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Order polytopes



Ehrhart polynomial

P ⊂ Rd : a lattice polytope of dimension d
(i.e., the convex hull of finitely many points in Zd)

mP = {mx : x ∈ P} : the mth dilated polytope of P
LP(m) := |mP ∩ Zd| : the Ehrhart polynomial of P

Theorem (Ehrhart)

LP(m) is a polynomial in m of degree d. Moreover, the leading
coefficient of LP(m) is equal to the volume of P;



Order polytopes

(P,<P ) : a poset on [d] := {1, . . . , d}.

Definition (Stanley)

The order polytope of P is

OP := {x ∈ [0, 1]d : xi ≤ xj if i <P j}.

Proposition (Stanley)

OP is a lattice polytope of dimension d.



Vertices of OP

(P,<P ) : a poset on [d].

◦ F ⊂ [d] is a filter of P if for any x ∈ F and y ∈ P , it follows that
x <P y ⇒ y ∈ F .

F(P ) : the set of filters of P .

◦ For X ⊂ [d], set eX :=
!

i∈X ei, where e1, . . . , ed are the standard
basis of Rd. In particular, e∅ = 0.

Theorem (Stanley)

The set of vertices of OP is {eF : F ∈ F(P )}.



Example

P =

1

2

F(P ) = {∅, {2}, {1, 2}}

OP



P -partition

(P,<P ) : a naturally labeled poset on [d], i.e., i <P j ⇒ i < j.

Definition
A map f : P → Z≥0 is a P -partition if for any i <P j,

f(i) ≤ f(j).

P =

0 1

1

2 1

Remark
OP = conv{(f(1), . . . , f(d)) : f : P -partitions with f(i) ≤ 1}.



The Ehrhart polynomials of OP

(P,<P ) : a naturally labeled poset on [d].

Theorem (Stanley)

LOP
(m) = |{f : P -partitions with f(i) ≤ m}|.



Enriched order polytopes



Enriched P -partition

(P,<P ) : a naturally labeled poset on [d].

Definition (Stembridge)

A map f : P → Z \ {0} is an enriched P -parition if for any i <P j,

◦ |f(i)| ≤ |f(j)|;
◦ |f(i)| = |f(j)| ⇒ f(j) > 0.

P =

1 −1

1

2 −2



Left enriched P -partition

(P,<P ) : a naturally labeled poset on [d].

Definition (Petersen)

A map f : P → Z is a left enriched P -parition if for any i <P j,

◦ |f(i)| ≤ |f(j)|;
◦ |f(i)| = |f(j)| ⇒ f(j) ≥ 0.

P =

0 −1

1

2 −2



How do we define enriched order polytopes?

Let E be the set of points x ∈ [−1, 1]d such that for any i <P j, the
following is satisfied:

◦ |xi| ≤ |xj |;
◦ |xi| = |xj | ⇒ xj ≥ 0.

Then E is NOT a convex polytope.

P =

1

2



Signed filters

(P,<P ) : a poset on [d].

F (e)(P ) :=

"
#$

#%
(F, ε) ∈ F(P )× {0,±1}d : εi =

"
#$

#%

±1 (i ∈ min(F ))

1 (i ∈ F \min(F ))

0 (i /∈ F )

&
#'

#(

Remark
If P is naturally labeled, then

F(P )
1:1←→ {f : P -partition with f(i) ≤ 1}

F (e)(P )
1:1←→ {f : left enriched P -partition with |f(i)| ≤ 1}



Enriched order polytopes

(P,<P ) : a poset on [d].

◦ For X ⊂ [d] and ε ∈ {0,±1}d, set eεX :=
!

i∈X εiei.

Definition (Ohsugi-T)

The enriched order polytope of P is

O(e)
P := conv{eεF : (F, ε) ∈ F (e)(P )}.



Example

P =

1

2

F (e)(P ) =

{

(∅, (0, 0)), ({2}, (0, 1)), ({2}, (0,−1))
({1, 2}, (1, 1)), ({1, 2}, (−1, 1))

}

O
(e)
P



Left enriched P -partitions and lattice points in mO(e)
P

We recall that

mOP ∩ Zd = {(f(1), . . . , f(d)) : f : P -partitions with f(i) ≤ m}.
However, in general,

mO(e)
P ∩Zd ∕= {(f(1), . . . , f(d)) : f : l.e. P -partitions with |f(i)| ≤ m}.

P =

1

2

F(P ) = f;; f2g; f1; 2gg

O(e)
P

2O(e)
P



Ehrhart polynomial of O(e)
P

(P,<P ) : a naturally labeled poset on [d].

Theorem (Ohsugi–T, Okada–T)

LO(e)
P

(m) = |{f : left enriched P -partitions with |f(i)| ≤ m}|.



Canonical triangulations of enriched order polytopes



Canonical triangulation of order polytopes

(P,<P ) : a poset on [d] := {1, . . . , d}.
We regard F(P ) as a poset by inclusion.

Theorem (Stanley)

For a chain C = {F1 ⊋ F2 ⊋ · · · ⊋ Fk} of F(P ), we put

SC = conv{eF1 , . . . , eFk
}.

Then the collection SP = {SC : C is a chain of F(P )} is a unimodular
triangulation of OP .

Here a lattice triangulation is unimodular if all maximal faces have the
Euclidean volume 1/d!.



Poset structure on F(e)(P )

Definition
For (F, ε), (G, δ) ∈ F (e)(P ), we write (F, ε) > (G, δ) if the following
three conditions hold:

1. F ⊋ G;

2. εi ≥ δi for any i ∈ G;

3. If i ∈ G and i is minimal in F , then εi = δi.

(0, 0, 0)

(0, 0, 1) (0, 0,−1)

(0,−1, 1) (−1, 0, 1) (0, 1, 1)(1, 0, 1)

(1, 1, 1) (1,−1, 1) (−1,−1, 1) (−1, 1, 1)

1

3

2



Canonical triangulation of O(e)
P

Theorem (Okada–T)

For a chain C = {(F1, ε1) > (F2, ε2) · · · > (Fk, εk)} of F (e)(P ), we put

S
(e)
C = conv{eε1F1

, . . . , eεkFk
}.

Then the collection S(e)
P = {S(e)

C : C is a chain of F (e)(P )} is a

unimodular triangulation of O(e)
P .



h-polynomials of canonical triangulations



Order complexes

Q : a graded poset.

Definition
The order complex ∆(Q) of Q is the simlicial complex whose faces are
chains of Q.

Remark

◦ F (e)(P ) is a graded poset.

◦ S(e)
P coincides with ∆(F (e)(P )) as simplicial complexes.

◦ ∆(F (e)(P )) is flag and balanced.



h-polynomials of simplicial complexes

∆ : a simplicial complex of dimension d− 1
fi : the number of i-dimensional faces of ∆
f−1 := 1
Define a sequence (h0, . . . , hd) as follows:

d)

i=0

fi−1(t− 1)d−i =

d)

i=0

hit
d−i.

h(∆, t) :=
!d

i=0 hit
i : the h-polynomial of ∆



Palindromic polynomials and γ-positivity

f(t) =
!d

i=0 ait
i ∈ Z>0[t] : a palindromic polynomial

i.e., ai = ad−i for any 1 ≤ i ≤ ⌊d/2⌋
Then there exists a unique expression

f(t) =

⌊d/2⌋)

i=0

γit
i(1 + t)d−2i

γ(t) :=
!⌊d/2⌋

i=0 γit
i ∈ Z[t] is called the γ-polynomial of f(t).

(RR) f(t) is real-rooted if all roots of f(t) are real.
(GP) f(t) is γ-positive if γi ≥ 0 for all i.
(UN) f(t) is unimodal if a0 ≤ · · · ≤ ak ≥ · · · ≥ ad with some k.

In general, (RR) ⇒ (GP) ⇒ (UN). If f(t) is γ-positive, then

f(t) is real-rooted ⇐⇒ γ(t) is real-rooted

Lemma
The h-polynomial of ∆(F (e)(P )) is palindromic.



Left peak polynomials

(P,<P ) : a naturally labeled poset on [d].
A permutation π = π1 · · ·πd is called a linear extension of P if
i <P j ⇒ πi < πj .

L(P ): the set of linear extensions of P .
For π ∈ L(P ) with π0 = 0, set

peak(ℓ)(π) := |{1 ≤ i ≤ d− 1 : πi−1 < πi > πi+1}|.

W
(ℓ)
P (t) :=

!
π∈L(P ) t

peak(ℓ)(π) : the left peak polynomial of P .

Theorem (Ohsugi-T, Okada-T, Petersen, Stembridge)

The γ-polynomials of ∆(F (e)(P )) equals W
(ℓ)
P (4t).



Alternative proof for the γ-positivity

P : a poset on [d].
G(e)(P ) := F (e)(P ) \ {(∅,0)}.

Remark

◦ G(e)(P ) is a graded poset.

◦ ∆(G(e)(P )) is a triangulation of ∂O(e)
P .

◦ h(∆(G(e)(P )), t) = h(∆(F (e)(P )), t).

Theorem (Karu)

Let Q be a graded poset. If Q is Gorenstein∗, namely, ∆(Q) is a
homological sphere, then h(∆(Q), t) is γ-positive.


