Finally, we say that a polynomial

is of type (v1, . . . , vk), if it is written as a sum of monomials of type
(v1, . . . , vk). That is, g(v1,...,vk) is of type (v1, . . . , vk). Monomials of type
v for some v ∈ R0,0 do not contain variables. Let g0 =

∑
v∈R0,0

gv ∈
R0,0. From now on, we exclude v from Typ if v ∈ R0,0.

4.7. Tensor products. Let (v1, . . . , vk) ∈ Typ be a type, where v1 ∈
Ri1,j1 , . . . , vk ∈ Rik,jk . As noted earlier, j1 = i2 6= 0, . . . , jk−1 = ik 6= 0.
Assume �rst that i1 6= 0 6= jk. LetR(v1,...,vk) = Ri1⊗Ri2⊗· · ·⊗Rik⊗Rjk
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be the tensor ring corresponding to (v1, . . . , vk). Let ω : R(v1,...,vk) → R
be

(9) r1 ⊗ r2 ⊗ · · · ⊗ rk ⊗ rk+1 7→ r1v1r2v2 . . . rkvkrk+1

extended multilinearly. If i1 = 0, then we use the same de�nition,
except we omit the Ri1-part. If jk = 0, then we use the same de�nition,
except we omit the Rjk-part. Note, that even though ω depends on the
type, we abuse the notation and denote every map de�ned by (9) by ω.
We believe this does not create confusion but simpli�es the notations.
We de�ne the corresponding tensor expression to a polynomial of

type (v1, . . . , vk) inductively: for a monomial q = q1v1q2 . . . qkvkqk+1 of
type (v1, . . . , vk), let the corresponding tensor expression be the formal
tensor product q′ = q1 ⊗ · · · ⊗ qk ⊗ qk+1. For a polynomial of type
(v1, . . . , vk) de�ne the corresponding tensor expression as the sum of
the corresponding tensor expressions of its monomials. That is, if h =∑

j q1,jv1q2,j . . . qk,jvkqk+1,j, then its corresponding tensor expression is
h′ =

∑
j q1,j ⊗ · · · ⊗ qk,j ⊗ qk+1,j. Consider a valid substitution s. Let

h′ (s) =
∑

j q1,j (s)⊗ · · · ⊗ qk,j (s)⊗ qk+1,j (s), then h (s) = ω (h′ (s)).
Let g′(v1,...,vk) denote the corresponding tensor expression of g(v1,...,vk).

LetM denote the set of tuples A, indexed by Typ, for which A(v1,...,vk)

((v1, . . . , vk) ∈ Typ) is an element of the tensor product R(v1,...,vk) cor-
responding to (v1, . . . , vk) such that

g0 +
∑

(v1,...,vk)∈Typ

ω
(
A(v1,...,vk)

)
= 0.

Then g = 0 is solvabe by a valid substitution xi,j ∈ Si if and only if for
some A ∈M the system of equations

g′(v1,...,vk) = A(v1,...,vk) ((v1, . . . , vk) ∈ Typ)(10)

can be solved simultaneously over the appropriate tensor rings by a
valid substitution xi,j ∈ Si. That is, we reduced the original equation
to |M|-many systems, each consisting of |Typ|-many equations over the
corresponding tensor rings, where variables xi,j are substituted from Si
(1 ≤ i ≤ l, 1 ≤ j ≤ n). The reduction is polynomial, as M only
depends on R and does not depend on f , and hence can be computed
in advance.

4.8. Solutions of tensor expressions. Let us �x (v1, . . . , vk) ∈ Typ
and A ∈M. Let h be the tensor expression g′(v1,...,vk)−A(v1,...,vk). Recall
the de�nitions of d, R∗, S∗ and ψi from Section 4.2. By Lemma 10
there exists a one-to-one correspondence between the solutions of h = 0
over R(v1,...,vk) and the solutions of a system of dk-many equations over
R∗.

Lemma 10. There exist polynomials h1, . . . , hdk over R∗ such that
xi,j = s∗i,j ∈ S∗ is a solution to the system h1 = 0, . . . , hdk = 0 if and
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only if xi,j = si,j = ψi

((
s∗i,j
)(pd−1)/(pdi−1)) ∈ Si is a solution of h = 0

over R(v1,...,vk). Moreover, the polynomials h1, . . . , hdk can be obtained
from h in polynomial time in ‖h‖.

Proof. Assume v1 ∈ Ri1,j1 , . . . , vk ∈ Rik,jk , then j1 = i2 6= 0, . . . , jk−1 =
ik 6= 0. We only prove the lemma in the case i1 6= 0 6= jk, the
other three cases can be handled in exactly the same way. Now,
R(v1,...,vk) = Ri1 ⊗ · · · ⊗ Rik ⊗ Rjk . Recall that d = lcm { d1, . . . , dl }.
Let c′ = min { ci1 , . . . , cik , cjk }, R′ = R∗/(pc

′
), and let χ : R∗ → R′ be

the natural map. Similarly to the �star� notations in Section 4.2, we
de�ne some �primed� notations.
Let R′i = R∗i /(pc

′
) for every 1 ≤ i ≤ l, then R′i is the unique sub-

ring of R′ isomorphic to GR
(
pc
′
, di
)
. In fact, R′i is the range of the

map R′ → R′, r 7→ r(p
d−1)/(pdi−1). For every i ∈ { i1, . . . , ik, jk } let

χi : Ri → R′i be a surjective homomorphism such that χi ◦ψi equals to
the homomorphism χ restricted to R∗i (such homomorphism χi exists
since c′ ≤ ci ≤ c). Recall that m ≥ c +

⌊
logp (t− 1)

⌋
is the smallest

positive integer divisible by d. Then by Section 3.1 the map r 7→ rp
m

is a projection from R′ onto a set S ′ such that S ′ is a multiplicatively
closed representation system for R′/(p), such that sp

d
= s for every

s ∈ S ′. Let S ′i be the range of the map R′ → R′, r 7→ rp
m(pd−1)/(pdi−1),

then S ′i ⊆ R′i. Note, that χ is a bijection from S∗ to S ′ and from S∗i
to S ′i, and χi is a bijection from Si to S ′i. Diagram (11) summarizes
these properties, where the dashed arrows represent maps, which are
bijections between the corresponding S-sets and preserve their multi-
plicative structure.

(11)

GR (pc, d) ' R∗
r 7→ r

pd−1

pdi−1

> GR (pc, di) ' R∗i
ψi
>Ri ' GR (pci , di)

GR
(
pc
′
, d
)
' R′

χ∨

r 7→ r
pd−1

pdi−1

> GR
(
pc
′
, di

)
' R′i.

χ∨ χi<

We lift the tensor expression h from R(v1,...,vk) to the (k+1)-fold ten-
sor ringR′⊗· · ·⊗R′⊗R′ in two steps. Note �rst, that the characteristic
of the tensor product R(v1,...,vk) is p

c′ . That is, by replacing every con-
stant r1 ∈ Ri1 by χi1 (r1) ∈ R′i1 , . . . , rk ∈ Rik by χik (rk) ∈ R′ik and
rk+1 ∈ Rjk by χjk (rk+1) ∈ R′jk in h we obtain a tensor expression h′

over R′i1 ⊗ · · · ⊗ R
′
ik
⊗ R′jk such that a substitution xi,j = si,j ∈ Si

is a solution to h = 0 over R(v1,...,vk) if and only if the substitution
xi,j = χi (si,j) ∈ Si is a solution to h′ = 0 over R′i1 ⊗ · · · ⊗ R

′
ik
⊗R′jk .

Second, as R′i1 , . . . , R
′
ik
, R′jk are subrings of R′, we can consider h′
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over the (k + 1)-fold tensor ring R′ ⊗ · · · ⊗ R′ ⊗ R′. After replacing

every occurrence of xi,j by x
(pd−1)/(pdi−1)
i,j for all 1 ≤ i ≤ l, 1 ≤ j ≤ n,

we obtain a tensor expression h′′ over R′ ⊗ · · · ⊗ R′ ⊗ R′ such that
xi,j = s′i,j ∈ S ′ is a solution to h′′ = 0 overR′⊗· · ·⊗R′⊗R′ if and only if
xi,j = χ−1i

(
(s′i,j)

(pd−1)/(pdi−1)
)
∈ Si is a solution to h = 0 overR(v1,...,vk).

That way, we reduced our tensor equation over R(v1,...,vk) (substituting
xi,j ∈ Si) to another tensor equation over R′ ⊗ · · · ⊗ R′ ⊗R′ (substi-
tuting xi,j ∈ S ′). The reduction is polynomial, as h′′ can be computed
in polynomial time in ‖h‖.
Now, we consider h′′ = 0 over the (k + 1)-fold tensor ring R′ ⊗
· · · ⊗ R′ ⊗ R′ =

∑dk

1 R′ (see Section 2.3). Let E1, . . . , Edk denote
the primitive idempotents in R′ ⊗ · · · ⊗ R′ ⊗ R′. Let us denote a
substitution xi,j = s′i,j ∈ S ′ by s′. Now, h′′

(
s′
)
= 0 if and only if

E
(
h
(
s′
))

= 0 for every E ∈ {E1, . . . , Edk }. By Lemma 5, there
is a bijection between the primitive idempotents E ∈ {E1, . . . , Edk }
and k-tuples

(
ϕ
(E)
1 , . . . , ϕ

(E)
k

)
of R′ → R′ automorphisms. Assume

h′′ =
∑

j q1,j ⊗ · · · ⊗ qk,j ⊗ qk+1,j, then by Lemma 5

E

(∑
j

q1,j
(
s′
)
⊗ q2,j

(
s′
)
⊗ · · · ⊗ qk,j

(
s′
)
⊗ qk+1,j

(
s′
))

= E

(
1⊗ · · · ⊗ 1⊗

∑
j

ϕ
(E)
1

(
q1,j
(
s′
))
. . . ϕ

(E)
k

(
qk,j
(
s′
))
qk+1,j

(
s′
))

,

which is 0 if and only if
∑

j ϕ
(E)
1

(
q1,j
(
s′
))
. . . ϕ

(E)
k

(
qk,j
(
s′
))
qk+1,j

(
s′
)
=

0. That is, we reduced the tensor equation h = 0 over R(v1,...,vk) to the
system of equations

∑
j

ϕ
(E)
1 (q1,j) . . . ϕ

(E)
k (qk,j) qk+1,j = 0 (E ∈ {E1, . . . , Edk })(12)

such that xi,j = s′i,j ∈ S ′ is a solution to (12) if and only if xi,j =

χ−1i

(
(s′i,j)

(pd−1)/(pdi−1)
)
∈ Si is a solution to h = 0 over R(v1,...,vk).

Every R′ → R′ automorphism is just raising to a p-power. That is,

ϕ
(E)
1 (q1,j), . . . , ϕ

(E)
k (qk,j) can be computed by raising the monomials

to the corresponding p-power, and thus they are monomials, as well.
The reduction is polynomial, because the number of automorphisms
and the corresponing p-powers only depend on R and not on h.
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Finally, we lift the whole system (12) into R∗ by multiplying every
equation by pc−c

′
. That is, let

h1 = pc−c
′ ·
∑
j

ϕ
(E1)
1 (q1,j) . . . ϕ

(E1)
k (qk,j) qk+1,j,

...

hdk = pc−c
′ ·
∑
j

ϕ
(E

dk
)

1 (q1,j) . . . ϕ
(E

dk
)

k (qk,j) qk+1,j.

Then (by χ = χi ◦ ψ) xi,j = χ−1
(
s′i,j
)
= s∗i,j ∈ S∗ is a solution to

the system h1 = 0, . . . , hdk = 0 over R∗ if and only if xi,j = si,j =

ψi

((
s∗i,j
)(pd−1)/(pdi−1)) ∈ Si is a solution of h = 0 over R(v1,...,vk). More-

over, the polynomials h1, . . . , hdk can be obtained from h in polynomial
time in ‖h‖. �

4.9. Finishing the proof. Using Lemma 10, the system (10) for valid
substitutions can be reduced to a system of equations over R∗ for sub-
stitutions from S∗ such that there is a natural correspondence between
the solutions of (10) and the solutions of the obtained system over R∗.
The number of equations over R∗ is at most dt−1 times the number of
equations of (10), and thus only depends on the original ring R. The
reduction is polynomial in ‖f‖. Finally, solvability of a system of �xed
many equations over R∗ for substitutions from S∗ can be decided in
polynomial time over R∗ by Corollary 7. �

Remark 11. Note that our proof shows that an equation over R is
equivalent to some �xed many (|Typ| · dt−1-many) equations over R∗.
Using the same argument, one can prove that if a system has at most
`-many equations over R, then they can be reduced to ` · |Typ| · dt−1-
many equations over R∗. Thus, if ` is not part of the input, then
solvability of the system over R can still be decided in polynomial time
in the length of the longest polynomial of the system.

5. Concluding remarks and open problems

Reduction to substitutions over ⊕l
i=1Si in Section 4.4 needed the

rather technical Lemma 8, compared to the very natural way of �nd-
ing a basis as we did for commutative rings in part (a) of Section 3.3.
Note, however, that if R is a �nite unital ring for which R/J is com-
mutative, then one can apply the same idea as for commutative rings,
and Lemma 8 can be avoided. Indeed, then R =

∑l
i=1 eiR, and each

eiR is a left Ri-module, therefore a sum of cyclic left Ri-modules. In
particular, for every 1 ≤ i ≤ l one could �nd a (weak) basis Bi of eiR
over Ri such that every element r ∈ R can be written in the form
r =

∑l
i=1

∑
b∈Bi ri,bb, where ri,b is an element of the Galois ring Ri.

Then the elements of Ri can be written using elements from Si as in
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Section 3.1, and reducing to substitutions from ⊕l
i=1Si can be handled

similarly as in case (a) in Sections 3.2 and 3.3. This method (whenever
applicable, e.g. if R is unital) would be not only simpler but much
faster, as well, than applying Lemma 8.
Unfortunately, this technique only works if R is unital, therefore

Lemma 8 is essential to handle the general case. Lemma 8 proves the
existence of an integer D, depending only on the ring R, such that
to obtain the range of a polynomial f over R one has to consider
polynomials fu for u ∈ J × · · · × J , where the number of nonzero
entries in u is bounded by D. Note that the upper bound for the
integer D obtained in this paper is multiply exponential in the size
of the ring R. Recent work [3, 11] suggests that the upper bound on
D can be decreased signi�cantly. Applying intriguing computational
techniques over upper triangular matrix rings, Földvári [3] proved that

solvability of f = 0 can be decided in O
(
‖f‖|R|

2 log|R|(log|R|)5
)
time if

R = J . Károlyi and Szabó [11] managed to reduce the exponent of
‖f‖ to O (|R| log |R|) in the case R = J by applying some current
results in additive combinatorics. One might wonder if any of these
techniques might be applicable to reduce the exponent D in Lemma 8.

Problem 1. Determine if the integer D in Lemma 8 can be bounded
by a polynomial in the size of the ring R.

For practical applications (such as solving a system of equations over
commutative, �nite rings) Theorem 6 could be a starting point. In
Section 3 some of the estimates we gave were rather generous, and the
upper bound (2) on the time complexity probably can be sharpened.

Problem 2. Determine if the integer L in Theorem 6 can be bounded
by a polynomial in the size of the ring R.
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