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Expansion of a graph G- CV,E)
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Cheeger 's inequality
: For d-regular G ,

2- (d-Az) ± hCG FEI
where 4>-115 . . . 2dm are eig. Val . of adj . matrix AG .

Mihail -Vazirani Conj : The edge graph of every 0-1
polytope has expansion 21 .

Thm IALOV
'

19) 9 holds for matroid polytopes



Matroid : M=( In]
,
I)

"

independent sets
"

I = nonempty collection of subsets of In] with
1)TEI
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SET ⇒ SEI (simplicial complex)

2) S
,
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.
IT / > 1St ⇒ Fie-11s with Su {i} c-I

"

bases
"
B = maximal ett

.
of I

"

rank
"

= 1131 for any BEB

Polytope : come { 11ps :B c- B} Polynomial : fz=¥g¥B×i
Ex ( linear) v1 , - -Nn E Fd "

If
"

31=41)I = { linearly indep . subsets} →v3

D= { bases for span} Ivy
rank = dim

# span {vi. in} fry = ezlx,,,✗4) = I xixj
ki<jE4

Non - ex :{{ 1,2} , { 3,4}} -1-13 for any matroid



Log concave polynomialsdE.IT/E.IiDef:fc-1RzoFxn...,Xn] is . . .

log -concave if F- 0 or loglf) : IRI→ IR is concave

strongly log - concave if off is log - concave the /Nn
+homogeneous = Lorentzian (Brandeis - Huh

'

19)
d

Ex : f=Ñ(✗+ ri ) r
, ,
. . . ,rdElRzo log/f)

"==¥¥ri)2 ± 0
i-- I

✗ c-Rt

☒ roots of ¥ in 112<-0 ⇒ log- concave

More ex's : real stable poly . with coeff in Rao ,
mixed volume poly . Vold ( x, Kit . . .+ xnkn) (Brunn -Minkowski )
(normalized) Schur poly . (Huh - Mészaros '191



Matroids- Log -concavity Inspiration :
Adiprasito,Huh , Katz
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Thm (ALOV
'
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,
Branden -Huh

'
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,
Backman-Eur -Simpson

'
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For any matroid
I Tlxi is strongly log- concave .
BEB i c-B

Note : flog- concave at a c- IRI
+

⇒ Flog(f) l×=a= /
*at

0
-

⇒ quad . form Ff /
*a
EO on Ñfl×=aT

⇒Hf /
*a
has 11 positive eigenvalue tuff

Ex : f- =
,

.

✗i Ñf=µ§§;) = 11T.I
Non -ex : f- 4×2+113×4

Tff =/ 9688)88%



Local to Global
- +

Observation : Ri

9 , ,92 quadratic forms ,
> 0 on IRF

,
so on H +

-

⇒ hq,+µqz has exactly one
Pos . eig . valve V-d.pe>0

Polynomial f-→ graph GIF) with adj . matrix Ff /*,

Thm : f- c- 1Rzo[×, , . . -in] homog .
of deg d.

f is strongly log- concave ⇒
1) Glatt) is connected for all Hkd-2 , and

2) OF has at most one pos . eig . Val . for all Hkd-2



Markov chains
FHR

>ok, . .,xn] log - concave
P -- (TfL

,
)D

'

, wDµhdif9p=y
⇒ P stochastic Adp) so ⇒ HEIT EP) s E

1/2 46 1/6 46Ex.fi??y.yixiP=-H?&II/EItEP=f!g.YygYg.i!!
Getting bigger. . .
D= simplicial complex

, pure dim - I

Alk) = faces of dim K-I

weight Cs on face Sescd)
Two Markov chains on Jfk) : Idea : relate

eigenvalues of
Ilk) S Ski 303J} Ty and 19
OCK- t) PTL

"
Ski} 1273%3%5 - - -

walks



High Dimensional Expanders developed by

①ubotzky , Dinar, Mass, )
Thm ( Kauffman , Oppenheim

'

18) Kauffman
, Oppenheim

..

1) every link of D with dim 21 has a connected 1-skeleton

2)trans . matrix of 71 walk on every 1- dim't link has his É

then trans
. matrix of walk on ☐(d) has his 1- d- .

-1hm (ALOV
'

19 ) (S , c) satisfies (1) & (2)
⇐ f- =I csxs is strongly log - concave

SEA(d)

Cor CALOV '

19 ) For any matroid of rank r this gives
a random walk on IH--13 mixing in Ocr

'

log (n)) steps .
See also Cryan, Guo, Mousa

'

19 and ALOV+Vuong
'

20

Olrlloglr) + log log (n)) Olrloglr))



Conclusions

Strong log - concavity
-

encompasses important examples
(volumes

,
stable poly, matroids , etc . )

- implies discrete log - concavity of coefficients
- give distributions

that can be

efficiently approximately sampled


