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INTEGER PARTITIONS

An integer partition A=A1 > X >---> Xy >0 of nis a list of
positive integers whose sum is n: 3221 8.

Let A= XAy Ay =11272...n" Then
A= Aol !

and
|
N =nlrnlrl

EXAMPLE
If A\ = 3221 = 1122314050607080 |- 8 then

Al=3RIITT=6x2x2x1=24

Al = 11211101010!0!0! = 2.
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SET PARTITIONS

A set partition 7 of [n] = {1,2,...,n} is a partitioning of [n] into
disjoint sets Bj, By, ..., By called blocks so

e Bi £
° B1UBQU”‘UB@Z[I’I].

W:Bl/Bz/“'/Bgl—[n]

EXAMPLE

{1,3,4},{2,5},{6},{7,8}

is a set partition of [8], or

7 =134/25/6/78 - [8].



PARTITIONS AND PERMUTATIONS
If m = Bl/Bz/---/Bg [ [n], then

M7) = |Bi]|Ba| -+ - | By
with sizes weakly decreasing. If § € &, then

d(m) = 0(B1)/0(B2)/ - -~ /0(By).

EXAMPLE
If m =134/25/6/78 I [8], then

A(134/25/6/78) = 3221
and 6 = 14325876 € Gg

5(134/25/6/78) = 6(1)6(3)0(4)/0(2)8(5)/3(6)/5(7)4(8)
= 132/45/8/76 = 123/45/67/8.
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SLASH PRODUCT

S+n={s+n:seS}
then for w = [n] and 0 = B1/By/ -+ /By = [m] the slash product is

nlo=n/(Bi+n)/(Bo+n)/--- /(B¢ + n)F[n+ m].

EXAMPLE
If 7 = 134/25 F [5] and o = 1/23 - [3] then

7| o =134/25/6/78 |- [8].



NCSym (ROSAS-SAGAN 2004)

NCSym is the algebra of symmetric functions in noncommuting
variables x1, x0, X3, . ..

NCSym = NCSym® & NCSym' & --- € Q < x1,%2,x3,...>>
where NCSym® = span{1} and for n > 0
NCSym" = span{m, : 7+ [n]}

= span{p, : 7+ [n]}

= span{e, : wF [n]}
= span{h, : 7+ [n]}.

Note: The e, defined by Wolf in 1936.



MONOMIAL FUNCTION IN NCSym

The monomial symmetric function in NCSym for « = [n] is

mﬂ‘ — E Xilxig T Xin

(15250 wsin)
summed over all tuples (i1, i, ..., ip) with
i = ik
if and only if j and k are in the same block of .

EXAMPLE

My3/p = X1XX1 + XpX1X2 + X1X3X1 + XoX3X2 + - - -



POWER suM FUNCTION IN NCSym

The power sum symmetric function in NCSym for 7 = [n] is

Pr = g Xiy Xip * +* Xi

(i1, sin)
summed over all tuples (i1, i, ..., ip) with
i = Ik
if j and k are in the same block of .

EXAMPLE

P13/2 = X1X2X1 + XoX1X2 +"-+X13 +X§’ qpeoe



ELEMENTARY FUNCTION IN NCSym

The elementary symmetric function in NCSym for 7 = [n] is

eﬂ' — E Xilxig e Xin

(i1,i2,0-5in)

summed over all tuples (i1, i, ..., ip) with
Ij # ik

if j and k are in the same block of .

EXAMPLE

€13/2 = X1X1X2 + X1X0X2 + XoXpX1 + XpX1 X1 + - -+ + X XoX3 + - - -



COMPLETE HOMOGENEOUS FUNCTION IN NCSym

The complete homogeneous symmetric function in NCSym for
m bk [n]is
he=> Ao Am)im,

where o A 7 is the maximal set partition where every block is a
subblock of o and 7.

EXAMPLE
h13/2 = 2mi23 + myp/3 + my o3 + 2my3 5 + My o3

123A13/2 = 13/2A13/2 =13/2 A(13/2)! =2
12/3A13/2 = 1/23A13/2 = 1/2/3A13/2 = 1/2/3  AM(1/2/3)! = 1



PERMUTATIONS AND PRODUCTS

Fact: If 7 I [n], 6 € &, and 6 o mz = My, then for b= p, e, h

d 0 by = bs(r).-
Fact: If w, 0 are set partitions, then for b= p, e, h
brby = bys-
EXAMPLE

1320 my3/3=my3/2  P13/2P1 = P13/21 = P13/2/4



WHAT’S IN A NAME?

Let the variables commute:

p : NCSym — Sym

THEOREM (ROSAS-SAGAN 2004)

Let  be a set partition.
p(mz) = M) 'myxy  p(Pr) = Pa()

pler) = A(m)lex) p(hr) = () Ay

Note: The images are classical monomial, power sum, elementary
and complete homogeneous symmetric functions.

Question: Where are the Schur functions?



PARTITIONS AND DIAGRAMS

An integer partition A=XA1 > Xp > --- > Xy >0 of nis a list of
positive integers whose sum is n: 3221 + 8.

The diagram A= X1 > Ao > --- > Ay > 0 is the array of boxes
with \; boxes in row i from the top.

3221



DOTTED YOUNG TABLEAUX

A dotted Young tableau (DYT) T of shape X is a filling with

1,2,3,... so rows weakly increase and columns increase, and
1,2,...,n dots appear exactly once.

.]._. 2 ‘

4]

Given a DYT T we have

xT = x; in position j iff / has j dots above it.

X2 X4 X1



ROSAS-SAGAN SCHUR FUNCTIONS

The Rosas-Sagan Schur function in NCSym is

EXAMPLE

S2R15 = 2x1x1x2 + 2x1X0X1 + 2XoX1 X1 + - - -

S =

2.

T DYT of shape A\

_I'_

7]

i‘ 53

L

i|i




ROSAS-SAGAN SCHUR FUNCTIONS

THEOREM (ROSAS-SAGAN 2004)

Let A+ n.
o The 5)’\?5 are linearly independent.
o We have p(SF) = nls).

Note: However they are not a basis for NCSym because we only
have one for each integer partition, not set partition.
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ROSAS-SAGAN SCHUR FUNCTIONS

THEOREM (ROSAS-SAGAN 2004)

Let A+ n.
o The 5)’\?5 are linearly independent.
o We have p(SF) = nls).

Note: However they are not a basis for NCSym because we only
have one for each integer partition, not set partition.

Rosas-Sagan 2004:

Is there a way to define functions ... for set partitions 7 - [n]
having properties analogous to the ordinary Schur functions s)?

Yes there is!



THE THREE MUSKETEERS
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“ALL FOR ONE ...” — DumMAs, T3M

The noncommutative Leibniz formula for
A = (ajj)1<ij<n With noncommuting entries aj;
is

det(A) - Z Sgll(€)31€(1)328(2) "+ dng(n)

Eeen

@ product of the entries is taken top row to
the bottom row

@ sgn(e) is the sign of permutation ¢.

NOT LEIBNIZ

(It's me)



“ ... AND ONE FOR ALL,” — DumMASs, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function
S det ( ! h >
A\ — ae ~ 2 g Av=Hs
4 (A — i+ 1<ij<t

where h[O] =hy =1 and he =0.

EXAMPLE

sipy1 = det oz %hm h h h h

1 1 1 1
= 5o - 6h123 = 5z — 6h123'



“ ... AND ONE FOR ALL,” — DumMASs, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function

1
—det ([ ————hy
"W © <()\i—"+j)! A +J])1<i,j<€

where hgy = hy =1 and h.ye = 0.

EXAMPLE

1 1
s h1o  a7hio3 1 1 1 1
_ 2l 31 _ -
S[21] det <&h@ %hl
1 1 1

1
= 5o - 6/7123 = 5z — 6h123'
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DEFINITION
Let A = A1 A2 --- As. Then the source Schur function

1
—det ([ ————hy
"W © <()\i—"+j)! A +J])1<i,j<€

where hgy = hy =1 and h.ye = 0.
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1 1
sih12 i3 1,1 1 1
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“ ... AND ONE FOR ALL,” — DumMASs, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function
S det < ! h )
A\ — ae ~ 2 g Av=Hs
4 (A — i+ 1<ij<t

where hgy = hy =1 and h.ye = 0.

EXAMPLE

5[21] = det %{hlz %1/7123 h12 h1 h123 hq)
mh(z) ﬂhl 3! 0!
1 1 1
= 5o — ghis = h12/3 g Mmas-



«

AND ONE FOR ALL,” — DumAs, T3M

We now create a set partition 7 I [n] from an integer partition
A n where

A7) = A
using tableaux T, of shape A such that
@ every element 1,2,..., n appears exactly once

@ rows increase left to right
o first column of rows of same length increase top to bottom.

rows <— blocks

EXAMPLE

T = «—— mw=134/25/78/6

’@\II\JI—‘
(o0)



“ ... AND ONE FOR ALL,” — DumMASs, T3M

We now create a permutation 0, € &, using T.

read by row <— one line notation

EXAMPLE

314] 5 5, =13425786

(6]

|O‘1\l|\)l—‘
oo



“ ... AND ONE FOR ALL,” — DumMASs, T3M

We now create a permutation 0, € &, using T.

read by row <— one line notation

EXAMPLE

m=134/25/78/6 +— T, =

4

(6]

|O\\ll\)l—‘

—

0r = 13425786



“ ... AND ONE FOR ALL,” — DumMASs, T3M

We now create a permutation 0, € &, using T.

read by row <— one line notation

EXAMPLE

7 =134/25/78/6 «— T =

|O\\ll\)l—l

<~ 0p = 13425786



«

. AND ONE FOR ALL,” — DumMmAs, T3M

DEFINITION
Let A = A1 A2+ Ap. Then the Schur function in NCSym is

1
Sr = Or O S[\(x)] = Or o det (Mh[A;iHI)

1<ij<e

EXAMPLE
If 7 = 13/2 then T, =| 1|3 and 5, = 132.

1 1

1 1
513/2 =1320 5[21] =1320 <§h12/3 — 6h123> — §h13/2 — 6/7123



“... UNITED WE STAND DIVIDED WE FALL.”
Dumas, T3M

THEOREM (ALINIAEIFARD-LI-VW 2021)

NCSym" = span{s,; : 7 I [n]} p(s5r) = Sx(r)

5/’\?5 = Z 50 S[)\]
€S,



“... UNITED WE STAND DIVIDED WE FALL.”
Dumas, T3M

THEOREM (ALINIAEIFARD-LI-VW 2021)
NCSym" = span{s,; : 7 I [n]} p(s5r) = Sx(r)
5/’\?5 = Z do S[)\]

€S,

Note: & o s; # Ss(rr) in general.



“... UNITED WE STAND DIVIDED WE FALL.”
Dumas, T3M

THEOREM (ALINIAEIFARD-LI-VW 2021)

NCSym" = span{s,; : 7 I [n]} p(s5r) = Sx(r)

5/’\?5 = Z 50 S[)\]
€S,

Note: & o s; # Ss(rr) in general.

THEOREM (ALINIAEIFARD-LI-vW 2021)

For n > 5 we have n! different bases:

NCSym” = span{d os; : 7+ [n]} p(0 0 55) = Sx(r)



“THE MORE WE HAVE VENTURED THE MORE WE
GAIN” — DumaAs, T3M



“THE MORE WE HAVE VENTURED THE MORE WE
GAIN” — DumaAs, T3M

For A= n, u = m the skew diagram A/ is the array of n — m boxes
contained in \ but not in p.

[
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ROSAS-SAGAN SKEW SCHUR FUNCTIONS

The Rosas-Sagan skew Schur function in NCSym is

S)\/}L Z XT.

T DYT of shape \/pu
THEOREM (ALINIAEIFARD-LI-VW 2021)
Let A\ nand pu = m.

p(S /u) (n—m)!sA/M

A cRS
Sf\/u Z CluvSv

v(n—m)



ROSAS-SAGAN SKEW SCHUR FUNCTIONS

The Rosas-Sagan skew Schur function in NCSym is

S)\/}L Z XT.

T DYT of shape \/pu

THEOREM (ALINIAEIFARD-LI-VW 2021)
Let A\ nand pu = m.

p(S /u) (n—m)!sA/M

A cRS
Sf\/u Z CluvSv

v(n—m)

and the Cﬁ\u are the classical Littlewood-Richardson coefficients.



NONCOMMUTATIVE SYMMETRIC FUNCTIONS

Take the noncommutative symmetric functions (Gelfand-Krob-
Lascoux-Leclerc-Thibon) with map 7 (Bergeron-Reutenauer-
Rosas-Zabrocki).

1
J: Z Xy Xj,  + Xj, > mh[n] € NCSym

12 S

THEOREM (ALINIAEIFARD-LI-vW 2021)

For the immaculate function &) of Berg-Bergeron-Saliola-Serrano-
Zabrocki

J(6)) = spy-

For the noncommutative ribbon Schur function r,, of Gelfand et al.
J(ra) = rq

the ribbon source Schur function.



“NEVER FEAR QUARRELS, BUT SEEK HAZARDOUS
ADVENTURES”
— ALEXANDRE DuMmAs, THE THREE MUSKETEERS

Here ends our Algebraic Combinatorics Virtual Expedition ...

Thank you very much!

Thank you to the organizers for a wonderful conference!



