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|. The asymmetric simple exclusion process (ASEP)

@ Introduced by biologists (MacDonald, Gibbs, Pipkin) in 1968, and
independently by a mathematician (Spitzer) in 1970.

@ Particles hop on a 1D lattice; at most one particle per site. Particles
may have different weights, which affect their hopping rate.
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o Lattice could be a line with open boundaries or a ring... %@

T

o Cited as a model for traffic flow and for translation in protein synthesis

@ Over 1000 papers on the exclusion process on the arXiv: Liggett,
Derrida, Evans, Hakim, Pasquier, Spohn, Sasamoto, Yau, Borodin,
Corwin, Ferrari, Seppalainen, Tracy-Widom, ...

Lauren K. Williams (Harvard) Macdonald, Schubert, Markov 2021 4/34
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State w  Probability ¢, (we set y; = 0 for all /)
1234 X3 xo
1324 X161432
1342 X1X261423
1423 X12X261243
1243 x2G1342
1432 G142361342

@ Here G, is the Schubert polynomial associated to permutation w.
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State w  Probability v, (we set y; = 0 for all i)
1234 X} X2
1324 x161432
1342 X1X261423
1423 x2x261243
1243 x?S1342
1432 G142361342

@ Here G, is the Schubert polynomial associated to permutation w.



(Double) Schubert polynomials

e For 1 < i < n, the divided difference operator 0; acts on polynomials
P(x1,...,xn) as follows:

P(...,X,'7X,'+]_7...) — P(...,X,'+17X,',...)
Xi — Xi+1

(0;iP)(x1, ..., Xn) =

o If s; ...s;, is a reduced expression for a permutation w € S, then
O, ... 0;, depends only on w; we denote this operator by 0.

o Let x=(x1,...,x5) and y = ()1, ..., ¥n) be two sets of variables;
Let A(x,y) = H (xi — yj)-
i+j<n

o To each w € S5, we associate the double Schubert polynomial
(Lascoux-Schutzenberger)

GW(Xa y) = aW_IWOA(X7 y)7

where the divided difference operator acts on the x-variables.
Lauren K. Williams (Harvard) 2021



(Double) Schubert polynomials, cont.

@ Ordinary Schubert polynomials &,,(x) obtained from &,,(x,y) when
all y; =0.

@ When w € S, is a Grassmannian permutation, &, (x) is a Schur
polynomial. In particular, both Macdonald polynomials and Schubert
polynomials generalize Schur polynomials.

@ Geometric significance: Schubert polynomials represent cohomology
classes of Schubert varieties in the cohomology ring of the complete
flag variety F¢,.

@ Double Schubert polynomials represent Schubert classes in
equivariant cohomology for the Borel group action on F/,,.

@ Many combinatorial formulas for Schubert polynomials, starting with
Billey-Jokusch-Stanley '93, Fomin-Kirillov '96, Kohnert, etc.

Lauren K. Williams (Harvard) 2021
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State w Probability v, (we set y; = 0 for all i)
12345 (6 3,1)
12354 K206 345 9((5‘1‘0)= xfx:x:
12435 I
12453 KD & 503
12534 K21 & 15453
12543 x(30:0 & 145036 1345 ﬂoﬂ' \PW hoaf ons-
13245 KL & 5403 rduct MIDMN“-"‘L
13254 X209 & 15423 G 13450 0,
13425 K32 & 15543 & Soms chitb
13452 x330 & 15034
3524~ Sw X1 (S164305 + Sasa31)
13542 X229 15234 G 13450
14235 x(42.9& 1554
14253 K20 & 15543
14325) SWA x(1:0:0) (& 1763046 + S265314 + So7a3156 + S356214 + S364215 + S365124)
14352 X110 & 15234 G 1453
14523 43D & 15534
14532 KLY & 15534 S 14503
15234 KO3 19354
1524 swn  xGLO(S 16505 + Saasan)
153, SuUM X ID(S 15430 + S164235)
15342 X221 & 15554 &12453
15423 X329 6 12534 G 13450
15432 S15234 S14523S 13452

Probabilities seem to have nice expressions in terms of Schubert
polynomials. Often they are products of Schubert polynomials!

Lauren K. Williams (Harvard) . 2021
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e We say a permutation w = (wy, ..., w,) avoids the pattern 2413 if
there are not four positions 1 </ < j < k < | < n such that
w;, Wj, Wi, wy are in relative order 2413.

e Example: w = (3,4,6,1,2,5) contains the pattern 2413 while
w = (1,2,6,4,3,5) avoids the pattern 2413.
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evil =24(3
vile = 4132
vet = 4213
Resv = 3214
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State w Probability v\, (we set y; = 0 for all /)
12345 x(6:3:1)
12354 x(5:2:0& 3,0,
12435 X410 400
12453 x4 & 14503
12534 x®2D & 5453
12543 x(3:0:0& 453513450
13245 xS 5403
13254 x(2:0:0& 5493613450
13425 x(3:21) & 15543
13452 X33 D& 553,
13528 O ———— xX1O(S 164395 + Sosa31)
13542 x(22:0) & 15534 S 13450
14235 (4206 3005
14253 X(4’2’1)612543
14325 x(1:0:0)(& 1753046 +G 265314 + S2723156 + S356214 + S364215 + S365124)
14352 X110 & 15534 G 14530
14523 )((4’3’1 S12534
14532 xS 15934 G 14503
15234 x(5’3’1)612354
1524 —————————— xBLO (S 14635 + S24531)
x211) (& 15430 4G 16a035)
15342 x221) & 1534 S 12453
15423 x(3:2:0) & 1534 & 1345

15432 &~ wves ww 3 duruiy

S15234 6514523 S13452
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Theorem (Cantini)

For each state w € S,, we define the quantity v, (z) = ¥w(z1, ..., 2,) via:

n i—1 n
Yag-m@= 1] Ci—yY " [1(11G@E=x) 1] (@-%).
1<i<j<n =L =i j=it+1

Vsw(z) = me(we, wer1; n)Yu(z)  if we > weyg,
where (3, a; n) is the isobaric divided difference operator defined by

o8, m)G(z) = (ZTY8)(En —xa) G(2) — 06(z),

Xa — Y3 Zp — Zp41

Then the leading coefficient LC,(¢w(z)) w/ respect to z equals the
steady state prob .
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State w Probability 1y, (we set y; = 0 for all i)
12345 x(©:3,1

12354 5206 346,
12435 x4 1.0 & 530
12453 X411 & 14503

12534 X521 & 9453
12543 300614593 & 13450
13245 x3 11 & 15403
13254 x(2:0:0) & 15493 & 13450
13425 X321 & 15543
13452 x(3:3: 1) & 593
13524 x(21:0) (& 164305 + So5431)
13542 (220 & 1593, S 13450
14235 x(#2.0& 350,
14253 (421 & 1543
14325 x(1:0:0) (& 1753046 + S265314 + S2743156 + S356214 + S364215 + S365124)
14352 X110 & 503, & 14530
14523 x431) & 15534
14532 XD & 503, S 14503
15234 x(5:3:1) & 15354
15243 x(31:0)(& 14635 + So4531)
15324 X2 (S 1543 + S164235)
15342 x2S 1593, S 10453
15423 (3206553, G 13450
15432 S15234 6514523 513452
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