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Abstract

By looking at the average behavior (n-level density) of the low lying zeros of certain
families of L-functions, we find evidence, as predicted by function field analogs, in
favor of a spectral interpretation of the non-trivial zeros in terms of the classical
compact groups. This is further supported by numerical experiments for which an

efficient algorithm to compute L-functions was developed and implemented.
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Chapter 1

Introduction

In this thesis, I obtain evidence for a spectral interpretation of the zeros of L-functions.
The Langland’s program [12] [24] [19] predicts that all L-functions can be written as
products of ((s) and L-functions attached to automorphic cuspidal representations
of GLys over Q. Such an L-function is given intially (for Rs sufficiently large) as an
Euler product of the form

M

L(s.m) =[] 1(s.m) = [T 110 = (o 30 ) (1.0.1)

p j=1
Basic properties of such L-functions are described in [33]. The L-functions that
arise in the m = 1 case are the Riemann zeta function ((s), and Dirichlet L-functions
L(s, x), x a primitive character. For m = 2, the L-functions in question are associated
to cusp forms or Maass forms of congruence subgroups of SLy(Z).

The Riemann Hypothesis (RH) for L(s,n) asserts that the non-trivial zeros of
L(s,7m), {1/2 4 iv,}, all have 7, € R. (our L-functions are always normalized
so that the critical line is through s = 1/2).

A vague suggestion of Polya and Hilbert suggests an approach that one might take
in establishing RH. They hypothesized (for {(s)) that one might be able to associate
the non-trivial zeros of  to the eigenvalues of some operator acting on some Hilbert
space, thus (depending on the properties of the operator) forcing the zeros to lie on
a line.

The first evidence in favor of this approach was obtained by Montgomery [23]

who derived (under certain restrictions) the pair correlation ((1.2.1) with n = 2) of
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the zeros of ((s). Together with an observation of Freeman Dyson, who pointed out
that the Gaussian Unitary Ensemble (GUE), consisting of N x N random Hermitian
matrices (see [22] for a more precise definition), has the same pair correlation (as
N — 00), seems to suggest that the relevant operator, at least for ((s), might be
Hermitian. Extensive computations of Odlyzko [25] [26] further seem to bolster the
Hermitian nature of the zeros of {(s), as might the work of Rudnick and Sarnak [33]
where, under certain restrictions, the n-level correlations of ((s) and L(s, 7) are found
to be the same as those of the GUE.

However, recent developments suggest that, rather than being Hermitian, the
relevant operators for L-functions belong to the classical compact groups. (This is
consistent with the above work of Montgomery, Odlyzko, and Rudnick-Sarnak since
all the classical compact groups have the same n-level correlations as of the GUE
(as N — o0). See Section 1.2). First, analogs with function field zeta functions,
where there is a spectral interpretation of the zeros in terms of Frobenius on coho-
mology, point towards the classical compact groups [16]. Second, even though all the
mentioned families of matrices have the same n-level correlations, there is another
statistic, called n-level density, which is sensitive to the particular family. By looking
at this statistic for zeros of L-functions, one finds the fingerprints of the classical
compact groups. For n = 1 this was done, for quadratic twists of ((s), and with
certain restrictions, by Ozluk and Snyder [29]. A stronger result (which takes into
account certain non-diagonal contributions and allows one to choose test funtions
whose fourier transform is supported in (—2/M,2/M)) which applies for ((s) as well
as all L(s,m) was obtained by Katz and Sarnak [16]. The general case, n > 1, is
worked out (again, with some restrictions) in this thesis.

Further evidence in favor of a spectral interpretation of the zeros comes from
numerical experimentation. For this, an algorithm was developed and implemented
to compute zeros of various L-functions. The data obtained supports the predictions
of the function field and in particular the role played by the classical compact groups.

The next few sections describe the above in greater detail.



1.1. Matrices, Eigenvalues, Functional Equations

1.1 Matrices, Eigenvalues, Functional Equations

Let A be a diagonalizable N x N matrix, p(z) = det(z] — A) its characteristic polyno-

mial, and {)\i}i]\il its sequence of eigenvalues. The following table summarizes some

properties of several types of matrices:

A det A {A\i} functional equation for p(z)
Hermitian: A = A* det A€ R Ai€R p(2) = p(2), i.e. real coeff.
U(N): AA* =1 |det A| =1 Al =1 p(z) = (—2)N (det Ap(1/7)
USp(N): AA* =1, N even det A=1 | |\ =1, eigenvalues p(z) = 2Vp(1/2),

A JA=J, J = (_ form conjugate pairs | p(z) = ﬁ i.e. real coeff.

O(N): AA*=1T det A ==+1 | |N| =1, eigenvalues | p(z) = (—2)" (det A)p(1/z),
a;; €R form conjugate pairs | real coeff. (since a;; € R)

Note that the functional equation for U(N) mimics the functional equation of a

typical L-function. Let

N

= Z aizi
=0
N

= Z Eizi
=0

(1.1.1)

Then, changing variables, z = (1 — s)/s, (which maps the unit circle, |z| = 1, to the

critical line, s = 1/2, with the point z = 1 going to the point s = 1/2), we get, for

UN),

s"p((1—5)/s) = (1 — 5)"pa(s/(1 - 5))

(with || = 1). This is of the same form as the functional equation for L-functions

L(s,

) ¢ L(1 — 5, 7)

where 7 is the contragredient of 7 and has oz (p, j) = @x(p, J)-
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Furthermore, matrices in USp(/N) or O(XN) have characteristic polynomials with
real coefficients and functional equations that mimic the functional equations and

symmetries of zeros (which come in conjugate pairs) of self contragredient L-functions

(i.e. ax(p,j) € R)

L(s,m) +— L(1 —s,m)
1/2 + i is a zero <— 1/2 — iry is a zero. (1.1.2)

On the other hand, it is hard to see any relevance of the GUE in this picture.

1.2 n-level correlations

The n-level correlation of a set of N numbers B = {)\j};.vzl measures the correlations
between the differences of the numbers. For a box @ € R*!, we define the n-level

correlation of the set B to equal

N#{(/\jl—/\j2,... s = Ni) €Q 1 <1, g SN jiy # iy if i1 # 02}
(1.2.1)

One can also define, more generally, the n-level correlation for an arbitrary test func-

tion. Let f: R® — R be a function satisfying
flz+t(1,...,1) = f(z) for ¢t € R.

Then the n-level correlation of the set B with respect to the test function f is defined
by
GAGES-D DI (VRPN

1<1 e s <N
distinct

Notice that (1.2.1) is equal to R%") (xg(x1 — z2,... ,Tn_1 — x,)) Where xq is the char-
acteristic function of Q).
Katz and Sarnak [17] prove that the n-level correlations of all of the classical

compact groups (as N — oo) are, for typical elements of the group, the same as that
of the GUE.



1.2. n-level correlations 5

More precisely, assume that f : R* — R, is bounded, Borel measurable, symmetric
in its variables, satisfies f(x+t(1,...,1)) = f(x) for t € R, and is supported in some
neighborhood of the diagonal 21 = --- = z,, (i.e. there is an « > 0 such that f(z) =0
whenever max;  |z; — zx| > ).

Let G(N) denote any of the following groups of matrices: U(N), SU(N), O(N),
SO(N), USp(N).

For a matrix A in one of the classical compact groups, write its eigenvalues as

/\j = ewj, with
0<6 <---<fy<2m, (1.2.2)

and let By = {61 N/(27),... ,0xN/(2m)}. The normalization by N/(27) is such that
the mean spacing between neighboring elements of By is equal to 1.
Then [17]

| Bnaan [ [ wPws @i (1.2.3)
G(N) 0 0
with dA the Haar measure on G(N) (normalized so that |, o) 94 = 1) and where
W (2) = det ( S2T03 = 2k) (1.2.4)
e o) ) ige

(W[(]") (z) is also the correlation function of the GUE).

Returning to zeros of L-functions, we let
Ne(T) = #A{vx : lal <T}
denote the number of non-trivial zeros of L(S, 7) with |y,| < T. Then, as T — oo [33]
N(T) ~ %TlogT. (1.2.5)
Label the zeros as follows

...3?77(:2) < 3?77(:1) <0< 8?779) < ER%(TZ) <....
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and let

0 M
50) = 7@%1% 1 (1.2.6)

(we have normalized so that the average vertical spacing between neighboring zeros
is equal to 1).

Rudnick and Sarnak [33] prove (under certain assumptions) that

.1 » »
lim — > f(FY,. 500

N—oo N

.]iI#.]iQ
_ 3 I NW(n)( )f(z)d (1.2.7)
_NL)II;ON _N... v U X xr)ax. 4.

The assumptions used are:
- fle+1t(1,...,1)) = f(z) for t € R.

- f smooth and symmetric in z1,...,2z,; |f(z)| — 0 rapidly as || — oo in the

hyperplane Y77, z; = 0.

A

- fury oy un) = [a f(2)€?™ da is supported in Y77, |u;| < 2/M.
- RH for L(s, ).

If one removes the latter assumption (RH), one can prove a smoothed version of (1.2.7).
Presumably, (1.2.7) also holds for f = xg(z1 — z2,... , 2,1 — 2,) (see Section 1.4.2
for numerical evidence in favor of this statement).

Thus, while (1.2.7) points towards a spectral interpretation of the zeros, it does not
tell us whether the underlying operator is Hermitian or in one of the classical compact
groups. Analogs with function field zeta functions [16] [17] point towards the classical
compact groups being the basic symmetry, and the question arises whether there is

another statistic that can be used to obtain further information.

1.3 n-level density

Again, let A be an N x N matrix in one of the classical compact groups, and denote

its eigenvalues as in (1.2.2).
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Assume that f : R* — R, is bounded, Borel measurable, and is compactly sup-

ported. Then, letting

H(n)(Aa f) = Z f(ele/(Qﬂ-)a agjnN/(Qﬂ-)),
1<j1 yoeejn <N
distinct
Katz and Sarnak [17, Lemma AD.4.2] obtain the following family dependent result:
lim H™(A, fdA= | WP (2)f(z)dz (1.3.1)

N—oo
G(N) Rgo

for the following families:

G wi
U(N),Ux(N) det (Ko(2, 7¢)) 15
USp(N) det (K_1(zj, zk)) 15j<n
SO(2N), O~ (2N +1) det (Kl(xj’xk))iéié’i
SO(2N +1), O (2N) | det (K_1(zj,zx)) 1gi<n + S 0(x,) det (K_1(z, zy)) it

with

Here

Ug(N) ={A € UN) : det"(A) = 1}
SON)={A€O(N):det A=1}
O"(N)={A€O(N):detA=—1}.

The delta functions in the SO(2N + 1), O7(2N) case are accounted for by the eigen-
value A; = 1 (notice, for O(NV), that A = 1 is an eigenvalue if N is even and det A = —1
(ie. A € O (2N)), or if N is odd and detA = 1 (i.e. if A € SO(2N + 1)).
Removing this zero from (1.3.1) would yield the same Wén) as for USp. For ease
of notation, we refer to the third W((;”) above (i.e. det (Ki(xj,z))) as the scaling
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density of O and the fourth W((;") as the scaling density of O~ (this notation, be-
cause the former comes from orthogonal matrices with even functional equations,
p(z) = 2¥p(1/z), while the latter comes from orthogonal matrices with odd func-
tional equations p(z) = —2"Vp(1/2)).

One could also form a similar statistic for the eigenvalues of the GUE (where we
would normalize the eigenvalues according to the Wigner semi-circle law), and obtain
the same answer (as N — o) as for U(N).

The function Wé") (x) is called the n-level scaling density of the group G(N),
and its non-universality can be used to detect which group lies behind which family
L-function.

Notice that the normalization by N/(27) is such that the mean spacing is 1 and
that only the low lying eigenvalues (those with # < ¢/N for some constant ¢) con-
tribute to H™ (A, f). So, (1.3.1) measures how the low lying eigenvalues of matrices
in G(N) fall near the point 1 (as N — 00).

1.4 Thesis results

1.4.1 n-level density for families of L-functions

In Chapter 2 of this thesis, I consider the analog of (1.3.1) for the zeros of families
of L-functions. One looks at the average behaviour of the low lying non-trivial zeros
(i.e. those close to the real axis) of a family of L-functions hoping to find evidence
(as predicted by functional field analogs [16]) in favor of a spectral interpretation in
terms of the classical compact groups.

Indeed, if we take quadratic twists of ((s), {L(s, xa)}, as our family of L-functions,
where yq(n) = (g) is Kronecker’s symbol and we restrict ourselves to primitive xg,
we find evidence of a USp(co) symmetry. This is Theorem 2.1.

More generally, we take a self contragredient automorphic cuspidal representations
of GLys over Q, m = 7, i.e. one whose L-function has real coefficients, a,(p,j) € R,
and look at the family of quadratic twists, {L(s,7 ® xq4)}. The low lying zeros of

this family behave as if they are coming from either USp(co) or from O (co) (here
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the + is to indicate that we need to consider seperately the L(s, T ® x4)’s with even
(resp. odd) functional equations). We describe this result in Theorem 2.2. It confirms
the connection to the classical compact groups, and gives an answer that cannot be
confused with the corresponding statistic for the GUE.

One could also look at families of higher order twists, such as twists by cubic
characters. In those cases we expect, from the form of the functional equation and
from analogs with function field zeta functions, to see evidence of Uy (00). We outline,

in Section 2.7 the modifications required to the proof of Theorem 2.2 for such families.

1.4.2 Numerical experiments

Two kinds of experiments were performed. The first was designed to compare the
n-level correlations of the zeros of a fixed L-function against that predicted by (1.2.7)
(with f equal to a characteristic function). The second experiment aimed at verify-
ing that the n-level densities of families of L-functions reflect those of the classical
compact groups (as just described). We call these two experiments the T-experiment
and the d-experiment since, in the former, we look at zeros of a fixed L-function with

|7| < T, and, in the latter, we look at zeros of families of L-functions {L(s, 7 ® x4)}-

The T-experiment

Because Odlyzko [25] [26] and Rumely [34] have performed the T-experiment for ((s)
and Dirichlet L-functions respectively, my computations for the T-experiment were
restricted to GLy/Q L-functions.

We collected the first several thousand zeros of four different L-functions: three
elliptic curve L-functions, and the L-function associated to Ramanujan’s 7 function.
To compute these L-functions we used the algorithm described in Chapter 3.

A description of elliptic curve L-functions is given on page 72. The three elliptic
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curves examined were

Eyn: v*+y=2—2*—10z — 20
E37:y2+y=$3—x
E362y2:$3+1

These have conductors @ = 11, 37, 36 respectively (computed using the PARI number
theory package), hence the notation. The ranks are r = 0,1, 0 respectively (the first
two are computed in Fermigier [11], and the last in Birch and Swinnerton-Dyer [3]).
Furthermore, E3q is a curve with complex multiplication.

The Ramanujan L-function, L.(s), has a Dirichlet series given by

—7(n) _,
LT(S): — n11/27’L y Rs > 1
where - N
Y rm)gt=q]J(1—q")*
n=1 n=1

The Dirichlet coefficients were obtained, in the case of L,(s), by taking the 8th
power of a truncated form of the Jacobi identity

o0

Hl_q :Z 2]+1q(j+1)/2

n= j=
and, in the case of elliptic curve L-functions, using PARI. Note that the above identity
allows us to compute the first B 7(n)’s with O(B%?) basic arithmetic operations.
Zeros were found by looking for sign changes of the L-function on the critical line
(after rotating it suitably so as to be real on the critical line).
We used the formulae
2T T 11
N.(T) ~ —1 — —
A7) U Og(?ﬂe) * 2
2T 27N 1
og (1) +

2re 2

to verify that all zeros had been found, though not in any rigorous fashion. In

principle, using Turing’s method [9], this could be turned into a proof that none of
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the zeros to height slightly less than 7" were off the critical line. (note that, because
Ej5; has rank 1, when comparing against the zeros with v > 0 one should evaluate
+(Ng,,(T) — 1) to account for the simple zero at s = 1/2).

Normalizing the zeros

1/2
5= Llog (Q 7), v>0 (1.4.1)
™

(for L,(s) take @ = 1) we compared

- 3 5 — A =10,1/12 47/12,48/12
N X[e,B) (’Y]l 7]2)7 [O,/,,B) = [ ’ / )’ - [ / ’ / )
P
(1.4.2)

with 1 — (sin(7z)/(7z))? (for the first N zeros with > 0). The results are displayed
in Figure 1.1.

Remark : For numerical comparisons, (1.4.1) provides a more accurate normaliza-
tion than (1.2.6).

From a graphical point of view, it is hard to display information concerning the
higher order correlations (n > 3). Instead one can look at a statistic that involves
knowing all the n-level correlations (for characteristic functions) [17], namely the
nearest neighbor spacings distribution. In Figure 1.2 we display

(B—a)

Y e %)y [08) = [0,1/12),...[35/12,36/12)

1<j<N-1

(1.4.3)

against the nearest neighbor spacings distribution of (any of) the classical compact
groups (which coincides with that of the GUE). Numerical values for this curve were

obtained from Andrew Odlyzko (see [25] for a description of how this was computed).
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The d-experiment

Zeros were collected for quadratic twists of ((s) and L,(s). Let
L(SaXd) = ZXd(n)n_sa s > 1
n=1

L;(s,xq) = Z 7Xd§ﬁ)1;—2(n) n’, Rs>1

n=1

and

A(s, xa) = (q/w)s/ZF((s +a)/2)L(s, X4), where a = (1 — xq(—1))/2
A7 (s,xa) = (¢/(2m))°T' (s + 11/2) L (s, Xa),

where xq4(n) = (£) is Kronecker’s symbol. Then A and A, extend to entire functions

and satisfy the functional equations

A(s, xa) = A1 = s, xa)
A7 (s, xa) = Xa(—1)A-(1 = s, Xa)-
(see [6], [4]). Note that L.(s,xq) has a zero at s = 1/2 if x4(—1) = —1.
We collected the first few zeros of various L(s, x4)’s and L.(s,xq)’s by looking
for sign changes of the L-function (rotated so as to be real) on the critical line. No

attempt was made to verify RH for the L-functions in the d-experiment.

For L(s, x4) we collected the low lying zeros for the following sets of d’s:

D ={2 < |d| < 90002 : |d| prime},
{10° < |d| < 10° + 385414 : |d| prime} ,
{10" < |d| < 10" + 200000 : |d| prime} (1.4.4)
and for L, (s, xq):
D, ={10000 < |d| < 166082 : x4(—1) =1, |d| prime},
(350000 < |d| < 650000 : ya(—1) = 1, |d| prime}
D_ ={10000 < |d| < 166100 : x4(—1) = —1, |d| prime},
{350000 < |d| < 650000 : y4(—1) = —1, |d| prime} , (1.4.5)
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(i.e., for L, (s, x4), we consider even twists seperately from odd twists, since the latter
always have a zero at s = 1/2).

To compute L(s, xq) and L, (s, xq) we used the algorithm described in Chapter 3.
The 7(n)’s were evaluated as in the T-experiment, and x4(n) was computed using
quadratic reciprocity.

Because the number of operations required to compute L(s, xq) grows with |d|1/ 2
but with |d| for L, (s, xa), the data obtained is much more extensive for L(s, xq)-

According to Theorem 2.2, we expect, for L(s, xq), the low lying zeros to behave
like the low lying eigenvalues of matrices in USp(/V), N large. For L,(s,xq) we
expect to see evidence of either O or O~ according to whether x4(—1) = 1 or —1
respectively.

Normalizing the zeros

o= log(ld| /), for L(s, xa)
™

%log(|d| /m),  for L.(s, xa)

,‘3’/

g
we compared, for L(s, x4),

% Z Z X[a) () » [, B) = [0,1/12),...[23/12,24/12)

deD g

to the 1-level density of USp(co), namely 1 — sin(27x)/(27x). We also looked at the

distribution of the lowest lying zero, ’?él),

B—a)t -
% S xem (), [0.8) =[0,1/12),...135/12,36/12)
deD
and of the 2nd lowest lying zero, 5’((12),

B—a)! 3

% > xiew (3) [on8) =[0,1/12),...[47/12,48/12).
deD

We compared these to the density functions of the corresponding distributions for

USp(o0). These are given [17] by

B (USP) (1) = — LB (1) (1.4.6)
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and
vo(USp)(t) = ——(E_o(t) + E_1(1)) (1.4.7)

respectively, where

7=0
Bt = daen@) [[ (1= Aoni(20).
k=1 7=0,7#k

Here, the \;(t)’s are the eigenvalues of the integral equation

t/2
[ sintate ~ )/l — ) )y = M) @

—t/2

and
12> Xo(s) > Ai(s) > Aa(s) > ...

They were computed using the same program, obtained from Andrew Odlyzko, as
in [25].

The above suggests that the means of the 1st (resp. 2nd) lowest lying zeros are

1 ~ oo
Dl - / 1, (USp) (t)dt = .T8. ..
deD 0

1 o
32’7&2) —>/ tvo(USp)(t)dt = 1.76...
D] deD 0
In Figures 1.3, 1.6, 1.7 we display the results of these comparisons for the sets of
d’s in (1.4.4). Because the means converge slowly to the predicted means, we also
display, in the right column of these figures, the same statistics, but with the zeros
74 renormalized
-1
1 (1) .
78 =Y 5
deD

for Figures 1.3 and 1.6, and

1
I «.0) -
1.76 (W 3 75?) T

deD
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for Figure 1.7.
For LT(s, Xd)a xa(—1) =1, we compare, in Figure 1.4,

|D+| - D D e () [, B) = [0,1/12),...[23/12,24/12)

deDy g

to the 1-level density of OF, namely 1 + sin(27z)/(27z). For xq4(—1) = —1, we

compare, in Figure 1.5,

Z >~ Xays) (7a) [o, B) = [0,1/12),...[23/12,24/12)

deD_ 4>0

to the 1-level density of O~ (with the eigenvalue A = 1 removed), namely 1 —
sin(27z)/(2rx). Note that no § function appears since we have removed the zero
at s =1/2.

We also look at

(ﬂ\_Tj)_l Z X[e,B) (iél)), [, B) = [0,1/12),...[35/12,36/12)
and

\D | Z Xlash) ( ) o, B) = [0,1/12),...[35/12,36/12)

comparing these to the density functions of the corresponding statistic for O" and

O~. These are given by
d o
1/1( = d_ H 1 — )\2] 2t
=0

v (07)(t) =wn (USP) (?)

whose means are .78... and .32... respectively.

Finally, for U(oc), the analogous density, v1(U)(¢) is given by
d o
n(U)(t) = - [Ta-xm)
=0

and has mean .59.... This was used in Figure 1.10.
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The algorithm

In Chapter 3 an efficient algorithm for computing any imaginable L-function is given.
We only focus in this introduction on a special case that covers all the L-functions
mentioned above.

Let

o b(n)
L =324
n=1 n
be absolutely convergent in a half plane, R(s) > o;. Assume that L(s) extends to an

entire function and satisifes a functional equation of the form
A(s) = Q°T(ys+ A L(s) = wA(1 —3)

with @ € R, v € {1/2,1}, RA > 0, and w € C, w # 0. One also needs to assume
a rate of growth on L(s), but we ignore this detail here. Then, the formula used to

compute L(s) was a truncated version of

QT(ys + N L(s)* = (6/Q™" 3 b(m)n™1G (v + A, (n/Q)")7)

+2(@O) Y B 1G (11 - )+ X, (n/(6Q)"7)  (1:48)

where § is a complex valued parameter with |§| = 1, and R6Y/7 > 0. As J's grows, 6'/7
is chosen to lie within O(1/|SJs]) of the imaginary axis (for the d-experiment, a value
of § = 1 was used since, in that experiment, we only wanted to collect the low lying
zeros). This paramater helps to balance the exponentially small size of |T'(ys + A)|
(as |Ss| = oo). Without it, one would face great difficulty in computing the zeros of
L(s) to large T. The idea of using such a parameter goes back to Hardy, who used it
to derive his approximate functional equation.

In the above,
G(z,w) = w T (z,w) = / e ", R(w) >0
1

where I'(z, w) is the incomplete gamma function. In order to compute G(z,w), three
different expressions were used. The details can be found in Section 3.3.2. After per-

forming some precomputations we are led to a formula which superficially resembles
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the Riemann-Siegel formula in that there is a main sum and correction terms

5 < 5+
L(s) = ; bfg) + wr(’;“((lq;j-);)_ /\)Ql’% Z % + corrections

n=1

(where £ is roughly equal to @ |ys + A|”). The most time consuming part of the algo-
rithm is in computing the main sum. But even here improvements are possible and we
can evaluate many instances of the main sum for essentially the same computational

cost of a single evaluation (see page 89).

Tests of correctness

The first test that an algorithm for computing an L-function must pass, is that, once
suitably rotated, it be real on the critical line. If, in (1.4.8), § is complex, only a
miraculous combination of bugs would yield real values.

Besides this simple test, the following were also checked. Whenever there was
overlap with other people’s computations, I verified whether my program produced
the same zeros. Fermigier [11] computed the first few zeros (T" = 15) to four places
after the decimal point for many elliptic curve L-functions, including the L-functions
associated to Fy; and F3;. My results agree with his. For L, (s), Yoshida [41] com-
puted the zeros to height 7' = 100, and my data agrees to all his 12 decimal places, as
well as that of Spira [35] (first 3 zeros to all places listed). Keiper [18] computed the
first 5018 zeros of L,(s), and 2028 zeros near the 20001st zero, but his data (obtained
in a file from Andrew Odlyzko) agrees with Yoshida’s, Spira’s, and mine to only
the 5th (or more) decimal place. My data also agrees with the Dirichlet L-function
computations of Rumely [34] and of Davies and Haselgrove [7].

In the T-experiment, the zeros were checked against the predictions of the asymp-
totic formula for N (7). Finally, in both the 7" and d experiments, the data collected
agrees with our theoretical predictions, as depicted in Figures 1.1 - 1.10 (however, a
lack of agreement could either indicate a problem with our computations or with our

theory! So the latter test, alone, would not be very convincing).
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References to other computations

Riemann himself computed the first few zeros of ((s), and detailed numerical studies
were initiated almost as soon as computers were invented. See Edwards [9] for a
historical survey of these computations. To date, the most impressive computations
for ((s) have been those of Odlyzko [26] and Van de Lune, te Riele, Winter [39]. The
latter were interested in verifying the Riemann Hypothesis and their computations
showed that the first 1.5-10° nontrivial zeros of ((s) fall on the critical line. Odlyzko’s
computations were more concerned with examining the distribution of the spacings
between neighboring zeros, though the Riemann Hypothesis was also checked for
the intervals examined. In [26], Odlyzko computed 79 million consecutive zeros of
¢(s) lying near the 10%°th zero (and more recently, about half a billion zeros in a
slightly higher region). The Riemann-Siegel formula has been at the heart of these
computations.

Dirichlet L-functions were not computed on machines until 1961 when Davies and
Haselgrove [7] looked at several such L-functions with moduli < 163. More recently,
Rumely [34] using summation by parts, computed the first several thousand zeros for
many Dirichlet L-functions with small moduli [34]. He both verified RH and looked
at statistics of neighboring zeros.

Yoshida [42] [41] has also used summation by parts (though in a different manner)
to compute the first few zeros of certain higher degree (M = 2,3,4) L-functions.

Lagarias and Odlyzko [21] have computed the low lying zeros of several Artin
L-functions. More recently, Fermigier [11] computed the zeros to height T' = 15, of
several hundred L-functions attached to elliptic curves. Both use expansions involving
the incomplete gamma function. Lagarias and Odlyzko also note that one could
compute higher up in the critical strip by introducing the parameter 0 (as explained
above) but did not implement it since it led to difficulties (which are overcome in this
thesis) concerning computing G(z,w) with both z and w complex.

Other computations of L-functions included those of Berry and Keating [2] ({(s)),
Paris [30] ({(s)), Tollis [38] (Dedekind zeta functions), Spira [35] (L. (s)), and Keiper [18]

(L-(s))-
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104 104

0.5+ 0.5+

Pair correlation for the Pair correlation for the
Ramanujan L-function, L-function associated to E_11,
N=138693 N=6081
00 T T T 1 00 T T T 1
0 1 2 3 4 1 2 3 4

104 104

0.5+ 0.5+

Pair correlation for the Pair correlation for the
L-function associated to E_36, L-function associated to E_37,
N=12279 N=5374
0.0 T T T 1 0.0 T T T 1
1 2 3 4 1 2 3 4

Figure 1.1: Pair correlations for the four L-functions, compared to 1—(sin(wz)/(rx))?2.
The most extensive data is for L. (s) (138693 zeros). These fits are comparable to the
pictures we get from ((s) using the same number of zeros.
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Nearest neighbor spacings Nearest neighbor spacings
distribution for the distribution for the L-function
104 Ramanujan L-function, 104 associated to E_11,
N=138693 N=6081
05 05
00 T T Y T T 1
0 1 2 3 0 1 2 3
Nearest neighbor spacings Nearest neighbor spacings
distribution for the L-function distribution for the L-function
104 associated to E_36, 104 associated to E_37,
N=12279 N=5374
05 05
0.0 ; ; ! 0.0 ; ; !
0 1 2 3 0 1 2 3

Figure 1.2: Nearest neighbor spacings distribution for the four L-functions. Again,
the quality of the fits are comparable to that of ((s) for the same number of zeros.
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15+ 15+
104 10+
05+ 05
1-level density for L(s,chi_d), 1-level density for L(s,chi_d),
2 <|d| < 90002, 8713 d's, 2 <|d| < 90002, 8713 d's,
mean of 1st zero above 0 equals 0.8566 mean of 1st zero above 0 equals 0.8566,
renormalized to have mean 0.78
0.0 ; T I ! 00 : T T l
0.0 05 10 15 20 00 05 10 15 20
15+ 15—
10+ 104
05 05+
1-level density for L(s,chi_d), 1-level density for L(s,chi_d),
10E9 < |d| < 10E9+385414, 18550 d's, 10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0 equals 0.8373 mean of 1st zero above 0 equals 0.8373,
renormalized to have mean 0.78
0.0 T T T 1 00 T T T 1
0.0 05 10 15 20 00 05 10 15 20
15+ 15+
104 10+
05+ 05
1-level density for L(s,chi_d), 1-level density for L(s,chi_d),
10E12 < |d| < 10E12+200000, 7243 d's, 10E12 < |d| < 10E12+200000, 7243 d's,
mean of 1st zero above 0 equals 0.8268 mean of 1st zero above 0 equals 0.8268,
renormalized to have mean 0.78
0.0 ; T I ! 00 : T T l
0.0 05 10 15 20 0.0 05 10 15 20

Figure 1.3: 1-level density for L(s, x4), compared to 1 — sin(27z)/(27x).
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1-level density for L_tau(s,chi_d even),
10000 < |d| < 166082, 3380 d's,
mean of 1st zero above 0 equals 0.2898

1-level density for L_tau(s,chi_d even),
10000 < |d| < 166082, 3380 d's,

mesan of 1st zero above 0 equals 0.2898,
renormalized to have mean 0.3214

1-level density for L_tau(s,chi_d even),
350000 < |d| < 650000, 11464 d's,
mean of 1st zero above 0 equals 0.2926

20

0.5 10 15 20

1-level density for L_tau(s,chi_d even),
350000 < |d| < 650000, 11464 d's,
mean of 1st zero above 0 equals 0.2926,
renormalized to have mean 0.3214

0.0 0.5 1.0 15

20

0.0

05 10 15 20

22

Figure 1.4: 1-level density for L, (s, xa), even twists, compared to 1+sin(27z)/(27z).
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15+

1.0+

054

1-level density for L_tau(s,chi_d odd),
10000 < |d| < 166100, 3379 d's,
mean of 1st zero above 0.00000 equals 0.7021

154

1.0+

05+

1-level density for L_tau(s,chi_d odd),
10000 < |d] < 166100, 3379 d's,

mean of 1st zero above 0.00000 equals 0.7021,
renormalized to have mean 0.7827

0.0

0.0

00 05 10 15 20 00 05 10 15 20
15+ 15+
10+ 10+
05 05
1-level density for L_tau(s,chi_d odd), 1-level density for L_tau(s,chi_d odd),
350000 < |d| < 650000, 11390 d's, 350000 < |d| < 650000, 11390 d's,
mean of 1st zero above 0 equals 0.7186 mean of 1st zero above 0 equals 0.7186,
renormalized to have mean 0.7827
00 T T T 1 00 T T T ]
0.0 05 10 15 2.0 0.0 05 10 15 20

Figure 1.5: 1-level density for L, (s, x4), odd twists, compared to 1 —sin(27z)/(27z).

We have ignored the zero at v = 0 so as not to get a § function at the origin.
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15+

15
1t zero above O for L(s,chi_d), 1st zero above O for L(s,chi_d),
2 <|d| <90002, 8713 d's, 2 <|d| < 90002, 8713d's,
mean of 1st zero above 0 equals 0.8566 mean of 1st zero above 0 equals 0.8566,
renormalized to have mean 0.78
1.0 104
05+ 05
0.0 T T 00 T T 1
0 1 2 3 0 1 2 3
154 15—
1t zero above O for L(s,chi_d), 1st zero above O for L(s,chi_d),
10E9 < |d| < 10E9+385414, 18550 d's, 10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0 equals 0.8373 mean of 1st zero above 0 equals 0.8373,
renormalized to have mean 0.78
1.0 104
05+ 05
0.0 T T 00 T T 1
0 1 2 3 0 1 2 3
15+ 15
1st zero above O for L(s,chi_d), 1st zero above O for L(s,chi_d),
10E12 < |d| < 10E12+200000, 7243 d's, 10E12 < |d| < 10E12+200000, 7243 d's,
mean of 1st zero above 0 equals 0.8268 mean of 1st zero above O equals 0.8268,
renormalized to have mean 0.7827
10 10
05 05
0.0 T T 0.0 T T 1

o
w

Figure 1.6: Distribution of the 1st zero above 0 for L(s,xq), as compared

v1(USp) ().
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154

154

2nd zero above O for L(s,chi_d), 2nd zero above O for L(s,chi_d),
2<|d| < 90002, 8713 d'’s, 2 <|d| < 90002, 8713 d's,
mean of 2nd zero above 0 equals 1.8357 mean of 2nd zero above 0 equals 1.8357,
renormalized to have mean 1.76
10+ 1.0
05 05+
00 T T T 1 00 T T T 1
0 4 0 4
154 154
2nd zero above O for L(s,chi_d), 2nd zero above O for L(s,chi_d),
10E9 < |d| < 10E9+385414, 18550 d's, 10E9 < |d| < 10E9+385414, 18550 d's,
mean of 2nd zero above 0 equals 1.8458 mean of 2nd zero above 0 equals 1.8458,
renormalized to have mean 1.76
10+ 1.0
05 05+
00 T T T 1 00 T T T 1
0 4 0 4
154 15+
2nd zero above O for L(s,chi_d), 2nd zero above O for L(s,chi_d),
10E12 < |d| < 10E12+200000, 7243 d's, 10E12 < |d| < 10E12+200000, 7243 d's,
mean of 2nd zero above 0 equals 1.8432 mean of 2nd zero above 0 equals 1.8432,
renormalized to have mean 1.76
10+ 1.0
05 05+
0.0 T T : ) 00 )
0 4 0 4

Figure 1.7:
v2(USp)(t).

Distribution of the 2nd zero above 0 for L(s, xq), as compared
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1st zero above O for L_tau(s,chi_d even),
10000 < |d| < 166082, 3380 d's,
mean of 1st zero above 0 equals 0.2898

1st zero above O for L_tau(s,chi_d even),
10000 < |d| < 166082, 3380 d's,

mean of 1st zero above 0 equals 0.2898,
renormalized to have mean 0.32

1st zero above O for L_tau(s,chi_d even),
350000 < |d| < 650000, 11464 d's,
mean of 1st zero above 0 equals 0.2926

20

15 20

1st zero above O for L_tau(s,chi_d even),
350000 < |d| < 650000, 11464 d's,

mean of 1st zero above 0 equals 0.2926,
renormalized to have mean 0.3214

0.0

Figure 1.8: Distribution of the 1st zero above 0 for even quadratic twists of L. (s), as

0.5 10 15

compared to v;(O1)(t)
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154

1st zero above O for L_tau(s,chi_d odd),
10000 < [d| < 166100, 3379 d's,
mean of 1st zero above 0 equals 0.7021
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1st zero above O for L_tau(s,chi_d odd),
350000 < |d| < 650000, 11390 d's,
mean of 1st zero above 0 equals 0.7186
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0.0

1st zero above O for L_tau(s,chi_d odd),
10000 < |d] < 166100, 3379 d's,

mean of 1st zero above 0 equals 0.7021,
renormalized to have mean 0.7827
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0.0

1st zero above O for L_tau(s,chi_d odd),
350000 < |d] < 650000, 11390 d's,
mean of 1st zero above 0 equals 0.7186,
renormalized to have mean 0.7827

27

Figure 1.9: Distribution of the 1st zero above 0 for odd quadratic twists of L. (s), as

compared to vo(O7)(t).
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1st zero above O for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0 equals 0.8373,
renormalized to have mean 0.78
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1st zero above 0.1 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0.1 equals 0.7396,
renormalized to have mean 0.59
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1st zero above 0.2 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0.2 equals 0.6560,
renormalized to have mean 0.59

054

1st zero above 0.3 for L(s,chi_d),

10E9 < [d] < 10E9+385414, 18550 d's,
mean of 1st zero above 0.3 equals 0.5988,
renormalized to have mean 0.59
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1st zero above 0.4 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0.4 equals 0.5658,
renormalized to have mean 0.59

1st zero above 0.5 for L(s,chi_d),

10E9 < |d] < 10E9+385414, 18550 d's,
mean of 1st zero above 0.5 equals 0.559,
renormalized to have mean 0.59

1st zero above 0.6 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0.6 equals 0.57,
renormalized to have mean 0.59

154

10

054
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1st zero above 0.8 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 0.8 equals 0.61,
renormalized to have mean 0.59
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054

1st zero above 1 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 1 equals 0.6204,
renormalized to have mean 0.59

1st zero above 1.5 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 1.5 equals 0.5723,
renormalized to have mean 0.59

1st zero above 2 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 2 equals 0.601,
renormalized to have mean 0.59

0.0

1st zero above 2.5 for L(s,chi_d),

10E9 < |d| < 10E9+385414, 18550 d's,
mean of 1st zero above 2.5 equals 0.5707,
renormalized to have mean 0.59

Figure 1.10: 1st zero above 'h’ for L(s, x4). We see the picture changing from USp to
U. This illustrates that the central point s = 1/2 is essentially the only place where
the distinct behavior of {L(s, xq4)} can be detected. Away from s = 1/2, we get a

universal answer, i.e. that of U(oco



Chapter 2

n-level density

2.1 Main Theorem

Write the non-trivial zeros of L(s, xq) as

1/2 + i, j=41,42,...
where
0< R <RYP <my®
and

W = 4. (2.1.1)

Here x4(n) = (£) is Kronecker’s symbol and we restrict ourselves to primitive xq.
Let D denote the set of such d’s, and let D(X) ={de€ D: X/2 <|d| < X}.
Notice that we are not assuming the Riemann Hypothesis for L(s, x4) since we

allow that the q/éj )’s be complex.

Theorem 2.1: Let
f(.’L'l,LEQ, P ,LEn) = Hfz(iﬂz) (212)
=1

where each f; is even and in S(R) (i.e. smooth and rapidly decreasing). Assume

further that f(uy,... ,un) = [1ry fi(u:) is supported in S0, |ui| < 1, where

flu)

= (z)e* ™ . (2.1.3)
R”

29
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Then
(41) (J (Jn)
i S S ()
dED )]15 5.7774
fl@)Wiy (x)dz, (2.1.4)
]Rn

where

I_ log X

2T
Wig (@1, ,2p) = det (K-1(2j, 28)) 1550
sin(7(z — sin(m(x +
Ko(a.g) — S0z =) _ sinr(a +v))

m(z —y) m(r +y)

and where Y. is over j, = +1,4+2 ..., with Jr, # *Jk, if k1 # ka-
j17"'7jn
Plan: We first use the explicit formula to study the Lh.s. of (2.1.4), and end up
expressing it in terms of the f;’s. Parseval is then applied to the r.h.s. of (2.1.4), and

terms are matched with the Lh.s. .

Remark : The condition f; even is not essential to the proof, nor is the assumption
that f be of the form [] fi. At the expense of more cumbersome writing, these can be

removed.

2.2 l.h.s.

By (2.1.1), (2.1.2), and since f;(—z) = fi(x),

3 ST, A )

dED(X) .]1 gee. 7j’n

Z Z falit, - dn) (2.2.1)

dED( ).71; yJn
positive
.and
distinct
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where
fa(rs -+ 5 n) Hfz (Lv(”). (2.2.2)

In order to apply the explicit formula to (2.2.1), we need to circumvent the fact that

the j;’s are distinct. By combinatorial sieving, as in [33, pg 305], the r.h.s. of (2.2.1)

is
v(F)
2 2@ L 0F =0t we
dED (X) F =1
where F ranges over all ways of decomposing {1,2,...,n} into disjoint subsets

[F1,...,F,)], and where

we =Y falleGs- . )

jl yere gjl/
positive

Here lp : R” - R*, bp(z1,...,20) = (Y1,--- ,Yn) With y; = z; if i € F,.
For example, for n = 3, the possible F’s are: [{1,2,3}], [{1,2},{3}], [{1,3},{2}],

[{2,3}, {1}], {1}, {2}, {3}], and {y13},00n (21, 22) = (21, %2, 21).
Thus, (2.2.1) is

v(F)
Z Z NITURI=D DD falleGroe o due)
deD =1 J1see s Ju(F)
positive
which, by (2.2.2), equals
n—w(F) V(&)
Z Z TR =D T £ (L) (2.2.3)
deD (X) F =1 V4 1E€F,

In the innermost sum, we are going over all 7(9) (instead of j > 0) and hence the
1/2"@) . This is justified by (2.1.1) and because we are assuming that the f;’s are
even.

Let

=[] fi=). (2.2.4)

1€Fy
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By the explicit formula (see [33, 2.16], with, in the notation of that paper, h(r) =
Fy(Lr), g(y) = (1/1og X) Fo(—y/ log X))

SR (L%Sj)> - / Fy(z)dz + O(1/log X)
7 R
2 = A(m) ~ (logm
" log X mZ:l ml/2 Xa(m)Fe <logX) (22:5)

(note that F(z) is even since each f; is even. We have also used the facts that Fy(z) is
rapidly decreasing and I''(s)/T'(s) = O(log |s|), to replace the I'"/T" terms in [33, 2.16]
O(1/log X). Note further that F} is compactly supported (see Claim 1, page 34)).
Plugging (2.2.5) into (2.2.3) (without the O(1/log X)) term, a step that is justified

in Lemma 2, page 39), we see, on multiplying out the product over ¢ in (2.2.3),
that (2.2.3) is

v

deD(X) F £

—~

F)

|Fg —1 Cg-ﬁ-Dz)
1

where

| l

2. A(m) logm
logXZ 1/2 log X

=1

When we expand the product over ¢, we obtain 2“() terms, each a product of C,’s

and D;’s. A typical term can be written as
[1c 1D
teSe  tes

for some subset S of {1,2,...,v(F)}. (empty products are taken to be 1). The
product of the C,’s contributes to (2.2.3) a factor of
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The product of the D,’s equals

() IO A (127)

lesS m=1

which, by Lemma 1 (below), contributes, a factor of

5 52l
3 ( ) I]://]Q j{: QWﬂ/2:[I J/|u|pg7 ) By, (u)du

| 52‘96’ eSS

Sa|even

from which we find that (2.2.3) (and hence (2.2.1)) tends, as X — oo, to

v(£)
Z(—2)n—u(ﬁ) H (|Fy| — 1)! Z (H /RFZ(Q;)dx)

F =1 S LeSe

5 5al/2
3 ( ) I]:/[IQ QWﬂ/Z:[I j/|u|p;7 ) By, (u)du
5,CS LeSg (A;B)

|S|even

(2.2.6)

Here S ranges over all 2/(F) subsets of {1,2,...,v(F)}, and S¢ denotes the comple-

ment of S. The rest of the notation is as in Lemma 1.

Lemma 1:
1 P& A(m) ~ (logm
lim m)Fy,
X—00 | D(X)| Z (logX> Z ml/? (logX)
d D j=1m=1
| | 152172
H/Fg Z 2\52|/2 H /|U|Faj FbJ )
SQCS ¢esg (A;B)
|S2|even
(2.2.7)
where S = {l,... ,lx}. D s,cs is over all subsets Sy of S whose size is even. 3, p

|S2|even

is over all ways of pairing up the elements of Sy. Fy(z) is defined in (2.2.4).

For example, if S = {1,2,5,7}, the possible Sy’s are 0, {1,2}, {1,5}, {1,7}, {2, 5},
(2,7}, {5,7}, {1,2,5,7}.
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And if Sy = {1,2,5,7}, then the possible (A;B)’s are (1,2;5,7), (1,2;7,5),
(1,5;2,7). These correspond, respectively, to matching 1 with 5 and 2 with 7, 1
with 7 and 2 with 5, 1 with 2 and 5 with 7. Note that our notation is not unique.
For example, (1,2;5,7) = (7,1;2,5).

Lemma 1 is obtained in a sequence of Claims.

Claim 1: Suppose that [[_, fi(w:) is supported in S |u;| < . Then H§:1 Fy, (u))

is supported in Z?Zl lu;| < a.

Proof. By (2.2.4)

Ey(u) :/RHfi(x)e%i“‘”dx

i€Fy

_ /R (H das fi ()

1€EFy

_ /Rn (H dvif,-(vi)) 5 (u - Zvi) , (2.2.8)

i€Fy i€ Fy

i€EFy 6 xim _ Iil)

) amiu Y ai)|Fy| 1FY
e

m=2

the last step following from Parseval’s formula. (note: if |Fy;| = 1 then the product

over m is taken to be 1). Hence,

k k
12, @)= /szm. T dvifio) | T6 {w— 3w ] (2.2.9)
J=1 ! j=1

i€Ur, ek
j

In the integrand, the §’s restrict us to

So, if Z?Zl \uj| > o, then - |v;| > . But, by the support condition on [}, fi(vy),
i€Ur,
J

A . . . k
HiEUFlj filv;) =0 if ZiEUFZj lvil > . Hence (2.2.9) is 0 if }°;_, [u;| > «, thus the

claim.
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Claim 2: Suppose that [[7_, fi(w:) is supported in 37 |u;| < o < 1. Then

iy S (o) X (%, (25))

deD(X) m;>1 Jj=1 J
i=1,m k
=0 (2.2.10)
Here we are summing over all k-tuples (mq, ... ,my) of positive integers with H]f m; ¢

{1,4, 9, 16,}, and S = {ll, ce ,lk}

Remark: This claim tells us that the only contributions to (2.2.7) come from perfect
squares (this is dealt with in the next Claim).

Proof. Changing order of summation, applying Claim 1 and Cauchy-Shwartz, we
find that the Lh.s. of (2.2.10) is

1/2
. 1 A%(my) - ... - N2(m
< lim - Z (m1) (my)
X=oo |D(X)]log" X = my- ...y
ElogngalogX
my .m0
1/2
2

> > xalmac.omy) (2.2.11)
m;>1 deD(X)

S~ logm;<alog X

The first bracketed term is

\ k)2
< ( Y AT(nm)> < logk X. (2.2.12)

m< X

Next, the number of times we may write m = mq-...-my, m; > 1, is O (Ug_l(m)) =
O (m®) for any € > 0 (0¢(m) being the number of divisors of m), so that the second

bracketed term is

2\ 1/2

< XY D xam) : (2.2.13)

m<Xe |deD(X)
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Applying the methods of Jutila [15], we find that the above is

1/2
7

&L, (Xetite log? X ) for some constant A (A = 10 is admissable)

which, combined with (2.2.12), shows that (2.2.11) is

1
. li 7Xs+(1+a)/2
S B D]

But, for € small enough, this limit equals 0 (because |D(X)| ~ cX, for some constant

¢, and we are assuming o < 1).

Claim 3:
1 -2 \"* i A(m;) ~ (logm;
li J VF, | —2
ity 35 (w) & (I5n (3253)
ml-...-rﬁk:\]
_1 |ss| A |S2[/2 . A
- (7> 11 / Fy(w)du olsl/z T / lul By, (u) By, (w)du
S2CS tesg /R (4;B) j=1 /R
|S2|even
(2.2.14)
Here we are summing over all k-tuples (mq, ... ,my) of positive integers with Hlf m; €
{1,4,9,16,...}.

Proof. First, the A(m;)’s restrict us to prime powers, m; = p;*, so the only way that

Hlf m; can equal a perfect square is if some of the e;’s are even, and the rest of the

p;"’s match up to produce squares.
We can focus our attention on e; = 1 or 2, since the sum over e; > 3 contributes
0as X — oo.

Also note, in (2.2.14), that x4(]]"m;) = 1 since [[¥m; is restricted to perfect
squares. Hence the Lh.s. of (2.2.14) is

. —2 \1% log(pi) 7 (logpi
);1_1)%0 Z Z <logX> H 1/2 Fi(logX)

S : icSs  DPi
|522|egven HKE%QZD t€S? i
LES,
; Z (1 —i{) |S§ H log(pi)E (21]0g)?->
. og ics: D; og
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(we have dropped the (1/[D(X)[) 3 4cp(x) since the terms in the sum don’t depend
on d). The sum over £ € Sy corresponds to the e;’s that are equal to one (and which
pair up to produce squares), while the sum over ¢ € S§ corresponds to the e;’s that
are equal to two. To complete the proof of this Claim and hence of Lemma 1, we

establish the two Subclaims below.

Subclaim 3.1:

—2 \ % log(py) ,, (2logp:
1- 2 F 2
X300 ™ (logX) H Di ( log X )

1€SS
2€S8 2

_ (7> |55 ZI;ISS/RF‘(“M“ (2.2.15)

Proof. The Lh.s. of (2.2.15) factors

—2 log(p) » (2logp
H (longp: D Fe <logX)>

£eSg

which, summing by parts, equals
log 2logt
dt.
v [ 572 (0(55)

LeSs p<t

becomes

The sum ), log(p)/p can be evaluated elementarily (see [13, pg 22]), and the above

] X/ (logt+ O(1 ( ( logt)>
LeSs 08

o0 2logt) dt 1
H (logX <logX> T © <logX>) (22.16)

£eSs

the last step from integration by parts, and using the fact that Fe(l)(u) is supported
in |u| < a. Changing variables u = 2logt/log X and noting that all the F}’s are even
(since all the f;’s are), we thus find that the limit in (2.2.15) is

(2 )Sel;gAFe( u)du
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Subclaim 3.2:

i Z -2 52| H log(pl)ﬁw log p;
X log X _ pV? log X
££é2 1€Ss 1

Il p,=0
LESy

S2l/2

_ Z olS21/2 H /\u\Fa, w) iy, (u)du (2.2.17)

Proof. In (2.2.17), [] p¢ = O implies that the p,’s pair up to produce squares. So,
LESs
the Lh.s. of (2.2.17) equals

I521/2
}LH;OZ 2l

1,. 7|SZ‘/2

log (pj) ~ (logp;\ ~ (logp,
Fy, E. 2.2.18
D) log X b log X ( )

log

The sum over (A4; B) accounts for all ways of pairing up primes in (2.2.17). Note
that there will a bit of overlap produced in (2.2.18), but this overlap contributes 0 as
X — oo. For example, if Sy = {1,2,5, 7}, then the 3 ways of pairing up p1, p2, ps, pr
are: p; = ps and ps = p7, p1 = pr and ps = ps5, p1 = P2 and ps = p;. So the sum over
p1 = pa = ps = pr will be counted 3 times in (2.2.18) whereas it is only counted once
in the Lh.s. of (2.2.17). Such diagonal sums don’t bother us since there are O(1)
such sums, and a typical p;, = p;, = ... =pj,., > 2, contributes to (2.2.18) a term
with a factor that is

1 log” p
li li

=0.

Now, (2.2.18) can be written as

lim Z |Sﬁ2 Z logQ(p) P log p )2 log p
X—00 - log p % \logX) %\logx)|"

p

Summing by parts, we find that the bracketed term is
4/ uﬁaj (u)Fbj (u)du+ O (1/log X).
0

Recalling that the E’s are even, we obtain the Subclaim.
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Lemma 2: Let
Yd

where Fy(z) = [l;cp, fi(z), and f; as in Theorem 2.1. Then,

lim ag(d

b )|d§ H

= lim Z H ag(d) + O(1/log X))
X—o00 |D dED(X) =1

Remark : This Lemma justifies dropping the O(1/log X) when plugging
(2.2.5) into (2.2.3).

Proof. 'The proof is by induction. We consider

A |D

Z H ag(d) + O(1/log X)) (2.2.19)

deD (X) £=1

for k=1,2,... ,v(F). When k = 1, this clearly equals

1
o oy, 2 @

deD(X)

Now, consider the general case. Multiplying out the product in (2.2.19) we get

);1_I>noo | D Z Ha/g + remainder

where the remainder consists of 2¥ — 1 terms, each of which is of the form

log Z H |ag, (d (2.2.20)

dED

with 7 > 1, ko < k. Now, if Fy(z) > 0 for all z, then |ay,(d)| = ag,(d), and, by
our inductive hypothesis combined with Lemma 1, the O term above tends to 0 as

X — o0.



2.2. Lhs. 40

If Fy(x) is not > 0 for all z, we can show that the O term in (2.2.20) tends to
0 as X — oo by replacing each f;(z) (1 = 1,...,n) with a function g;(z), that is
postitive and bigger in absolute value that f;(x), and which satisfies the conditions

of Theorem 2.1, i.e. we require

- gi(z) > | fi(z)].

- gi() even and in S(R).

- Iy Gi(us) is supported Y °F | [u;] <1

That there exists g;’s satisyfying the required conditions can be seen as follows.
Let

W) = Kexp(—1/(1—-1%), |t|<1;
0, lt] > 1.

where K is chosen so that

let
O(t) = %h(t/ﬂ) (2.2.21)

(so that 65 approximates the ¢ function when 3 is small) and consider

~

Us(z) = (05 % 05)"(2) = (5(2))". (2.2.22)

Now
R B
05(x) = %/_ﬁ h(t/B) cos(2mxt)dt
= /11 h(u) cos(27 fuz)du (2.2.23)

But when |z| < 1/(88), we have
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(since, when |z| < 1/(86), |u| < 1, we get, [2rBuzx| < 7/4). Hence
Us(z) >1/2  when |z]| < 1/(85)
(so, ¥g is bounded away from 0 for long stretches when £ is small), and from (2.2.22)
Ug(x) >0  for all z.

Also note that Ug is even and in S(R) (since h(t) enjoys these properties) and that
Ws(t) = (05 % 05)(t) is supported in [—23,205]. We use Wg(z)’s to construct a g;(z)

satisfying the three required properties.

Let
M:(c,d) =
f(c,d) Cgﬁgdﬁ(ﬂﬁ)l
and let
/Bj l=
0, j=0.

(the j = 0 case is only for notational convenience). Then
gi@) =2 My ((86) ", (86511) )Wy, (2)
§=0

has the required properties.

2.3 r.h.s.

Our goal is to express
| F@W, (@)da,

in such a manner that will allow us to easily see how to match terms with (2.2.6).

We consider the more general

- f(@)We(z)dz (2.3.1)
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where ¢ € {—1,1} and

We(z1, ... ,z,) = det (K:(zj, k) 1)
sin(m(z —y))  sin(r(z+y))
K. (z, = +e )
(z,) m(z —y) m(z +y)

because it will be needed when we study analogous questions for GL,;/Q.
Write,

We(x1, ... ,xn)zz:sgn ﬁ (75, To(j)

Here, o is over all permutations of n elements. Express o as a product of disjoint

cycles

oe| |SH(F) x ... x S*(Fup) (2.3.2)

where F is over set partitions of {1,... ,n} (as in Section 2.2) and S*(F;) denotes the
set of all (|Fy| — 1)! cyclic permutations of the elements of Fj. Notice that sgn(o) =

[T (-,
For example, if n = 7 and F = [{1,3,4,6},{2,5,7}], then S*({1,3,4,6}) x
S*({2,5,7}) is the set of 12 permutations:

{(1346)(257),(1364)(257),(1436)(257),(1463)(257),
(1634)(257),(1643)(257),(1346)(275),(1364)(275),
(1436)(275),(1463)(275),(1634)(275),(1643)(275)}.

We will be applying Parseval to (2.3.1), and thus need to determine Wg(u) So,

for each cycle (i1,... ,in), we evaluate the fourier transform

K. (zi,, 20, Ko (23, 23,) - - - . - K@, , 23, )X 2= %% dy - de; . (2.3.3)
Rm

Expanding the product of K.’s, we obtain 2™ terms

idz;, ... dz;,.

/ Z bla sm (xiy, — a124,))  sin(m(x;,, —amxil))ezmzj | Ui, T
m

(T —aizy) (i, — QmTsy)

(2.3.4)
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Here a ranges over all 2™ m-tuples (a1,...,a,) with a; € {1,—1}, and fB(a) =

#1{jla;=-1}.
According to Lemma 3 (below), if 3~ |u;;| < 1, then (2.3.4) is

om—2. 4 25 (Z cjui]) 1=V (1, ... Cmus,)) (2.3.5)
c j=1

where ¢ is over all 27! m-tuples (ci,...,cn) with ¢; € {1,—1}, and ¢, = 1 and

where

V(y) = M(y) — m(y) (2.3.6)
M(y) = max {sx(y),k=1,...,n}
m(y) = min {sx(y),k=1,... ,n}

si(y) = Zyj-

Applying Parseval to (2.3.1), and recalling the assumption that the support of [[;_, filus)
isin " |u;] < 1 (so in the integral below, we are restricted to the region where

Lemma 3 applies), we find that (2.3.1) equals

n v(F)
/ (H duifi(ui)> ST (- F
R™ \ j=1 F =1

, |F|
{ilieFy} c =1

where Z’ is over all (|Fy| — 1)! cyclic permutations of the elements of Fj.
{’i|’i€F[}
Next, in the inner sum, change variables w;; = c;u;;. Recalling that the f’s are

assumed to be even functions, we find that the above becomes

/Rn <H d’LUifi(wi)) Z (_2)|Fl|_1
/ | Fel

3 g+5 ;wij (I—V@m---’wﬂm))

{ilieFy}
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Applying [33, (4.35)], we get

[ (o 2o

F (=1

D wk

keH

(R - 115 +6 (zwz) (F-1)= 3 (H|= 1! (F| -1 |H)!

i€Fy [H,He]

Here, [H, H] runs over all (27| —2) /2 ways of decomposing Fy into two disjoint
proper subsets: HU H¢ = F,, HNH® = (), with H # (), F,. Since > |F;| = n, we can

rewrite the above as

n v(F)
/[ (H duz-ﬁ-(u,-)) S ]
R™ \j=1 (=1

F

S

keH

(F| - 115 +6 (Z) (Fl-1)t= 3 (H|= 1! (F] -1 |H])

i€Fy [H,H¢]

(2.3.8)

We now prove the Lemma that was required in deriving the above.

Lemma 3: Let ) 7", |u;| < 1. Then

/ Z S(a) sin(m(z1 — a1x9))  sin(w (T, — amxl))EZMU-md.T

w(z1 —a1x2) (T — am1)

—om—2g 4 Z(S (Z cjuj) V(citiy, - -+ 5 Cnlim)) (2.3.9)

The notation here is defined between (2.3.4) and (2.3.6). Note: in the degenerate case

m =1, the above should be read as

in 2 ; 1
/ (1 —i—esnzl mg) XM dy = —¢ + §(u), lu| < 1.
R

T 2
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Proof. The m = 1 case is easy to check and follows from 2 3 X111 fR S‘;ﬁgw e2miue o,
So assume that m > 2 and consider a typical
/ sin(m(x1 — a1xa)) N sin(m (2, — amxl))e%w'wdx. (2.3.10)
m T(T] — a1x9) (T — A T1)
Let
tizwi—aixiﬂ, i=1,...,m—1
tm = T, (2.3.11)
so that
(1 a; aiae aiaqa3 ... QA1 -°...- am,l\
0 1 ag Q903 P ¢ 7 R ¢/ oeu |
x 131
o 0 0 1 as e Qg ..t Qup—1
R B R R ERRRRRRRRE .
" 0 ........ 0 1 [ "
\O e 0 1 )
Let
K(y) = sin(my)/(my)
Changing variables, (2.3.10) is
K(tl) . K(tmfl)K(tm - am(tl + a1t2 + a1a2t3 +---4a;-...- am,ltm))
Rm
eZriltisitettmsm) gy
(2.3.12)
where

S1=U
So = a1U1 + U2

$3 = 109U + QoUg + U3

Sk =01 ... " Qp_ U1+ A2 ... Qp_1Us + -+ Qp_1Uk_1 + Uk

(2.3.13)
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Now, K(y) = K(—y), so, because a,, € {1, —1}, we find that (2.3.12) equals

K(tl) e K(tm,l)K(amtm — tl — (1,11;2 — a1a2t3 i / 2 LR am,ltm))
R™

eZﬂi(t131+"'+tmsm)dt1 e dtm-

Applying [33, (4.28)] (to the variable ¢; with 7 = —a,,t,, + a1ty + aja9t3 + - - + ay -

... Qpm—1ly) the above becomes
[

Integrating over to, ..., t,—1, Wwe get

] (U) X[,l . (U + 81) eZwiv(—amtm—f—altz—f-ma2t3+---+a1-...-am71tm)

1
2 272

D=

K(ty) ... K(ty 1)e2miesetttnsm)qyqr, . dt,,.

/R2 X[-1,1] (v) X[-1,1] (v+s1) X[-1,1] (a1v + s2) X[-1.1] (arav + s3) - - ..

X[-1.1] (a1 ...« Gm_oV + Sm_1) e2mitm (smtv(arcam—1=am)) g,
232
(2.3.14)

Now, if B(a) = #{i|a;=—1} iseven, then a;-... - ap =1,50 a1+ ... Q1 = ap,
and thus a - ... - ay—1 — a,,, = 0. Hence the integral over %, pulls out a §(s,,) from
the integral.

Next, if f(a) is odd, then a; - ... -a, = —1,s0a; ... ay 1 = —a, and thus
a1+ ... Qpm_1 — Gy = —2a,. Hence the integral over t,, gives us a 0(s, — 2an,v) ,

which, when integrated over v pulls out a product of characteristic functions.
Hence, we find that (2.3.14) (and hence (2.3.10)) is

5(3m) /RX[_%% (U) X[_%’%] (U +S1) X[_%’%] (alv +82) o

X[-1,1] (@1 ... G 2V~+ Sp1) dv if 3(a) is even (2.3.15)
1 Sm Sm Sm

2X[-541\ 2a,, ) X331\ 20y, %) X431 (M2, T2

“X[-1,4] <a1 e am_Q;Tm + sm_l) if f(a) is odd. (2.3.16)

We require the following two Claims.
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Claim 4: Let §(a) be odd, and assume that Y-, |u;| < 1. Then,

,%]<a1-...-ak_18—m+sk>:1, k=1,... ,m—1.

X - 2a,,

N =

Thus, (2.3.16) equals 1/2.
Proof. Because a; € {1, —1}, we have, from (2.3.13),
sk:a1-...-ak_l(ul+a1uQ+a1GQU3+---+a1-...-ak_luk)

So the coefficient of u; in (2.3.17) is

(al-...-ak_l)(al-...-am_l) (al-...-aj_l)
2am,

When f(a) is odd, [, a; = —1, hence (2.3.19) equals
(a1-...-ak_l)(al-...-aj_l)6{1 1}

5 h

2’ 9
SO

s
Qoo Qg1 5| < 1/2

20,

(since we are assuming » ", |u;| < 1), hence the Claim.

+(ay . - ap_q)(ay-...

47

(2.3.17)

(2.3.18)

: G,jfl) .

(2.3.19)

Claim 5: Let §(a) be even, and assume that > .- |u;| < 1. Then (2.8.15) equals

3(sm) (1 = V(u1,a1ug, ... ,01 ... Gy 1Upy))
with V (y) defined in (2.3.6).

Proof. In (2.3.15), we have, by (2.3.18),

X[_%’% (a1 ce.. A1V + Sk) =
X[_%’% (0,1 R | (U+U1 + a1U9 + a1QU3 + - -+ A1 - ...t ak,luk))
and we can drop the a; - ... a1 € {1,—1} since X[-1.1] (y) is even. Furthermore,
272

the 0(sp,) restricts us to uy + ajus + ajaguz +---+as - ...  y_1uy, = 0. And because



2.3. r.h.s. 48

we are assuming > .-, |u;] < 1 < 2, we may apply Lemma 4.3 of [33], obtaining the
Claim. Note: in [38, (4.32)] n could read n — 1 without affecting the truth of the
equation, since, in the notation of that paper, fo(v)fo(v +uy + -+ up) = fo(v).

We are now ready to complete the proof of this Lemma. By Claim 4, the contri-
bution to (2.3.9) from a with (a) odd is

)9 % A(a)

a
B(a) odd

But we are assuming ¢ € {1, —1}, so the above is
2 2¢, (2.3.20)

The contribution to (2.3.9) from a with 3(a) even is, by Claim 5

Z 3(sm) (1 = V(ur,aqug, ... 01+ ..  Qpe1lUm)) - (2.3.21)
ﬂ(a,)aeven
Now,
Sm=0Q1 ... Qp 1 (U] + a1Ug + G1a0U3 + -+ Q1 - ot Ay 1 Uy
= U1 + QG U2 + A a1G2U3 + * + + ApG1 * . . . Qyp—1 U,

because [[;*, a; = 1 when §(a) is even. Let
c=(c1,--,¢m) = (Qm, A1, ArG1Q2, - - QA1 <o * Qpy1)-

Now, because [['~, a; = 1, ¢ ranges over all m tuples with ¢; € {1, -1} and ¢, = 1.

So, summing over such ¢ we find that (2.3.21) equals

Z ) (Z cjuj) (1 =V (amcruy, ..., GpCrty)) - (2.3.22)

But, because V(—y) = V(y), the above is (regardless of the value of a,, = +1)

Z J (Z cjuj) (1 =V (c1ug, .-, Crup)) - (2.3.23)

This in combination with (2.3.20) establishes the Lemma.
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2.4 l.h.s. = r.h.s.

Lemma 4:

/R|Fe| ZIE_F£ du; fi(u;) = /RFZ(U)du.

Proof. Both are equal, by Fourier inversion, to [[;c, fi(0).

/RFZI (H dszz(Uz)) d (Z uz) = /]RFz(ﬂi)dac.

el 1€F,

Lemma 5:

Proof. Parseval.

Lemma 6: Let H C Fy, H# (. Then

/Rm' (H duZﬁ(Uz)) J (Z uz> Zuk = /R (H fz) (u) (H fz) (u) |u| du.

Proof. Parseval.
Now, Wé’é)p = W_4, so we need to compare (2.3.8), with ¢ = —1, to (2.2.6). By
Lemmas 4 - 6 write (2.3.8) as

v(F)
> 2" O] (Pe+ Qe+ Ry) (2.4.1)
F =1

with

P, = (|F| - 1)! (‘71) /Rﬁ‘g(u)du

Qe = (|Fy| —1)! /R Fu(a)da

Re=— Y (H = 1)(F|-1- \H|)!/ (H f,-) (u)(H f,-) (u) [u| du. (2.4.2)
[H,H¢] R \ien icHe

Expanding the product over ¢, we get

D (=2 (H Qe) > (H Pg) (H Rg> (2.4.3)

F S Lese TCS \LeTe LeT
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where S ranges over all subsets of {1,... ,v(F)}. (we take empty products to be 1).
Expanding the product [],. R, we find that (2.4.3) is

Yooy (M) X (11 7)

F tese TCS \LeTe
a
-0y 1T aH =D (|7 | - 1—|H|/ Hfz u) Hfz ) [ul du.
H j=1 1€H; i€ HY
(2.4.4)
where 3 is over all [T -tuples ([Hy, Hf],...., [ Hipy, Hg | ) and where T = {1, ¢ }.

(if T'= 0, we take the large bracketed factor to be 1. And if T' # (), but ), contains
no terms, we take it to be 0). We have thus expressed, in (2.4.4), the r.h.s. of (2.1.4)
in a form that can easily be compared with the Lh.s., as expressed in (2.2.6).

More precisely, a typical term in (2.2.6) is specified by F, . , Sins. , So, (4; B).
The sum over F arises from combinatorial sieving, and the sum over S C {1,... ,v(F)}
from multiplying out the explicit formula (2.2.5). The sum over Sy C S comes from
deciding which prime powers are paired up to produce squares, and which are al-

ready squares (S5). (A; B) accounts for all ways of pairing up Sp. The contribution
to (2.2.6) from a typical term is

(o) (] (|Fg|—1)!/RFg(x)dx TT (5l -1 (;)/Rm(u)du

eSSty o LeSs
|S2]/2
252 T[ (|F | - 1)1 (B, | - 1)!Lﬁaj(u)ﬁbj(u) ul du.
j=1
= (_Q)W*V(El.h.s.) H Qo H P,
LeSEL . LeSs
[S2//2
252 T[ (|| — 1) (1B | — 1)!Aﬁaj(u)ﬁbj(u) ] du. (2.4.5)
j=1

On the other hand, in (2.4.4), a typical term is specified by F,; ., Srns ,» T,
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([Hl,Hf],... , [H|T|,HfT‘D. Set

Fope ={F|teSt, Y J{F e S} U{F, UR, |i=1,...,]S]|/2}
leFa17 Hf:Fbl
: : (2.4.6)

Hg, 2 = F,

aS51/2”

C J—
H\Sz|/2 - FbI52I/2'

Srns. and T are chosen in the obvious way (so that both products of @’s match,
and both products of P’s match). Notice that |T| = |S2|/2 and that v(F),, ) =

]/(Er.h.s. ) + |SQ| /2
The contribution to (2.4.4) from this term is thus

(_2)n—V(E1.h.s. )+ S2|/2 H QE H PE

eSSty o Less
52]/2 A A
(02 I (7] = 1) (|5, —1)!/RFaj(u)Fbj(u) u| du. (2.4.7)
7j=1

which is equal, because |Ss| is even, to (2.4.5).

So every term on the l.h.s. has a corresponding term on the r.h.s. .

Conversely, this method of matching (i.e. (2.4.6)) produces for every term on the
r.h.s. it’s corresponding term on the Lh.s. . (with the convention that we disregard,
on the r.h.s. , any term with 7" > 1 but ), empty. We can do so since these terms
contribute nothing to (2.4.4).)

Thus (2.2.6) = (2.3.8).

|:lT'heorem 2.1
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2.5 Examples

2.5.1 Omne term for n =17

Let n =17 and let
F\.. =IF,F, F3, Fy, Fs, Fg, Fy]
=[{1,2,13},{4},{3,6,7,9,17},{8,10,11} ,{5,12} , {14}, {15,16}]
Sins. =1{1,2,3,5,6}, Stns. = {4, 7}
Se ={1,2,5,6}, Ss = {3}
(A; B) = (1,5;2,6). (2.5.1)
This corresponds on the r.h.s. to
Fohs. = [F1, Fo, F3, Fu, F5)
Fi=F,Fo=F F3=F,F,=FUF,F;,=F;UF;
Srns. ={3,4,5}, rhs. = 11,2}
T ={4,5}, T° = {3}
H, =F, Hf =F,
H, = F;, HS = Fs. (2.5.2)

2.5.2 n=1,23

Tables 2.1 - 2.2 show the correspondence between terms on the lLh.s. (as expressed
in (2.4.5)) and the r.h.s. (as expressed in (2.4.7)).

2.6 Analogous results for GL,;/Q

Let L(s,m) be the L-function attached to a self contragredient (7 = 7) automorphic
cuspidal representation of GLj; over Q. Such an L-function is given initially (for Rs

sufficiently large) as an Euler product of the form

L(s,m) = T s mp) = TTTI0 - ol ho )

p j=1



2.6. Analogous results for GLy/Q 53

The condition 7 = 7 implies that a,(p,j) € R. The Rankin-Selberg L-function

L(s,7®7) factors as the product of the symmetric and exterior square L-functions [5]
L(s,m®7%) = L(s,7®7) = L(s, 7, V*)L(s, 7, A\?)

and has a simple pole at s = 1 which is carried by one of the two factors. Write the
order of the pole of L(s,m, A?) as (§(m) + 1)/2 (so that 6(r) = £1).

We desire to generalize Theorem 2.1 to the zeros of L(s,m ® xq4) whose Euler
product is given by

M

L(s;m®xa) = [ [ ][O = xa®)ax (0, ))p~*) .

p j=1

Now, when 7 = 7, L(s, 7™ ® xq) has a functional equation of the form

®(s,m @ xa) == 7 M T[T (s + prena (1))/2) L(s, 7 ® xa)

=1

=e(s,T® xa)P(1 — $,7 ® Xa)
where the fig,,(j)’s are complex numbers that are known to satisfy

R (troxa (7)) > —1/2

(and are conjectured to satisfy R (ftrgy, (7)) > 0). We also have
(5,7 ® xa) = 2(m & Xa) Qi = Q257

with e(m ® x4) = X'(d) where X' is a quadratic character that depends only on 7.
When §(m) = —1, all twists have e(m®xq) = 1. If §(7) = 1, then half the L(s, 7®x4)’s
have £(m ® xq4) = 1 and the other half have (7 ® x4) = —1 (with the corresponding
d’s lying in fixed arithmetic progressions to the modulus of the character x').

When (7 ® xq4) = 1, we write the non-trivial zeros of L(s, 7 ® x4) as

1/2 + iyY) j=41,42 43, ...

TAXd’

with
-2 ~1 1 2
---§R77(r®x)d < §R%(r®)3d <0< §R%(rc%><d < §R77(rez)>><d <...
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and
(k) _ (k)
77T®Xd - _’Yw@)xd'

When (7 ® xq) = —1, 7 = 0 is a zero of L(s,m ® x4), and we index the zeros as
1/2+mm§,xd, jEZ

with
2 _1 0 1 9
B, SR, <, =0 SR, <R, <
and

—k k
77(r®x)d = _77(T@)>Xd'

Next, let D(X) be as in (2.1.1) and let
Dat(X) = {d € D(X) : 2(r @ xa) = 1}
Dy (X)={de D(X):e(r®xq) = —1}.

Then, assuming, for M > 4, the Ramanujan conjecture

|Of7r(p7])‘ S 1’

we have

Theorem 2.2: Let f(x1,...,2,) =[], fi(zi) be even in all its variables with each
fi in S(R). Assume further that f(ul,... ,Up) 18 supported in Y . | |u;| < 1/M.
Then, if §(m) =

1 G (j2) (jn)
);1—I>rcl>o ‘D +(X)| Z Zf(L fYF]é)Xd’LM’YJéJXd LM%T@Xd)

deD‘rr + X) ]1; a]n

f( YW (@) dz, (2.6.1)

and, if §(m) = —1 (50 that all twists have e(m @ xq4) = 1), then

lim Z Z f (LMrYTF(X)Xd’ LMVfrjégcd s aLM’y7(rj®?))<d)

Koo |D deD (X) J1yend
3 n

. f(x) USp( x)dz, (2.6.2)
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+ Z O(xy) det (K_1(xj, zk)) 1

v=1

1<j#v<n
1<k#v<n

(Wfl)o(x) = 1—sin(2rz)/(27z) + 0(z) ) and where Z* is over jr = (0),£1, 42, ...,
J1seeesJn

with jk, # £k, if k1 # k.

Remark : Again, as in Theorem 2.1 the assumptions f; even and f of the form [ f;

can be removed.

Proof. The proof is similar to that of Theorem 2.1. The main difference is in the

explicit formula which, for L(s, 7 ® xa), reads

> FiLarteons) = | Pa)ds +0(1/10g X)

Tr®xq
0

2 A(m)a,(m) ~ logm
- —_— Fp| ——— 2.6.3
Mlog X mZ:1 mt/2 Xa(m)Fe Mlog X ( )
where
M
=Y k(p,))
j=1
We consider the two cases, 6(7) = —1 and §(7) = 1, seperately.

For both cases we require the estimates

Y lax(m)A(m)[* /m ~10g*(T) /2

m<T

Z az(p?)logp ~ —8(m)T (2.6.4)

p<T

D " lax(p)logp|* /p ~ log*(T)/2

p<T
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(see [33] and [16]. For these, and M > 4, the Ramanujan conjecture is assumed. These
three are needed in the analogs of Claim 2, Subclaim 2.2.15, and Subclaim 2.2.17).
When §(7) = —1, all twists have e(m ® xq4) = 1. The combinatorics work out
exactly the same. The smaller support of f compensates for the presence of the M
in the explicit formula.
When §(w) = 1, we need to examine the two sub-cases, (7 ® x4) = 1 and
e(m ® xq) = —1, seperately.

As the analog of Lemma 1, we have:

Lemma 7: When 6(n) =

1 L A(m . logm
lim ———— By (2
X500 | Dy (X)) 2. (MlogX) ]Hlmzl ml/2 xa(m)Ey, (MlogX)

€Dy 1 (X)
551 1521/2
S () H/Ff 22'52/2H/IU\F ) By, (1)
$>CS eesg
|S2|even
(2.6.5)
where S = {l,... , lx}. D s,cs is over all subsets Sy of S whose size is even. 3, p

|S2|even

is over all ways of pairing up the elements of So. Fy(x) is defined in (2.2.4).

Proof. Notice that the only difference in the r.h.s. of this Lemma as compared to

(2> ; }E—IS%/RFE(U)CZ“

The difference in sign is accounted for by the opposite sign in 2.6.4.

Lemma 1 is in the factor

So , we have that the Lh.s. of (2.6.1), for D, 4, tends, as X — 0o, to

v(F)
S (=2 @ [ T (Fl - 1) Z(H/Fe(x)dﬂf)
tese VR

F =1 S

] 5212
3 ( ) H/ du Z ysul2 H /|u|Fa] w) i, (u)du
S>CS KESC

|S2|even
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This matches (2.3.8) with € = 1, i.e. equals (in the notation of Section 2.3)

@)W (2)de = Rnf(x)wi?g(x)dx.

For the e(m ® xq4) = —1 case, there is always a zero at s = 1/2
0
Vet = 0

and, before applying the combinatorial sieving of Section 2.2, we need to isolate this

zero. Now
S (B I, - L), )
J1yeesdn
= Z f (LM’V%XWLMV(@@L LM'7(®>)<d>
jl#oﬂ ’]n‘_/éo
* L (41) L (Jv—1) 0,L (Gv+1) L (4n)
+ f M’Yﬂ—®xd"' M’Y ®Xd’ M’Y ®Xd," M’Y ®Xd .
v=1 1, =0
Jkgé()’k#’/

We only focus on the first sum on the r.h.s. above. The same technique applies
to the remaining sums.

By combinatorial sieving and the explicit formula, we find that

7170, ,3nF#0
v(E)

=) (2 T (Rl - 1)

F =1

2 2. A(m)ag(m) ~ [ logm
. Fy(x)dx — Fpl ———— ) — F 1/logX) | .
(/R (z)dz MlongZ_:1 ml/2 Xa(m) Fy Mlog X ¢(0) +0(1/log X)
(2.6.6)

But, by 2.6.4

4 Ap*)ax(p?) [ 2logp
_F, I I
«(0) = Jim_ MlogXZ P “\ MlogX

and this has the effect, in (2.6.6) of changing the sign of the contribution from the

squares of primes.
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2.7 Other Families

For twists by characters of order x > 3, one expects to feel the presence of U, (00),
and we outline in this section what happens for these families.
Let D® denote the set of primitive characters with x®(n) = 1 for all n, and

X" (n) # 1if ky < k. Let
D (X) = {x € D : x a character to the modulus ¢, X/2 < ¢ < X} .
For 7 self contragredient, Write the non-trivial zeros of L(s, 7 ® x) as

12409, j=+1,42,43,...

with
---%77%? < %%(5@2 <0< %vigx < %ﬁ%x <...

Theorem 2.3: Let f(z1,...,z,) = [[i, fi(z:) with f; in S(R). Assume further
some appropriate support condition on f(ul, oy Uy) (i.e. supported in a small neigh-
borhood of the origin). Then

)}I_Igom Z Z f (LM’YWQ?X’LM’YW@X"' aLMf)/mXJX)

eD(E)(X) 1y sdn
x} ( )distinct

= | fla)W (z)da, (2.7.1)
Rn™
where
Ly = Mlog X
2T

W,(]")(xl, ey Ty) = det (Ko(xj,xk))}éiéz '

Remark : The support condition forf s vague since it would depend of what could

be proven for the analog of Jutila’s theorem (used in Claim 2).

QOutline. For quadratic twists we found, after invoking the explicit formula, a main
contribution coming from terms of the form m; - ----my = 0. This led us to con-
sider, in the explicit formula, the contribution from the matching of primes (as in

Subclaim 3.2), and from the squares of primes (as in Subclaim 3.1).
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Here, the explicit formula reads

3" FilLartne) = | Fia)ds +0(1/logX)

_ Ml(Q)gX mi::l A(Tzi?/g(mm (x(m)Fz (%)) (2.7.2)

We get no contribution from perfect xth powers, since, for k > 3, r > 1,

Tr®x

> log" (p) /p"/”

converges.

However, we still get a contribution from the matching up of m;’s in pairs, because

- logm 2
J 2 =R
(e (srige))
is always > 0.

In the end, we get something that resembles (2.2.6) but without the

()" I o

factor, and this corresponds to setting ¢ = 0 on the r.h.s..



2.7. Other Families 60
n H El.h.s. ‘ SLh.s. ‘ So ‘(A,B) H Er.h.s. Sths. ‘ T H
[{1}] 0 0 — [{1}] 0 0 —
{1} 0 — {1} 0 —
[{1,2}] 0 0 — [{1,2}] 0 0 —
{1} 0 — {1} 0 —
[{1},{2}] 0 0 — [{1},{2}] 0 0 —
{1} 0 — {1} 0 —
{2} 0 — {2} 0 —
{1,2} 0 — {1,2} 0 —

{1,2} | (1;2) [{1,2}] {1} [ {1} | [H1}.{2}]
[{L.2,3}] ] 0 — [{1.2,3}] 0 0 —
{1} 0 — {1} 0 —
[{1,2},{3}] 0 0 — [{1,2},{3}] 0 0 —
{1} 0 — {1} 0 —
{2} 0 — {2} 0 —
{1,2} 0 — {1,2} 0 —

{1,2} | (1;2) [{1,2,3}] {1r {1} | [{1,2},{3}]
[{1,3},{2}] 0 0 — [{1,3},{2}] 0 0 —
{1} 0 — {1} 0 —
{2} 0 — {2} 0 —
{1,2} 0 — {1,2} [} —

{1,2} | (1;2) [{1,2,3}] {1} {1} | {1,3},{2}]
[{2,3}, {1}] [) 0 — [{2,3},{1}] 0 0 —
{1} 0 — {1} 0 —
{2} 0 — {2} 0 —
{152} (b 7 {1a2} (Z) -

{1,2} | (1;2) [{1,2,3}] {1y {1} | {23}, {1}]
[{1},{2},{3}] 0 0 — | {13.{2}, {3} [ 0 —
{1} 0 — {1} 0 —
{2} 0 — {2} 0 —
{3} 0 — {3} 0 —
{1,2} 0 — {1,2} [} —

{1,2} | (1;2) || [{1,2},{3}] {1y {1} | [{1},{2}]
{1,3} 0 — LHLp. {2k {30 ] {13} | 0 —

{1,3t | (1;3) || [{1,3},{2}] {1y {1} ] [{1},.{3}]
{2,3} 0 — L3R {2h. {30 ] {23} | 0 —

{2,3} | (23) || [{2,3},{1}] {1y {1} | [{2},.{3}]
{1a2’3} @ _ [{1}’{2}’{3}] {1’273} (D _

{1,2} | (1;2) || [{1.2},{3} | {1,2} | {1} | [{1},{2}]

{1,3} | (1;3) || [{1.3},{2}] | {1,2} | {1} | [{1},{3}]

2,3} | (23) || [{2.3},{1}] | {1,2} [{1} ] [{2}.{3}]

Table 2.1:

Matching the lLh.s. with the r.h.s. for n = 1,2,3.

Here Sins. C
{1,...,v(Fihs )}, S2 C Sins. , with | S| even. (A; B) accounts for all ways of pairing
up So. Further, S;ns. C{1,... ,v(F,1 )}, T C Sins., and H is over all |T|-tuples

([Hl, H,. .., [Hm, HfT‘] ) The matching is as described in (2.4.6).
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n H Er.h.s. ‘ Sr.h.s. ‘ T ‘ H ‘
1 H [{1}] ‘ {1} ‘ {1} ‘ none ‘
2 [{1},{2}] {1} {1} | none
[{1}.{2}] {2} {2} | nome
[{1},{2}] {1,2} {1,2} | none
3 [0L2L0BN | (0 | (2 |wone
(L2n (3] | (L2 | {3} | mome
[{1,2},{3}] {1,2} {1,2} | none
[{1,3},{2}] {2} {2} | nome
[{1,3},{2}] {1,2} {2} none
[{1,3},{2}] {1,2} {1,2} | none
[{2,3}, {1}] {2} {2} | none
({2,3},{1}] | {12} {2} | none
[{2,3}, {1} | {1,2} | {1,2} | none

[{1},{2},{3}
[{1},{2},{3}
[{1},{2},{3}
[{1},{2},{3}
[{1},{2},{3}
[{1},{2},{3}
[{1},{2},{3}

] {1} {1} none
] {2} {2} none
] {3} {3} none
11 {1,2} {1} none
11 {1,2} {2} none
11 {1,2} {1,2} | none
11 {1,3} {1} none
{125, (30 | (L3} | {3} | mone
{1 (2, (30 | (1,3} | {1,357 | none
(07, 21 T8 T3} [ 2 one

]

]

]

]

]

]

]

]

{1}, {2}, {3}] | {23} {3} | none
[{1},{2},{3}] | {23} | {2,3} | none
[{1},{2},{3}] | {1,2,3} {1} none
[{1},{2},{3} | {1,2,3} | {2} | none
[{1},{2},{3}] | {1,2,3} {3} none
{1},{2},{3}] | {1,2,3} | {1,2} | none
{1},{2},{3}] | {1,2,3} | {1,3} | none
[{1},{2},{3}] | {1,2,3} | {2,3} | nome
[{1},{2},{3}] | {1,2,3} | {1,2,3} | none

Table 2.2: Terms on the r.h.s. that are discarded since they contribute nothing
to (2.4.4).




Chapter 3

A Recipe for Computing
L-Functions

3.1 Preliminaries

Let

s
be a Dirichlet series that converges absolutely in a half plane, R(s) > oy (hence
converges uniformly in any half plane R(s) > 0, > o1 by comparison with the series
for L(oy)).

Let

A(s) = Qé’ﬁr(%s +A)L(s),  QERT,y€{1/2,1},R); >0, (3-1.1)

j=1
and assume that:

1. A(s) has a meromorphic continuation to all of C with simple poles at sy, ... , s,

and corresponding residues r1,... , 7.
2. (functional equation) A(s) = wA(1 —3) for some w € C, w # 0.

3. For any a < 3, L(o + it) = O(expt?) for some A > 0, as |t| — 00, a < 0 < S,
with A and the constant in the ’Oh’ notation depending on « and /3.

62
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The above class of Dirichlet series includes all the L-functions that we were inter-
ested in computing (and more!). Note that if b(n), A\; € R, then the second assumption
reads A(s) = wA(1 — s).

In all examples that arise in number theory, it seems that the v;’s can all be taken

to equal 1/2. (It is useful to know the Legendre duplication formula
[(s) = (2r) Y2257 12T (s /2)T((s 4+ 1)/2) (3.1.2)

). However, it is sometimes more convenient to work with (3.1.1), and we avoid
specializing prematurely to v; = 1/2.

Section 3.2 gives a formula ((3.2.4)) that can be taken as a starting point for com-
puting L(s). It requires choosing an auxilary function g(s) that aids in controlling the
size of A(s). The choice of this function is described in Section 3.3.1. In Section 3.3.2
we work out in detail the remaining aspects of the algorithm for the case ¢ = 1. In
Section 3.3.3 we describe the analogous formulae for the case a > 2, A\; = 1/2, but
we avoid details since only the case a = 1 was needed for the computations in this

thesis.

Remarks : a) The 3rd condition, L(o + it) = O(expt?), is very mild. Using the
fact that L(s) is bounded in Rs > oo > oy, the functional equation and the es-
timate (8.2.9), and the Phragmén-Lindeldf Theorem [32] we can show that in any
vertical strip a < o < (3,

L(s) = O(t"), for some b >0 (3.1.3)

where both b and the constant in the ’Oh’ notation depend on o and (3.
b) In (3.1.1), Q does not stand for the conductor of L(s) (though it is easily related
to it) and a does not stand for the degree of L(s) (since v; € {1/2,1}).

3.2 A formula

Let g : C — C be an entire function that, for fixed s, satisfies

|A(z +s)g(z + s)z_1| —0
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as |Sz| — oo, in vertical strips, —a < Rz < a. Then

Theorem 3.1: For s ¢ {s1,...,s:}, and L(s), g(s) as above,

12 00
AGg(s) = Y- I 4 o 3 M o)
+w@'* Z i(lnz fo(1—s,n) (3.2.4)

where

fi(s,n) 2m/'f ZOOHF7]2+8)+)\)Z Yg(s + 2)(Q/n)*d

(s,n) =5 /V Zool_[F (vi(z +8) + )z 'g(l — s — 2)(Q/n)*d (3.2.5)

with v > max {0, =R\ /71 +5),..., —R(Aa/7. + 5)}.

Remark : The third condition on L(s) is not required for this Theorem. It is only

required if we wish to allow certain g(s)’s. See Section 3.8.1.

Proof.
Let C be the rectangle with verticies (—«, —iT), (a, —iT), (o, iT), (—«,iT), let

s € C—{s1,...,8¢}, and consider

1

2i ], Az + 8)g(z+ 8)z dz. (3.2.6)

(integrated counter-clockwise). « and T' are chosen big enough so that all the poles
of the integrand are contained within the rectangle. We will also require, soon, that
a > o1 — Rs. On the one hand (3.2.6) equals

) + Z kg (s (3.2.7)

Sp — S
k=1 °Fk

since the poles of the integrand are included in the set {0,s1 —s,...,s, — s}, and

are all simple (typically, the set of poles will coincide with this set. However, if
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A(s)g(s) = 0, then z = 0 is no longer a pole of the integrand. But then A(s)g(s)
contributes nothing to (3.2.7) and the equality remains valid. And if g(s;) = 0, then
there is no pole at z = s, — s but also no contribution from rg(sx)/(sx — s)).

On the other hand, we may break the integral over C' into four integrals:
a+T —a+iT —a—iT a—iT
Lolow e *La ]
(& a—iT a+iT —a+iT —a—iT
S ATATATA
C1 Co Cs Cy

The integral over C, assuming that « is big enough to write L(s + z) in terms of its

Dirichlet series (i.e. a > o7 — Rs), is

oo b otil' @
QZ%%@/ T [IT0u(+5) + )27 g(s + 2)(Q/n)*dz
n=1 a—il =1

(we are justified in rearranging summation and integration since the series for L(z+ s)
converges uniformly on Cy). Further, by the functional equation, the integral over C3

equals

W —a—1T

D A1 —Z2+38)g(z+s)z"'dz

@ ML TGy s = 2) 4 ) s + )@/

n'=0 2w J_qqar

=1

=wQ'™* Z o) 1 /ajLZ H D(v;(1—s+2)+ X))z 'g(s — 2)(Q/n)*dz. (3.2.8)

nl_s 21 —iT

=1

Letting T — oo, the integrals over Cs and C4 tend to zero by our assumption on the
rate of growth of ¢(s), hence the theorem (the integrals in (3.2.5) are, by Cauchy’s
Theorem, independent of the choice of v, so long as

v>max{0, =R\ /v +9),---,—R(A/7a + 5)})-

d

Formulae of the form (3.2.4) are well known. Usually, one finds it in the literature

with g(s) = 1. For example, for the Riemann zeta function this leads to Riemann’s
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formula [31, pg 179] [37, pg 22]

L 1 1 et 1
72T (5/2)((s) = T + 7s/? g EP(S/Q,’R’HQ)
n=1

= 1
+rTDR2N " D((1 - 5)/2,707)
n S
n=1

where I'(s, w) is the incomplete gamma function (see Section 3.3.2).
However, the choice g(s) = 1 is not well suited for computing A(s) as |3(s)| grows.

By Stirling’s formula
IT(s)| ~ (2m)1/2|s|7 " /2 1tm/2, s=o0+it (3.2.9)

(see Appendix A , Estimate 1) as [t| — oo, and so decreases very quickly as [t|
increases. Hence, with g(s) = 1, the Lh.s. of (3.2.4) is extremely small for large
|t| and fixed 0. On the other hand, one can show that the terms on the r.h.s.,
though decrease as n — o0, start off relatively large compared to the 1.h.s.. Hence
a tremendous amount of cancelation must occur on the r.h.s. and and we would
need an unreasonable amount of precision in our computations. This difficulty has
been noted by several other authors, including, Lagarias and Odlyzko [21] (Artin
L-functions), Tollis [38] (Dedekind zeta functions), Fermigier [11] (elliptic curve L-
functions), and Spira [35] (Ramanujan 7 L-function). The former suggested a choice
of g(s) which does not have this difficulty (of cancelation) but did not implement it
since it led to complications regarding the computation of (3.2.5), though we are able

to overcome this difficulty. See the discussion in the next section.

3.3 Computing A(s)

We assume, for now, that only a single evaluation of A(s) is to be performed at
s = sg = 0g + ity, with og > 1/2 (this assumption is reasonable by the functional
equation). Later, we will describe precomputations that should be carried out if many

evaluations of A(s) are desired.
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3.3.1 Choosing g(s)

In order to control the exponentially small size of A(s), we choose
g(s) =077
where

1, if |to| < 2¢/m;
exp (10 (sgn(to)m/2 — ¢/ty)), if |to| > 2¢/m.

(3.3.10)

Here a
0=> 7
j=1
and ¢ > 0 is a constant that will be choosen depending on how many digits of precision

we have at our disposal (the more precision, the larger we may choose c¢). Hence

1, if |to] < 2¢/;
19(s0)| =
exp (0 |to| /2 — cB), if |to] > 2¢/7.

By Estimate 1 of Appendix A, and (3.3.10) we get

- exp (=0 [to| 7/2) |L(so)|, if |to] < 2¢/m;

|A(s0)g(s0)| = (3.3.11)
* - exp (—cl) | L(so)|, if |to| > 2¢/7.
where
= Q0 2m) 2 [ [ lnyso + NP7 Y2 h(yzs0 + \y) (3.3.12)
j=1

(h(s) is defined in Appendix A). Note that, when o¢ > 1/2, R(7y;50+ ;) > 1/4 (since
Aj € {1/2,1}, RA; > 0), and Estimate 1 gives

(2m) 2 h(vyis0 + Aj) > (2m) /27O = (7)1 /21112 5 1 (3.3.13)
SO

a
* > Q70 H |yj80 4 A0 TRM T2 (3.3.14)

i=1
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We have thus managed to control the exponentially small size of A(s) up to a
factor of exp(—c#) which we can regulate via the choice of ¢. (In practice, I chose

cf = 17, or smaller).

Remark : The choice g(s) = 6~° meets the criteria of Theorem 8.1. It is entire,
and, and by (3.3.10) and (3.1.3), we have |A(z + s)0-T9271| — 0 in vertical strips

(in fact, exponentially fast) as |Sz| — oco.

3.3.2 The functions fi(s,n), f2(s,n), for the case a =1

We treat the case a = 1 seperately since it provides a model for the case a > 2 and
since many popular L-functions have a = 1.

Here we are assuming that
A(s) = QT(ys+ N)L(s), QeR", ye{1/2,1},R\>0.

Hence, when g(s) = §* and a = 1, the function fi(s,n) that appears in Theorem 3.1

equals

fi(sim) = 2 / TR 4 5) 4 N2 (@) (b)) dz

2t —ico
5 yr+i00 . w/y
=5 Flu+ys+Nu (Q/(nd)"" du (3.3.15)
YV—100

(we have substituted u = vz). Now
Lv+u)u™"' = /oo [(v,t)t“ 'dt, Ru>0, Rw+u)>0 (3.3.16)
0
where
['(z,w) = /00 e~ "ty = w* /00 ey, R(w) > 0. (3.3.17)
w 1
['(z,w) is known as the incomplete gamma function. So, by Mellin inversion

fi(s,n) =6~°T (’ys + A, (n(S/Q)l/7> : (3.3.18)
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Similarly
fa(s,n) = 0°°'T (75 + X, (n/((SQ))l/”) . (3.3.19)

We may thus express, when a = 1 and ¢(s) = 6~°, (3.2.4) as

12
@05 + L = Y 24 5/) *”Zb w6 (s + X, (n3/Q)'")

k=1

%’Qa A”Zb A/m( 1—5)+X,(n/(5Q))1/7)

(3.3.20)
where

G(z,w) =w*T(z,w) = / e " dg, R(w) > 0. (3.3.21)
1

Remark : From (3.8.10) with a = 1, we have that R6'/7 > 0, so both (n6/Q)"" and
(n/(6Q))" have positive R part.

Examples

1) Riemann zeta function, ((s): the necessary background can be found in [37]
Formula (3.3.20), for {(s), is

T (s/2)¢ ()08 = —é - 15: 8—|—ZG (s/2,mn*6%)
+671 iG (1= s)/2,mn*/6%) (3.3.22)

n=1
2) Dirichlet L-functions, L(s, x): (see [6, chapter 9]). When x is primitive and even,
x(—1) =1, we get

(%)5/2 (5/2 :nz::lx 5/2 71.”252/(])
5q1/)2 > xX(M)G ((1 - 5)/2,7n°/(6%q)) (3.3.23)

n=1
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and when x is primitive and odd, x(—1) = —1, we get

(%)S/Z I'(s/24+1/2)L(s,x)0"° =0 (Z) v i x(n)nG (s/2 + 1/2, 6% /q)

q n=1
()2 &
+% S " x(n)nG ((1 — 8)/2 +1/2, 02/ (6%))

(3.3.24)

Here, 7(x) is the Gauss sum

T(x) = Y x(m)e*mm/.

m=1

3) Cusp form L-functions: (see [27]). Let f(z) be a cusp form of weight & for

SLy(Z), k a positive even integer:

1. f(z) is entire on H, the upper half plane.

2. f(o2) = (cz+d)*f(2), 0= (a Z) € SLy(Z), z € H.
c
3. limy_e0 f(it) = 0.

Assume further that f is a Hecke eigenform (i.e. an eigenfunction of the Hecke

operators). We may expand f in a Fourier series

and associate to f(z) the Dirichlet series

o0

Qp, s
1

We normalize f so that a; = 1. This series converges absolutely when R(s) > 1

because, as proven by Deligne [8],

|an| < go(n)n*V72, (3.3.25)
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where oo(n) := 32, 1 (= O(n°) for any € > 0).
L (s) admits to an analytic continuation to all of C and satisfies the functional

equation

Ag(s) = (2m) T (s + (k = 1)/2)Ls(s) = (=1)*?As(1 = 5).

With our normalization, a; = 1, the a,’s are real since they are eigenvalues of self
adjoint operators (the Hecke operators with respect to the Petersson inner product)
(see [27, I1I-12]). Furthermore, the required rate of growth on L¢(s) (condition 3. on
page 62) follows from the modularity of f.

Hence, in this example, formula (3.3.20) is

(27) T (s + (k — 1)/2)Ls(s)0~° = (62r)*~ /2 f: anG (s + (k — 1)/2,27n6)

_1\k/2 (k—1)/2 oo
L 15) (%ﬂ) Z“n (1—s+ (k—1)/2,2mn/5)

(3.3.26)

Remark : The assumption that a; = 1 is not needed, since (3.3.26) remains true if
we scale f by a constant. However, the way we have formulated Theorem 3.1 assumes
a functional equation of the form A(s) = wA(1 —3) which, in the case of As(s), only

holds if the a,’s are real.

4) Twists of cusp forms: L¢(s, x), x primitive, f(z) as in the previous example.

Ly(s, x) is given by the Dirichlet series

o0

an, s
Ly(s,x) = Z WX(”)” .
1

Ly(s, x) extends to an entire function, which satisfies the functional equation

As(s,x) = 4y I(s+(k—1)/2)Ls(s,x) = (—l)k/Qx(—l)Lz)Af(l — $,X)-
2m 7(X)
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In this example, formula (3.3.20) is

s T (k—1)/2 oo
( d ) T(s+ (k—1)/2)Ls(s,x)0~° = (275) 3" anx(n)G (s + (k — 1)/2,2mn6/q)

o
n=1

(~1)2
)

- T (k—1)/2 oo
x(—l)% (2—5) > ()G (1 = s+ (k= 1)/2 20/ 50)

+

n=1

(3.3.27)

5) Elliptic curve L-functions: (see [20, especially chapters X,XII]). Let E be an

elliptic curve over Q, which we write in global minimal Weierstrass form

y2 +cxy + ey = 1% + cox® + 4z + g

where the ¢;’s are integers and the disciminant A is minimal.

To the elliptic curve F we may associate an Euler product

Lp(s) = [[A = ap ) []A = app /> +p ) (3.3.28)
plA pfA
where a, = p+1—#E,(Z,), with #E,(Z,) being the number of points (z,y) in F,x[F,
on the curve E (considered modulo p).
When p|A, a, is either 1, —1, or 0 If p { A, a theorem of Hasse states that
lap| < 2p*/2. Hence, (3.3.28) converges when R(s) > 1, and for these values of s we
may expand Lg(s) in an absolutely convergent Dirichlet series

o

an g
LE(S):an/zn .

1

The Hasse-Weil conjecture asserts that Lg(s) extends to an entire function and

has the functional equation

1/2\ §
An(s) == (];r ) [(s+1/2)Lis(s) = —eAp(1— s).

where N is the conductor of E, and e, which depends on E, is either 1. The
Hasse-Weil conjecture and also the required rate of growth on Lg(s) follows from
the Shimura-Taniyama-Weil conjecture, which has been proven by Wiles and Tay-

lor [36] [40] for elliptic curves with square free conductor (and, apparently, has been



3.3. Computing A(s) 73

extended, in recent work of Conrad, Diamond, and Taylor to N’s which are not
divisable by 27).

Hence, assuming that Lg(s) satisfies the S-T-W conjecture, we have

NY/2\° 276 \ /% & s
( 5 ) L(s+1/2)Lg(s)d ° = <N1/2> ZlanG (s +1/2,27nd/NY/?)

9 1/2 oo
—% <N1—7/T25) 3" a,G (1 s +1/2,27n/(5NY/?))

n=1

(3.3.29)

6) Twists of elliptic curve L-functions: Lg(s,x), x a primitive character of

conductor ¢, (¢, N) = 1. Here Lg(s,x) is given by the Dirichlet series

o0

n .,
Lp(s,x) = Z mx(n)n :

1
The Hasse-Weil conjecture asserts, here, that Lg(s) extends to an entire function and
satisfies

N1/2

2T

) D(s+1/2)Li(s, x) = —ex(—m%AE(l —5%)

(here N and ¢ are the same as for F). In this example the formula is

(‘JJQV;/Q)SP(S +1/2)Le(s)6~* = <qN—1/2

-t

. 1/2
21 S o+ 12 2 )

€ T r \'/?&
—gx(—N)% <qz\?71/25> Zany(n)(; (1—s+1/2,27n/(6gN"?))

(3.3.30)

We have reduced the computation of A(s) to one of evaluating two sums of incom-
plete gamma functions (the I'(ys + A)d~* factor on the left of (3.3.20) and elsewhere
is easily evaluated using several terms of Stirling’s formula and also the recurrence
['(z 4+ 1) = 2I'(2) applied a few times. The second step is needed for small z. Some

care needs to be taken to absorb the e=™*/2 factor of I'(ys+ A) into the e™ /2 factor
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of 67°. Otherwise our efforts to control the size of I'(ys + A)d~* will have been in
vain, and lack of precision will wreak havoc on the numerics).

We now have several issues to deal with regarding the r.h.s. of (3.3.20):

1. when to truncate the sums over n.
2. how to compute G(z,w).

3. how to perform precomputations to speed up the algorithm (when many eval-

uations of A(s) are desired).

4. how much cancelation (and hence loss of precision) can occur.

Issues 1 and 4. Precision and truncating the sum

The decision on when to truncate the sums depends on how much precision is available
and on how accurate we wish to be. My programs were written in C++ and run on
machines which follow the IEEE Standard 754 to represent floating point numbers.
Double precision (i.e. 64 bits instead of 32 bits) was used. According to IEEE-754 [14],
of these 64 bits, 52 bits are reserved for the mantissa, 11 bits are used for the exponent,
and one bit is used to determine the sign of the number. Let s € {0,1} be the sign
bit, let M be the value of the 52 bit mantissa, 0 < M < 2°2 —1 ~ 4.5-10'°, and let
E be the value of the exponent 0 < E < 2!' — 1 = 2047. The 64 bits in question
represent the number (—1)°M10%71923 This means, that in the applicable range,
we can represent numbers to 15 or 16 decimal places accuracy (starting at the first
non-zero digit).

In truncating the two sums in (3.3.20) we need to consider two things. First, it
would be pointless to sum terms whose contribution are rendered meaningless due to
lack of precision. Second, we would need to show that the contribution from all the
neglected terms is in fact negligible.

A rigorous discussion would require not just analytic bounds for the G(-,-)’s but
also a detailed knowledge of minutiae related to the particular computing device
(for example, how round off errors are handled). One would also need to consider

factors such as how big the accumulated round off errors can be, and this would
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require bounding the total number of operations used. With regard to how much
cancelation can occur in (3.3.20), we would need to take into account how the G(-,-)’s
are computed and not just estimate their size.

In principle, many such issues can be dealt with theoretically or even computa-
tionally, for example, by keeping track in our computations of how many operations
are performed or of how much cancelation has occured. In practice, I was satisfied
with the estimates that follow, experimentation, and intuition.

With 15 digits precision, my goal was to truncate the sums in (3.3.20) when
the contribution from their tails was estimated to be smaller than |Q*°I'(vysy +
A)d—% 107, To do so required estimating the size of G(z,w). A rough bound is
provided by

G < o~ R(w) /OO —(E}?(w)—ﬂ?(z)-f-l)tdt:
Glaw) <™ [ R

efﬂ?(w)

R(w) > R(z) —
(3.3.31)
(we have put t = x — 1 in (3.3.21) and have used ¢ + 1 < e*). This tells us that the

terms in (3.3.20) decrease exponentially fast once n is sufficiently large, and do so
uniformly in vertical strips.

More precise information is available. We use Estimate 2 of Appendix A to bound
the contribution from the tail end of the sums (we only work out the details for one

sum). From Estimate 2
O
Y7 —Jyso+ Al = R(yso + A) — 1
(3.3.32)

/ /
3 b6 (s, (00/Q)1) | <43 s

assuming that |B/Q["” > |yso+ A+ [R(yso + A)| + 1 (this restricts our choice of B).
Note from (3.3.10) that

(n/Q)Y", if |to| < 2¢/m;

R ((n6/Q)'") = . .
(n/Q)Y7sin(c/ |to]), if |to| > 2¢/m.

Hence, assuming further that

1
§\B/Q|1/7 > |yso + A+ [R(yso + A)|+ 1 (3.3.33)
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then (3.3.32) is

8QT YL [b(m)| nO D e (/D if [to| < 2¢/7;
8Q/ S 5 1b(n)] n(?R)\—l)/'ye—(n/Q)l/’Y.58c/\t0|’ if [to| > 2¢/7.

(we have also used sin(z) >z — 2*/3! = 2(1 — 22/6) > .58z when 0 < z < 7/2)

8QYY Yo Mot A-D/re= (/Y if |gy| < 2¢/m;
| 8QUr o, Bl A (/@M S8/l [g] > 2¢/.

where o > o1, the abscissa of absolute convergence of L(s) (so that >~ >, [b(n)|n~®

converges). This is

8Q/1 Bat(RA=1)/1e=(B/Q)7 g0 [bn)] it ftol < 2e/m 3530
BQU BN/ ~(B/QV58ellto] 3200 1K) i (4] > ¢/ B

(e}

assuming that B is chosen big enough so that the sequence

not AN/ 1=/ S B ] < 2¢/m

oA/ 1g=(m/QV 1 38c/ol > B if |ty| > 2/

is decreasing. If o+ (RA — 1)/ < 0, the sequence is decreasing regardless of the
choice of B. And if a4+ (RA —1)/y > 0, then, by calculus, it is decreasing so long as
ay+RA—1)7 if |¢o] < 2¢/m;
B Q(ay ) [to| < 2¢/ (3.3.35)
Q Ito]” (ary + RX — 1)7/(.58¢)" if |to] > 2¢/.
Hence, assuming (both for ys+ and (1 —s)+)) that B is big enough so that (3.3.33)
holds, and also so that the aforementioned sequence is decreasing, we find, from (3.3.34),
that the contribution (including the factors outside the sums) to (3.3.20) coming from

n > B, is, in norm,

8QUIN/Y(1 + |w|) BotA=D/7=(B/QY7 §ree  [bl)] if [to| < 2¢/m;

8QUBN/7(1 + |w|) Ba+RA-1)/7~(B/Q)Y/.58¢/ lto DD ‘bé—z)l’ if |to| > 2¢/m.
(3.3.36)

<
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Now, we wish to choose B so that this is less than

QT sy + X)5~0[107
e MolT/2Q00 |y g0 + )\|"7"°+§R’\_1/2 1071 if |tg| < 2¢/m;

(3.3.37)
e1¢Q0 |ysg + A10TIT2 015 if [to] > 2¢/m.

(we have used (3.3.14)). If we assume, as was the case for all my computations, that

|b(n)| < gg(n), then, choosing ov = 2, we have, by Estimate 3,

i |b7(:;)| < i U(;f;l) <(B-1)"'(ogB-1)+(B-1)"1+2221..), B>2

< 1.1B7! (log(B) +2.4), B>11 (3.3.38)

(here 2.2221497 ... = Euler’s constant+((2). We have also used (B —1)"! = (B(1 —
B™'))™' < 1.1B7! when B > 11, and log(1 — B™') + (B —1)"' +2.2221... < 24
when B > 11). So if we let
to|Tv] if |ty < 2¢/m;
B> Qltol" vy if [to] < 2¢/ (3.3.39)
Q [to|" vy if |to] > 2¢/m.
(where v; and ve are yet to be determined), we find (with |b(n)| < o¢(n), o = 2, and

also assuming, as was the case for all my computations, that |w| = 1) that (3.3.36) is

17.6 (log @ + v (log(|te| v1)) + 2-4) Q([tg| vy) 7T Lelolvr if |ty| < 2¢/m;
17.6 (log Q + v (log(|to| v2)) + 2.4) Q([to] va)" ¥ Le 582 if |to| > 2¢/7.
(3.3.40)

(17.6 = 1.1-16). We want to choose v; and v, so that the ratio (3.3.40):(3.3.37)< 1. In
principle, we could write down an explicit choice of v; and vy in terms of @, v, A, ¢, so.
However, in practice, we used (3.3.40) for specific examples, and so we only illustrate
the choice of v; and v, for a particular example. Let L. (s) be Ramanujan’s L-function
attached to the cusp form of weight 12

o2z H(1 _ g2minz)24, (3.3.41)

n=1
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Here, Q = (27) !, v =1, A = 11/2. With ¢ = 17, 5o = 1/2, and |to| < 10'%°, we get,
by choosing

vl = 7/2 + 2510g(10)/ [to|
v2 = 1/.58 + 251og(10)/(.58¢) = 7.56, (3.3.42)

that (3.3.40) is easily smaller than (3.3.37).

Remarks : a) The assumption |ty| < 10'% is much larger than what was needed for
my computations of L,(so). In our ezample this assumption was only used to simplify
describing v and ve (by making the logarithmic term in (3.8.40) bounded).
b) one can obtain stronger bounds than those above, for example by assuming that
there is cancelation in sums of the form YN '" b(n). Rather than (3.8.32) we could
sum by parts and exploit such cancelation. Improvements can also be obtained but
at the expense of extra writing. For instance, we used sin(c/ [to|) > .58¢/ |to|, if
lto| > 2¢/m. Howewver, as |ty| grows, the .58 can be replaced by any 1 — ¢, € > 0, so
long as |to| is big enough. This would have a significant impact on (3.3.40). This fact
is reflected in the discontinuity of the choice of B at |ty| = 2¢/7.

In practice, slightly improved inequalities were used which led to faster computer

programs.

Issue 2, computing G(z,w)

There are many expressions and identities involving the incomplete gamma function,
but none that I know of are well suited for evaluating I'(z,w) for a wide range of
points in CxC. However, using three different expressions we can readily compute
['(z,w). Let

w
Y(z,w) :=T(z2) — ['(z,w) = / e "z du, Rz>0, |argw|<m
0
be the complimentary incomplete gamma function, and set

1
g(z,w) = w*y(z,w) = / eVt
0
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so that G(z,w) + g(z,w) = w™*T'(2).

Then the following were used to compute G(z, w):

g(z,w) =¢e" + Ry (z,w), Rz>-M (3.3.43)

Y(z,w + d) = y(z,w) +w* e Z M(l — e %e;(d)), ld| < |w| (3.3.44)

G(z,w) = e: 1;21 ((1__53?’ + ez, w), (3.3.45)
where
o) - dz+1)...(z+5—1) ifj >0
1 it j = 0.
Ras(z,w) = (Z)A; oz + M,w)
o;(d) = mZ -
ext(2,w) (2__15)54 Gz — M,w)

Both (3.3.43) and (3.3.45) are well known and are obtained via integration by parts.
The second expression (3.3.44) is less known and due to Nielsen (a proof can be found
in [10]). It is especially well suited when y = 1 since then, in (3.3.20), the G(-,-)’s
have their second variable in arithmetic progression and this fact can be exploited to
speed up the algorithm by performing some precomputations.

Table 3.1 describes when the three expressions (3.3.43) - (3.3.45) were used to
compute G(z,w). The third expression is well suited when |w| is somewhat bigger
than |z|. The first works well when |w| is small regardless of the value of z, since then
the (2);11’s quickly overpower the w’s, and also for larger |w|, so long as |w| < |z|.

In my computations, it was used for

o] < [S2] = (322
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Finally one can also use (3.3.43) when w > 0 is real and |z| is small (say |z| < 10,
since, in this case, not to much cancelation can occur in the sum in (3.3.43).

Nielsen’s expression can be used for those values of w where the other two fail.
Note, however, that because (3.3.44) is an inductive relationship that relates G(z, w+
d) to G(z,w), it could not be used, in (3.3.20) for the n = 1 term. Furthermore, in
order to use it for n, the condition |d| < |w| in (3.3.44) is

(/@) = ((n = 1)/Q)"" < ((n—1)/Q)"V"

ie. n/(n—1) <27 If y =1/2 this leads to n > 4, and if v = 1 this implies n > 3.
Fortunately, (3.3.43) could always be used, in my computations, for at least the n =1
term, since I always had @Q > (27)~* when v =1, and Q > 7~'/? when v = 1/2 (s0
in both cases, |w| for the n = 1 term is < 27, and the terms in (3.3.43) do not have
a chance to blow up). One could also still use (3.3.43) for the n = 2, v = 1 term,
and the n = 2,3, v = 1/2 terms if @) is big enough, or (if not) at the expense of
some precision. Alternatively, for these first values of n, one could still use Nielsen’s
expansion, but by breaking up the gap d = (n/Q)"" — ((n —1)/Q)"" into smaller
steps.

Details related to (3.3.43)
When |w| < |Sz| — |S2|2, the number of terms needed is
M = [1510g(10)/log | (2) /w]] (3.3.46)

(here we have used |w™/(z)y| < lw/S(2)|M and also the fact that g(z + M, w) is
comparable, if not smaller, in size to g(z,w)). Note, if Rz < 0, we should also make
sure that M is big enough so that Rz + M > 0.

Details for (3.3.44)

In computing (3.3.44) some care needs to be taken to avoid dangerous numerical

pitfalls. One pitfall is that, as j grows, e “%e;(d) — 1. So once |1 — e %e;(d)| < 1072,
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then the error in computation of 1 —e “%e;(d) is bigger than its value. So in computing
(1= 2);/(—w)?) (1 — e~%;(d)) one must avoid the temptation to view this as a
product of (1 — 2);/(—w)? and 1 — e %¢;(d). Instead, we let

iz, w,d) = T2 (1 e (a))

Now, 1 — e~e;(d) = e~4(e? — ¢;(d)), and we get

aj1(z,w,d) = a;(z,w, d U+1) (Z dm/m') /(i dm/m!>

j+2 j+1

= aj(z,w,d)# 1-1/8;(d), j=1,2,3,...

(ao(z,w,d) =1 —e™?)
where

o0

Bi(d) =Y d™/(j + 2m. (3.3.47)

m=0

Notice in (3.3.20) that, when v = 1, the G(-,-)’s have their second variable in
arithmetic progression (with d = §/Q) the common difference between terms). This
means that in using Nielsen’s expansion, we need only compute the §;(6/Q)’s once
(and store them). These values can then be used for all the n’s for which Nielsen’s
expansion is invoked to compute G(ys+A,nd/Q). Furthermore, these same 3;(6/Q)’s
can be used for any value of s so long as ¢ is the same (see Issue 3). Also note, that
|d| = |0/Q| = 1/Q was never large in my computations (in fact it was always < 2m)

and thus few terms were needed to compute (3;(d).

Remark : One might be tempted to compute the (3;(d)’s using the recursion

Bj+1(d) = (Bi(d) —1)(j +2)/d

but this leads to numerical instability. The B;(d)’s are all equal to 1+ O4(1/(j + 2))
and are thus all roughly of comparable size. Hence, a small error (due to roundoff)
in B;(d) is turned into a much larger error in Bj11(d) ((+2)/ |d| times larger), and

this quickly destroys the numerics.
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Our luck is not as great for the y = 1/2 case since then the terms in (3.3.20) have
G(-,-)’s with the second variable equal to (nd/Q)?. Thus, the difference between two
consecutive terms is

d=(2n+1)6*/Q?

which depends on n and hence the savings described for the v = 1 case do not apply
as nicely here (storing and reusing the (3;(d)’s in the v = 1/2 case only makes sense
if we plan on many evaluations of A(s) (using the same ¢), and if we have sufficient
memory). Furthermore, we are using Nielsen’s expansion when |z| ~ |w|, i.e. with
n ~ |z|"* Q. Hence

d| ~ 22" /Q.

Thus as |z|"/? /Q grows, we are faced with the problem that the terms in (3.3.47)
explode. One can overcome this problem, at the expense of time, by breaking up the
jump d = (2n + 1)§?/Q? into smaller steps of bounded size.

Now, Nielsen’s expansion is to be used for |w| ~ |z|, as |z| — oo (see Table 3.1).

Furthermore
Bi(d) —1~d/(j+2), as|d/j—0.

Hence, for |w| ~ |z|, we roughly have (as |d| /5 — 0)

j+1) a _ . 1d

z—(G+1) d|
|w]

1-1/8;d)| < [1+ : —— .

- 1/5)] < ( A<l
Thus, because |d/w| < 1, we have, for j big enough, that the above is < 1, and so
the sum in (3.3.44) converges geometrically fast, and hence only a handful of terms,

which we denote by M, are required.

Remark : As an alternative to Nielsen’s expansion, there seems to be some potential

in an asymptotic expression due to Ramanugjan [1, pg 193, entry 6]

M
G(z,w) ~w™*T'(z)/2+ e Zpk(w — z+1)/wkt, as |z| = oo,
k=0
with |w — z| relatively small, where pg(v) is a polynomial in v of degree 2k + 1, though

this potential has not been investigated substantially. This expansions is relevant since
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we are using Nielsen’s expansion to compute G(z,w) for w’s that satisfy |z —w| =
0 (|z|1/2>.
We list the first few p(v)’s here:

po(v) =—v+2/3

(v) 3 2 4
v)=— — 4 — —
P 373 135
(v) = V0 N v 202 4w N 8
P2t 15 9 135 135 ' 2835
( ) V7 ’UG+U5+7U4 8 v3 161}2+ 161}+ 16
U —_— e - [— — —
ps 105 45 45 135 405 567 2835 8505
(v) v 208 2v7+81)6+11v5 62 vt 321}3+161)2+ 16 v 8992
v)=— — — — — — —
P 945 315 315 405 405 2835 1215 1701 2835 12629925
pll 10 299 208 4307 4105 96805 68v* 36803
ps(v) = — ——— — — — - + + - - +
10395 945 567 2835 2835 2835 42525 2835 25515

1380641}2_ 30968v 334144
12629925 12629925 492567075

Details for (3.3.45)
By the sentence following (A.0.1) of Appendix A
|(1 — z)M/wM| < e~ Mllwl=lz)/Zwl), M < |w| —|z| - 1.
In order for this to be smaller than 107! we need
M > 3010g(10) |w| /(jw| = |z])

(note: G(z — M, w) is comparable, if not smaller, in size to G(z,w), so in (3.3.45),
we stop when |(1 — z)/w™| < 107%).
We can find an M between two real numbers if their difference is at least 1, and

this leads to the inequality
jw| — [z =1 > 301og(10) [w] /(Jw| — |2[) + 1

1.e.
(lw] = |2])? = 2(Jw| — |2[) — 301og(10) w| > 0.
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This is an inequality in |w| — |z| which is satisfied if |w| is greater than or equal to

2| + (1510g(10) + 1) + 1/(1510g(10) + 1)2 + 4(151log(10) + 1) |2| (3.3.48)
and we set
M = [301og(10) |w| /(jw| — |2])] . (3.3.49)

Notice that the largest M is when |w| is smallest, i.e.

lw| = |z| 4+ (151og(10) + 1) + /(1510g(10) + 1)2 + 4(151og(10) + 1) |z

and, for this value of |w|, the number of terms, M, needed is of size O <|z|1/ 2) as

|z| = o0.
Summary for a single evaluation of A(s)

We have written

7'19575’“

S—Sk

Q°T(ys+ A)L(s)d~* =

k=1

+(0/QM i G (s + 2, (n8/Q)'"7)

EB: WG (4(1= ) + X, (n/(5Q))")

+ remainder

with |remainder| < |Q*T'(ys + A)d~*| 107!5. The choice of § is described in (3.3.10),
and of B on pages 75 - 78 (especially (3.3.39)). In my computations I used a value of
¢ = 17/, or smaller, which led, at most, to cancelation of size e~'7 = 0.000000041 . . .
(i.e. a loss in precision of at most roughly 8 decimal places).

To compute the sums over n the three expressions (3.3.43) - (3.3.45) are used
according to Table 3.1. For the v = 1 case, the values of ;(d) are computed and
stored ahead of time. They are reused for each invokation of Nielsen’s expansion.
(For the v = 1/2 case, these numbers are only stored if many evaluations of A(s) are

desired and if we have sufficient memory to store these numbers).
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(3.3.43) n=1,or |w <[3z] —[32]*% or (6§ =1 and |2| < 10)
(3.3.44) otherwise
(3.3.44) | |w| > |2| + (1510g(10) + 1) + 1/(1510g(10) + 1)2 + 4(15log(10) + 1) | 2|

Table 3.1: A table indicating when (3.3.43) - (3.3.45) are used to compute the terms
in (3.3.20). Here w = (nd/Q)Y” or (n/(6Q))"", z = vso + A or y(1 — sq) + .

Issue 3, Precomputations

In this subsection we use the notation s = o + it, and we assume that ¢ > 1/2.

When many evaluations of A(s) are desired, it makes sense to use the same value
of § for each evaluation and to make sure that all sums are of the same length (i.e. the
same B and same M;, M, M3 in (3.3.43) - (3.3.45). This allows us to rearrange order
of summation, compute and store certain numbers in advance, and greatly enhance
the efficiency of our program.

However, for a fixed value of §, we run into cancelation problems as |t| grows, as
described following (3.2.9). This restricts the set of s’s for which we may use a fixed
J.

Note in (3.3.10) that we are already using just one value of § when |ty| < 2¢/7
(namely, 0 = 1), so what follows is for the case |tg| > 2¢/7.

With the choice of § described in (3.3.10), we have

|67 = exp (v [t|7/2 - ey[t/tl)
assuming that sgn(t) = sgn(ty). Combining this with Estimate 1 and (3.3.13) we get
[A(5)67%| > Q7 |ys + AT V2 emertiol | L(s)|, sgn(t) = sgn(to)

hence, the exponential factor e=¢"*/%l is no worse than it is for s = s;, so long as
|t| < |to|- Thus the choice of B described on pages 75 - 78 works for these ¢ as well.

Thus, we can use the same choice of § and B so long as sgn(t) = sgn(?y) and
|t| < |to|. However, we would not want to do so when |¢| is much smaller than |to|,
since then the choice of B is much larger than it need be. We could, for example,
use the same § for dyadic intervals. However, this would necessitate using Nielsen’s

expansion too often. Instead, one should use the same § for intervals of length |t0|1/ 2.
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Next, we describe precomputations that should be carried out. Consider a typical

sum

f: b(n)n""'G (73 + A (n(S/Q)l”)

B B B

= (Z+ Z + Z) b(n)n*'G (73 + A, (né/Q)1/7> (3.3.50)
1 Bi1+1 Ba+1

(details for the sum with s + A replaced by (1 — s) + A and né/Q replaced by

n/(5Q) are similar). We use (3.3.43) - (3.3.45), respectively for the three sums S 7%,

gf 41 21332 +1- B1 and B, are determined according to Table 3.2, where we also list

the number of terms M, My, M3 used in (3.3.43) - (3.3.45).

i B, "
11Q ((|t0| - |t0\1/2> - (|t0‘ - \t0|1/2> 1/2) [15log(10)/10g (\to\ /(Jto] — |t0|1/2)>-‘
. il o

& _ [301og(10)W/(W — Z)]

Table 3.2: Computing (3.3.50) for many values of s (i.e. |to| — \1&0|1/2 < |t < |tol,

and |ys + A| < Z) using the three expressions (3.3.43) - (3.3.45). Here, W = Z +
(151og(10)+1)++/(151og(10) + 1)2 + 4(1510g(10) + 1) Z. In the case, § = 1 and, say,
|vs + A| < 10, we can improve the efficiency of the algorithm by simply using (3.3.43)
(i.e. By = B and M; = O(1)).

B
In what follows, we will require many instances of the numbers {exp (— (nd/ Q)l/ 7) }
n=1
It makes sense to compute and store these numbers ahead of time.

B
Precomputations on the ' sum

This sum (without the remainder term) equals

oy vs+ A) 1/y ~ (n(s/Q)jM
o (B o 2

" (B16/QY1 SN b(n)nO+I/Y
s+N/ 1 N 1/
= D(ys +X)(Q/8)"* Z - mhﬂz; Bm exp (- (nd/Q)'"")

(3.3.51)
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Here we have reaaranged order of summation, and have also inserted a factor of B{/ 7
in the outer sum and of B, /7 in the inner sum. This was done to control the large
size of n7/7 in the inner sum and the small size of Q~7/7/(ys+\);41 in the outer sum.

Now the inner sum

exp (—(né/Q)1/7>, j=0,...,M; —1

n=1
does not depend on s. So by precomputing and storing the ¢;’s, we may use them

repeatedly, and thus rewrite (3.3.51) as

Bym) Ml (B,6/Q)N
L(vs 4+ A)(Q/8)5 Z 67(1—3) - Z Cj% (3.3.52)

The number of operations required to compute the ¢;’s is
O(M;By) = O(|s|"**7 Q)
and for computing the 2nd sum in (3.3.52) is
O(M) = O(|s['"?).
Precomputations for the ngﬂ sum

Here the sum (without the remainder term) is

ros+ 0@ 3 Mgy 3o M (G s

(3.3.53)

Nielsen’s expansion is used for the second sum as described on pages 80 - 82. Assuming
that the §;(d)’s have been precomputed, the number of operations required depends
on . If v = 1, the number of operations required is proportional to By — By, i.e. is

O(|s|"? Q). For each n we require

1 if s|"%/Q < k;
0 (s /(xQ)), it 15[ /Q > &,
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invokations of (3.3.44), where k is a constant (see page 82).So the total number of
operations involving (3.3.44), when v = 1/2, is

0(@Q) if [s]'/? /Q < k;
O(ls|"* /r) it s /Q > .

Precomputations for the Z]B;ZH sum

Here the sum (without the remainder) equals

U7\ Mz—1
™2 (F 0] %2t 1y,
Z b(n) (nd/Q)l/'y j;o (n(s/Q)j/v

n=By+1

- e S s e (-0

: n—= Bz+1

(3.3.54)

Here we have inserted a B,’ /7 in the outer sum and a B} /7 in the inner sum to control

the size of the terms that appear in both. Thus, letting

Z b(n)nO=V/7(By /1)1 exp (_ (n5/Q)1/7>

n=Ba+1

and precomputing and storing these numbers, we have that (3.3.54) equals

A —);

Q)8 Z d; W. (3.3.55)

The number of operations required for the precomputations is, by (3.3.39) and
Table 3.2, O((B — B;)M;) = O(Q|s|"™/?v), and for the computation of (3.3.55) is
O(Mz) = O(|s|'?).

Precomputations for the *main sum’ 372 b(n)n

Notice that

S’
w

e(s1=9)log(n) (3.3.56)
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If log(Bsy) |s — 1| is bounded (say < h), then we can compute e(*1~%)196(") to within
a certain precision using only a fixed number, K = K(h), of terms of the taylor

expansion of e*

K
els1—s)log(n) _ Z((sl —5) log(n))j/j! + remainder.

j=0

Hence, (3.3.56) may be written (without the remainder) as

M) S (s 5)logm)
= Z((m — 5)log(By))? /5! Z %(log(n)/ log(B,)). (3.3.57)

Here we have inserted a (log(B3))? in the outer sum and a (log(Bs))’ in the inner

sum in order to control the size of both. Hence, precomputing and storing

o5() == 3 " log(n)/ 1og(B))’

allows us to compute the main sum very efficiently (in constant time) for all |s — s1| <
h/log(Bs).

3.3.3 The functions fi(s,n), fa(s,n), for the case a > 2, v; = 1/2

In this case, the function f;(s,n) that appears in Theorem 3.1 is

fi(s,n) = o /V - H L((z+5)/2+ X))z~ (Q/(6n)) d=. (3.3.58)

This is a special case of the Meijer G function and we develop some of its properties.
Let M (¢(t); z) denote the Mellin transform of ¢

M (6(t); 2) = / e,

We will express [[;_, T'((z+s)/2+;)2~" as a Mellin transform analogous to (3.3.16).
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Letting ¢, * ¢o denote the convolution of two functions
dt
t

(6% ) (v) = / " a0/ balt)

we have (under certain conditions on ¢1, ¢s)

M (¢1 % g5 2) = M (¢152) - M (23 2) .

Thus
HM (¢j52) = /Ooo(qSl ook ) (D) F N, (3.3.59)

with
dt, dt,_1

(d)l*' . .*¢a)(v) = /Ooo- .. /000 ¢1(U/t1)¢2(t1/t2) s ¢a—1(ta—2/ta—1)¢a(ta—1)_ s

ty ta_1

Now

H D((z+5s)/2+ X))z ' = (1:[ T((z+s)/2+ )\j)) (C((z+8)/24+ Xa)z 1) .

Jj=1 Jj=1

L((z+8)/2+)) =M (26_t2t2)‘+5; z) :
and (3.3.16) gives
L((z+3)/24+ Nz =M (D(s/2+ )\, t%); 2) .

So letting

2e " {2Aits j=1,...a—1;
¢;(t) =
[(s/2+ X, t?) j=a,

and applying Mellin inversion, we find that (3.3.58) equals

fils,n) = 6(d1 % % 6a) (n6/Q), (3.3.60)
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where

00 00 a—1 _ ta_o
(¢1 *"'*¢a)(v) :v2)\1+s/ / 2a—1Ht§()\j+1*/\j)e (t2+t2+ +t¢2z 1)
0 0 o1
)

(/ 6_t31m$s/2+)\a_1d$) % o dta—1 ‘
1 131 la—1
(vza:)j/a

Substituting u; = “— t? and rearranging order of integration this becomes

00
UQ;H-S/ E)‘ ($’U2) $5/2+u—1dx’
1

where

Z/\ (3.3.61)
/ /Ooﬁ H'l Y —wl/a(u1+u2+ +a s Z—I—ua 1) dU,I .. duail (3362)

U1 Ug—1

So, returning to (3.3.60), we find that

fi(s,n) = (n8/Q)™ (n/Q)° /1 N (z (n6/Q)%) x*/*+ Lda.

Note that because (3.3.58) is symmetric in the A;’s, so is Ej.
Similarly

o) =57 (0/GQNT (1/Q)" [ Bx (2 (/6Q)") 27 .

Hence,

Q* H T(s/24 X)L(s)6* =) T’“ffsk

j=1 k=1

+(5/Q)2“Z (n)n* G (s/2 + . (n6/Q)?)

n=

<>n|€

Z Gy ((1—-9)/2+7, (n/((5Q))2)

(3.3.63)
with N
G (z,w) = / By (zw) 2*~ 'z
1
(1 and Ej are given by (3.3.61), (3.3.62)).
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Examples

When a = 2

OO A2—A 1/2(1 fg+4t dt
EA(-’L"U)):/ e A e (wa) ”“7
0

= 2K, » (2(wz)'?) = 2K, », (2(wz)"?), (3.3.64)

K being the K-Bessel function, so that GG is an incomplete integral of the K-Bessel

function.
Note further that if Ay = A/2, Ay = (A + 1)/2 then (3.3.64) is

2Ky o (2(wg;)1/2) _ (7T1/2/(wx)1/4) e_Q(wa;)l/Q

(see [10]), s0 Grjo,041)/2) (2, w) = 2(2m) /2 (4w)~*I'(22 — 1/2,2w'/?), i.e. the incom-
plete gamma function. This is what we expect since, using (3.1.2), we can write the
gamma factor I'((s + A)/2)I'((s + A+ 1)/2) in terms of I'(s + A), for which the a =1
expansion, (3.3.20), applies.

1) Maass cusp form L-functions: (background material can be found in [4]). Let f
be a Maass cusp form with eigenvalue A = 1/4 — v?, i.e. Af = —\f, where
A = y?(0/0x? + 90/0y?), and Fourier expansion

1(2) = 3 any 2K, (2 [n] y)ermine,
n#0
with a_,, = a, for all n, or a_,, = —a,, for all n. Let

Lf(s):Z%, Rs > 1

n=1
(absolute convergence in this half plane can be proven via the Rankin-Selberg method),

and let € = 0 or 1 according to whether a_,, = a, or a_,, = —a,. We have that
Ap(s) =7 °T((s+e+v)/2)T((s +& —v)/2)Ls(s)
extends to an entire function and satisfies

Ag(s) = (~1)Af(1 - 9).
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Hence, formula (3.3.63), for L;(s), is
7T ((s+e+v)/2)T((s+e—v)/2)Ls(s)0~° = (3.3.65)

(67T)6 Z anngG((s+v)/2,(s—v)/2) (3/2 + 8/2, (n(57r)2)

n=1

(_61)6 (/8)° Y ant*Germyae-my2) (1 = 9)/2 + /2, (n7/6)?)

n=1

+

where, by (3.3.64),

Glerv)/2,(c—v)/2) (/2 +€/2, (ndm)?) = 4/ K, (2némt)ts+dt
1

vz (L= 8)/2+¢/2, (nm/6)°) = 4 / Ky(2nmt /)t~ dt.

1

Computing G, (z, w)

We develop formulae analogous to (3.3.43) - (3.3.45), but for the function G (z, w).
Let

Iy (2, ) = WG (2, w) = / T By (1),
[y (2) = / h Ey (t) 7 dt, (3.3.66)

a (2 w) = / Ex () -2,
0
with E given by (3.3.62).

Lemma 8:

where j1= 33751 Aj.
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Proof. Let ¢;(t) =e 'Y, j=1,... ,a, and consider

00 oo a—1 t t
_ t .y ta=2 dt dt,_
(wl*”'*wa)(v):,u)‘l/ / Ht]+1 )\ Tt +ta_1+ta—1)_1... a—1
0 0 t ta1
00 oo a—1
ZUf/'“/‘II’“A e (B . .
0 0 T Tao1

922 tgq1) ATy ATy
(we have put t; = v'7//%z;). Thus, from (3.3.62)

Ex () = vty % - - x 1y (v),

and hence (3.3.66) equals
/ (1 % -« - % g ) (£)E7H Nt
0

which, by (3.3.59) is [[j_, ['(z — .+ Aj).
The analogs of (3.3.43) - (3.3.45) are

1 j Y
w Z w - w

j:O
’Y)‘(Z,w+d) ’}/)\ Z’w w*” IZ JHAdja )a |d‘<|UJ|
7=0
M-1
1 (1= 2)j p(=j-1)
G)\ (Z,’UJ) ~ _E J;O (U])] A (’U))

where

1 [ :
H)\(d,j,w):ﬁ/ Ex (u+w)uwdu
+Jo

'—m

= (1B +§: m)!

=0

B\ (w+d)

and EY{ )(w) stands for the jth derivative with respect to w of E (w) (anti-derivative

if j is negative).



Appendix A

Messy estimates

We collect here some estimates concerning the the gamma and incomplete gamma

functions.
Estimate 1: Let s = o + it, with 0 > 0. Then,
D(s)| = (2m)"/2 |s[77H/2 & /2R (s)
where
e M/ Glsh—o?/B1t?) < h(s) < el/(6ls)+a®/@BIt?) if [t| > o

e H/6s)-0 < h(s) < e/ @lsh+(r/2=1)o if [t] < o.

Remark : The first inequality tells us that h(s) = 1+ O(1/|t|) as |t| = oo (and o
fized), while the second inequality tells us that, for |t| < o and o of reasonable size,

h(s) is neither too small or too large.

Proof.

Using one term of Stirling’s expansion we have
P(S) — (27T)1/283—1/26—56R(s)
where [28, pg 294],

|R(s)| < —

1
6]s|
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so that
(271’)1/2|Ss_1/2|€_06_1/(6|8‘) < |F(8)| < (271’)1/2|Ss_1/2|€_061/(6‘5|)
But
|szl/2| _ |S|a—1/2 ¢ targ(o-tit)
and
w/2 —arctan(o/t) ift>0
arg(o +it) = < 0 ift=0

—m/2 — arctan(o/t) ift <0

From the McLaurin expansion of arctan(z)
r — |z*/3 < arctan(z) < z + |z]?/3, lz| <1

we get
D(s)| = (2m)"/* [s|/% &= "/ (s)

where
e MEsD-*/BIP) < p(5) < e/ CsD+e*/GI?) - if g > o

If 0 < |t| < o, then 0 < tarctan(o/t) < on/2 (since |t| < o, |arctan(o/t)| < 7/2, and
because t arctan(o/t) > 0 when o > 0). Hence, in this case
e HOD=0 < p(s) < MED+HE2D0 ip g <] < g

For the case t = 0, arg(o + it) = 0, and

e WOs) -0 < ps) < MODe py— g

Estimate 2: Let |w| > |z| + |R(z)| + 2, and R(w) > 0. Then

efﬂ?(w)

w| = |2 = [R(z)[ -1

|G(z,w)| < 4
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Proof.
Let 5 > 1. We have

‘(1—2)9'

wi

IA
o

51—z w])+5(+1)/@lw]) (A.0.1)

which follows from 1+ 2z < e* (applied to (m+|2|)/ |w| =1+ (m/ |w|+ |z| / |w|—1)).
Now if (j +1)/|w| < 1— |z/w| then the above is < e~7(=12/%1)/2 Hence, from (3.3.45)
and (3.3.31),

—R(w) M—1 -
G(z,w)| < & z o d(L—lz/w])/2
ul 2
e—?R(w)

N “MO—zw)/2 R —w) =1 < M < |w| - |2] - L.

R(w) - R(z) + M +1°
(the condition M > R(z —w) —1 is required by (3.3.31)). Now, we are also implicitly
assuming M > 1. We can definitely find an M > 1 satisfying

Rz—w)—1<M< |w—|z[-1
if |lw| —[2] —1>1, ie.
lw| > |z| + 2 (A.0.2)
and if the difference between the two bounds is > 1, i.e.
lw| = |z| > R(z —w) + 1. (A.0.3)
Both (A.0.2) and (A.0.3) are satisfied if
w] 2 [2] + [R(2)| + 2

(because we are assuming R(w) > 0).

Note that the conditions of the estimate imply that |z/w| < 1, hence

M-1 ~M(1-|2/w])/2 1

; 1-e
—j(1-|z/w|)/2 _
Z € 1 — e—(1=[z/w])/2 < 1 — e—(1=[2/w|)/2

8
= 30— Je/uw))

j=0

12| < |wl (A.0.4)
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(the last step because 1 — e ® > z — 2?/2 > 32/4 when 0 < z < 1/2), and so
8¢~ R(w)

3(Jw| = [2])

+ e e~MU=lz/w)/2 R )~ 1< M < |w| - |2| — 1.
R(w) —R(z) + M +1 ’ -

Choosing M as large as possible, i.e. M = ||w|— |z| — 1] > |w| — |z| — 2 we finally

|G (z,w)| <

get
8678?("”) e_m(w)
G(z,w)| < +
G < ST T Rw) =R + (0] =To=2) £ 1
efﬂ?(w)
<4 . (A.0.5)

jw| —[z] = [R(2)[ -1
(the last step because we’ve assumed that R(w) > 0, and |w| > |z| + [R(2)| + 2, so

the final denominator is positive).

Estimate 3: Let x be a positive integer, o > 1. Then,

l-a

Z 70(n) <z (log(z) + v+ ¢(a) +27")

ne a—1

n>x

where v = 57721566 . .. is Euler’s constant.

Proof. Summing by parts, we get

YL —t@- St RE).,  a>0a#l,

where

0< R(z) = a/ {t}t7* dt < 7

Here {t} =1t — [tJ denotes the fractional part of ¢. So

SOy LY

n<zx di<z 1 d2<z/d; g
X 6@ - CI  Rafay
~ (o) (C(a) R R(m)) SIS i mE) (A0)



where

0< Ro() =Y %R(x/d) <zl

d<zx

Summing by parts, )
Z a- log(z) + v + Rs(z)

d<z
with .
0 < R3(z) = / {t}t72dt < a7t

Hence, (A.0.6) equals

Now,

which, from the above, is less than

xlfa

a—1

(log(:r) +7+ (o) + x’l)

(here we have also used ((«) > 0 when o > 1).
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