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Abstract

We describe, in classical terms and with the averages written out, the argument of [1] showing
that ¢(s) has no zeros in Rs > 7/8. Unlike the 11/12 argument of the companion guide [3], it is a
contradiction argument about the rightmost zero of a whole family of L-functions over Q(v/—3).
A single average (the “probe”) is evaluated in two exact ways. The 7/8 step makes the dual sum
longer; short sums over primes, arranged so that a scalar contribution cancels, make the longer
sum affordable, and the rare bad rows are counted with two different moment bounds.

The proof in six steps.

1.

Let S, be the supremum of the real parts of the zeros (in 1/2 < s < 1) of all L-functions
L(s,n) in a fixed family over the Eisenstein integers; the family contains ((s)L(s, x_3). Assume
B« > 7/8 and aim for a contradiction.

. For every member 7, one builds an explicit average I(Z), the probe, of cubic Gauss sums

against sextic residue symbols and Gauss sums, and evaluates it in two exact ways.

. The first way (Cauchy—Schwarz; a planar large sieve for one factor and, for the other, the

automorphy of the cubic theta function followed by a quadratic large sieve) shows that the
probe is small: at most Z3/16+¢. Small averaging scales help here, but they make the dual
sum in the second way long.

. The second way (Poisson summation) writes the probe as a sum over “rows” u; the row v =1

contains 1/L(s,n) and would be of size Z%~11/16 if [(s 1) had a zero near j3,, while every
other row involves twisted L-functions, and a row can be large only if one of them has a zero
of bounded height well to the right of the critical line.

. A zero forces two Dirichlet polynomials attached to that row (one with M&bius coefficients,

one without) to be unusually large, and two moment estimates show that such rows are rare.
Short sums over primes built into the probe, arranged so that a row-independent term cancels,
are what make the long dual sum affordable: they have full size on the row v = 1, but on the
other rows they are only square-root-size prime polynomials, which also sharpen the count.

. Comparing the two evaluations shows that 1/L(s,n) continues a fixed distance to the left of

Bs« for every n, contradicting the definition of f,; hence B, < 7/8, and in particular {(s) # 0
for s > 7/8.



Scope. This is a guide to [1], not an independent proof. We quote the averages and exponents
of [1] as stated there (equation and line references are to its TEX source), simplify notation, and
explain why each step is needed. We did not re-verify every line of [1], which runs to about 16,700
lines of TEX. Independently, the final statement for ¢ and for all Dirichlet L-functions has a Lean
formalization in the same repository; we compiled it and replayed it through Lean’s kernel (it uses
only the standard axioms). The companion guide [3] explains the simpler 11/12 argument of [2],
which is organized differently.

1 The family and the number g,

Let w = €2™/3 and let Z[w] be the Eisenstein integers, with norm N(a 4 bw) = a? — ab + b?. An
element is primary if it is = 1 (mod 3); every ideal prime to 3 has exactly one primary generator.
For a prime 7 1 6, the sextic residue symbol (u/7)g is the sixth root of unity congruent to uMN(™=1)/6
modulo 7 (0 if 7 | u); for primary n prime to 6, (u/n) = [L e, (u/m)§. We write xn(u) = (u/n)s,
so that x3 and x2 are the quadratic and cubic symbols.

The family. A finite-order Hecke character n of Q(v/—3) is, concretely, a completely multiplicative
function on primary n that depends only on n modulo some fixed modulus (and is 0 when n is not
coprime to it); through primary generators it is a function on ideals. Its L-function is

Lo =3 gt (s> 1),
£0

summed over the nonzero ideals of Z[w] (for ideals prime to 3 this is the sum over primary n; the
prime above 3 enters in the usual way). Examples:

o n=1: L(s,1) = ((s)L(s, x—3), the product studied in [3];

e n(n) = x(N(n)) for a Dirichlet character x: L(s,n) = L(s, x)L(s, xx-3), up to finitely many
Euler factors;

e n(n) = v(n)(u/n)s for fixed u and a residue-class character v: a sextic twist. These are
the L-functions that appear as “rows” below. In general they are not products of Dirichlet
L-functions.

All of these L-functions continue meromorphically (entire unless 1 is principal, when there is a
simple pole at s = 1) and satisfy functional equations (Hecke). Define

By =sup({1/2} U{Rp: L(p,n) =0, 1/2 < Rp < 1, 7 primitive of finite order}) (1)

[1, L378-385]. Every zero of ¢ is a zero of L(s,1), so B, < 7/8 implies the theorem for .

Why the whole family is unavoidable. The second evaluation of the probe produces sextic
twists of the target, and the only a priori information about their zeros is $p < B,. Moreover, the
contradiction at the end is produced by whichever member has a zero close to 8. So even for ¢
every estimate must hold for every target n, with margins that do not depend on 7.



2 The continuation criterion

Everything is reduced to the following statement [1, Prop. lem:continuation-criterion].

Proposition 1. Fiz og € (1/2,1), suppose B, > 09, and let C(s) = s+ ¢ with ¢ fized. Suppose there
are 0 < w < By —op and o > 0, independent of n, such that for every primitive n there are a finite
set S of primes, a holomorphic H, with |H,(s) — 1| < 1/2 on Rs > o¢, and a function J,(Z) with

|Jn(Z2)] <y 7C(o0)+w (low estimate), (2)
Ty (Z) — f0(2)| <,y 2CF)= (high estimate), (3)
where the signal is
1 =2 Hp(s)
A 70(5)g(s=5/6)" _—_n\°) 4o 4
W) = 4 /gm O I W

Then we have a contradiction.

Why. Together, (2) and (3) give | f,(Z)| <, Z¢P<)=¢ for large Z, with e, = min(B,—oo—w, o) >
0 independent of  and 5, — €, > 09. Moving the contour in (4) to the right (the Gaussian decays
on vertical lines, and H,, and 1/L® are bounded on Rs > 2) gives f,(Z) <, 5 Z” as Z — 0, for
every B. Hence the Mellin transform [;° f,(Z2)Z ~C(5)dZ/Z is holomorphic in Rs > B, — €,, and
by Mellin inversion it equals 6(5_5/6)2Hn(s)/L3(s, n) for Rs > 1. Since |H,| > 1/2 on Ns > o and
the deleted Euler factors do not vanish in s > 0, 1/L(s,n) continues to s > B, — ¢, for every
primitive 7. But by (1) some primitive 1 has a zero with real part in (8. — €., 4], a contradiction.

Note the asymmetry: the low estimate is measured against C(og) and the high estimate against
C(pBs). Since C has slope one, C(f5x) — C(0g9) = B« — 0o9. The argument in Part I of [1] uses
oo = 11/12 and C(s) = s — 2/3; the 7/8 argument uses

7 11

m=1.  Cl)=s- 1 C7/8) = =
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3 The probe

3.1 The formula

Fix the target n (for {, n = 1). Besides 7, the probe contains a few fixed factors that depend only on
residue classes at a finite set S of bad primes (the primes above 2 and 3, those dividing the modulus
of 1, and all primes of norm below a fixed bound): a character £ modulo a fixed b, supported
on S, its Gauss sum 7, a reciprocity sign R(-,-) and a phase G. The character £ removes, after
Poisson summation, the zero frequency and the frequencies not prime to S; 7, R and G cancel unit
and reciprocity phases (between cn® and s, and inside cn?), so that the coefficients after Poisson
summation factor prime by prime. We collect them into ¢, and k4(cn?) below (both of absolute
value one). With

Ya(c) = N(¢) /2 Z (x/c)se(x/c), a(c) = c¢/lc|, e(z) = exp(4mi Sz/V3),

x mod ¢



the base probe [1, eq. general-probe, 1.3397] is, after evaluating its Mellin integral,

1 cs Wi( Y) N(m
WY 2) = 5 Y P V5 o(xer)
Y2(c) a(en®) n(en®) kg(cn®) Xens(m)  (N(c)N(n)? ()
" c sq%efree 2 \/WN('”) V< Z )

n

Here s, ¢, n run over primary elements prime to S (with s not necessarily squarefree, and ¢, n allowed
to share primes), m runs over all of Z[w],

gs(=m)= ) (d/s)se(~md]s)

d mod s

is a sextic Gauss sum, Wy, Wy > 0 are fixed smooth bumps, and V(y) = (2y/7) le~(08v)*/4 ig o
log-Gaussian, so that N(cn?) ~ Z. (We have absorbed the norm of b, into X; in (7) and in the
principal row below, X is the paper’s unabsorbed scale, which changes only bounded factors.)

What the three sums are.

3 is a twisted sum of Fourier coefficients of

1/2

e The innermost sum over the completed index cn
Kubota’s cubic theta function, whose coefficient at cn?® is (up to normalization) yo(c)N(n)
“Completed” means the cube factor n? is kept; the theta function needs it.

e The sum over s, with the Gauss sum gs(—m), is an additive polynomial in the averaging
variable m.

e The averaging variable m has N(m) ~ XY it ties the two together through x.,3(m) and
gs(—m).
In Part Tof [1], X =Y = Z'/2.

3.2 First evaluation: the probe is small

Expanding Wy by Mellin inversion separates m from s, and splitting s into finitely many residue
classes removes the remaining dependence of k4 on s; this gives an exact bilinear form in the rows
m [1, eq. low-separated, L3470]:

L(XY,Z)~Q'* > AnBn,  Q=XY, (6)
N(m)=Q

(an average over finitely many residue classes and one Mellin variable is suppressed), where

1 alm) (AT n(en? (e s (m) . N(en)
An=y 2. 9URE B> N(ON(n) V(77

with bounded coefficients ¢(s). Cauchy-Schwarz gives |I| < Q™Y2(3 |An|*)Y2 (3] |Binl?)'/?, and
two large sieves bound the two mean squares.




o Additive large sieve. Ay, is a sum of e(—md/s) over the reduced fractions d/s, which are
> 1/Y apart in C/Z[w]. The planar large sieve [1, Lemma lem:planar-additive-sieve], with
separation =< 1/Y and coefficient mass O(1/Y), gives [1, Lemma lem:balanced-additive-norm)]
2N(m)<Q |Am|? < (Q +Y?)/Y, which is Q/Y when Y2 < Q,ie Y < X.

e Theta function plus quadratic large sieve. The automorphy of the cubic theta function (with
Patterson’s coefficients as recorded in [5]) turns By, into a dual sum twisted by a quadratic
symbol attached to m, of length about N(m)2/Z (no longer than Z when N(m) < Z), as
in [3, Section 7]; no descent is needed, since B,, is already completed. The quadratic large
sieve [6], with the powerful part of m counted separately, gives [1, Lemma lem:unmarked-
completed-moment] >y ,y<0 |Bim|? < Z5(Q + Q%/2), i.e. the diagonal bound < @ Z¢ when
Q< Z.

Hence, when ¥ < X and XY < 7,

11,(X,Y, Z)| < Q™12 (%)1/2 @ Z5)1/2 — X272,

and with X =Y = Z/2 this is [1, Prop. prop:balanced-low] |I,,(Z'/2, Z'/2, Z)| < Z'/4+=.

3.3 Second evaluation: rows and 1/L(s,n)

Poisson summation in m replaces m by a dual frequency. The character £ kills the frequency 0 and
everything not prime to S, and every remaining frequency is uniquely u a® with u a sixth-power-free
element, unit factor included (a row), and a primary. After summing over everything else, the probe
becomes [1, L3831 and eq. probe-high]

In<X7 Y, Z) — (271—]'1)3 // Xl/2—zzx+z—lyw—le(x+z—l)2M(g)wl(w)

Hpu(z, w, z) dz dw dz,

o N L9 (z,nxe(w))

— (7)
y Z(@ N(u) (i (62) L% (w, xo(u))

where xo(u) is the character n — x,(u) = (u/n)s, (x = ¢ - L(+, x—3), the superscript S removes
finitely many Euler factors, H, , is an absolutely convergent Euler product in explicit regions, and
M(z) = [,° Wo(r)rz_l dr and I//i\/'l(w) = [o° Wi(r)r* =t dr are Mellin transforms of the weights (WO
is the planar Fourier transform of Wy(|y|?)). Each row is therefore a ratio of L-functions: the sum
over a gives (x(6z), the sum over s gives the numerator L(w, xe(u)), and the squarefree variable c,
whose local factor carries a sign —1 coming from the Gauss sums (as in the Mobius—Gauss identity
of [3, Section 6]), gives the reciprocal 1/L(z,nxe(u)).

The principal row. Only v = 1 has a principal numerator (for a unit v # 1 the numerator
character is a nontrivial Kummer character). Its two simple poles, at w = 1 (from L(w, xe(1)) =
(3 (w)) and at z = 1/6 (from (2 (62)), give the double residue

3 rpe s Hp(x)
cg X138 77=5/6(@=5/6)" ") Hy(z) =Hp1(x,1,1/6),
Ls(l’,n) 77( ) n ( / )
with a constant ¢g > 0 [1, eq. shared-principal-data]. After division by ¢g and with X = Z/2,
this is Zx*2/3e(x*5/6)2Hn(x)/LS(w,77): exactly the signal (4) with C(s) = Ci(s) := s — 2/3. This is

where C and the Gaussian e(5=5/ 6)* come from.



The other rows: zero detection. A row u # 1 is large only if its twisted L-functions have zeros
near the contour. The paper assigns to each row a bin a < (,: the largest real part of a zero of
height at most a small power Z7 among the finitely many twists vye(u)®! attached to the row,
rounded down to a fine grid with floor 51/100. It writes 6 = 2a — 1. A zero p of L(s, 1), ¥ the row
character, produces [1, Prop. prop:detector-witness| two large Dirichlet polynomials with the same
character and height: for U = N(u),

My ==Y (o mw (), s, = oy s (B0, 0
n l

Witht—%Srﬁt,Ogmg%aHdr—i—mztfor any chosen ¢ € [1,3/2], and

|Mr|2 > U&r—a’ |Sm|2 > Uém—a_

(Here M, is a truncation of 1/L and S,, of L; at a zero both are as large as the zero-free region
allows.) Part I uses only M, with ¢t = 1. A large sieve for sextic characters (proved in [1, Lemma
lem:sextic-large-sieve] by the method of [4]) bounds, for weights fixed independently of the row, the
mean square
S M| < (UDF{U+ D+ UD?},  D=U",
N(u)=<U

for squarefree rows (rows with a square-full part are handled by fixing that part and counting
it separately, with the same final result; the dependence of the witness weights on the row costs
only a fixed power of Z7). Dividing by the spike U°" and taking the worst length r € [1/2,1]
(the endpoints » = 1/2 and 7 = 1) shows that at most U®®) rows can be bad, with R(§) =
min{1, max(1 —§/2, 4/3 — 4)} [1, Prop. prop:sextic-row-count].

3.4 Why Part I stops at 11/12

At the balanced scales X = Y = Z/2 the low estimate is Z'/* and the signal exponent is
C1(Bs) = B« — 2/3. The criterion needs 1/4 < B, —2/3, i.e. B, > 11/12; so

11 2 1

23t

At these scales the non-principal rows have room to spare: by our computation from the paper’s
formulas, the row bins alone would allow any 8. > 5/6. (The paper’s high-side lemmas are, however,
stated only for og > 7/8; the Euler region it uses for the principal row and for H, is s > 7/8.) But
the balanced scales are a choice. By Section 3.2 the low estimate is X/2, while the signal carries
only X1/3_ so shrinking X improves the comparison on the low side. The price is a longer dual sum:
rows u up to norm about Z/X (Section 4). Part I needs only a bootstrap and does not pursue this
trade-off; the 7/8 argument is about how far it can be pushed.

4 The 7/8 probe

4.1 The exponent formula

With general scales X = Zl+, Y = Zlv = Z%=*b and short prime sums of total log-length £ (below),
the principal row gives [1, Def. def:stage-high-data]

5 1, /
—s—o4 24 hi=1—1, +¢,
C(s)=s ct3te +

6



where h is the effective log-length of the dual rows (N(u) < Z"), and, for the paper’s geometry (in
particular under the relation [, + I, + £ = 1 below), the low estimate becomes Zl=/2+0/12 Equating

the two,

A T
So o0y is governed by the length h of the dual rows: Part I has h = 1/2, and 7/8 needs h — b/2 = 3 /4.
The paper’s design relation [, + [, + ¢ = 1, under which its low estimate is proved, makes this

oo = 11/12 — ¢/4, independent of b. Its choices are

1 1 13 17 23 11 1 7 11

bzé, 526, hzﬁ, lx:4—8, ly:4—8, 00=15"5;= g C’(s):s—ﬁ. (9)
Where the gain comes from. The low side does not need the prime sums. By Section 3.2,
the unmodified probe with X =Y = Z1/4 already has low estimate Z 1/8+¢ and the formula above
gives C(s) = s — 3/4; so op = 7/8, with dual rows of length h = 3/4. What fails is the high side.
There are about Z” rows, and even the rows whose L-functions have no zeros to the right of 1/2
must add up to less than the signal. By our computation from the paper’s per-bin exponent [1, eq.
stage-high-exponent|, at real part 1/2 with every row counted and no prime factors, these floor
rows contribute Z€(@0)+E where

E:8—900+%—€ (Whenaozl—%+%).

So without slots the paper’s row-by-row bounds cannot reach below oy = 8/9 + b/54, for any choice
of scales; at X =Y = Z/* they give E = +1/8.

The prime slots pay for the longer rows. At fixed h and b they let X and Y both be Z¢ larger
(I = 1+ ¢ — h). This leaves 0g unchanged, since the low estimate and C(s) both rise by £/2. But
it lowers the exponent of every non-principal bin by at least ¢ (our computation from the same
formula), because on such a row a slot contributes only a square-root-normalized prime polynomial
(Section 4.4), while at the principal row it has its full size Z/6. The low side limits the slots: its
estimate is proved under [, + [, + ¢ = 1, which together with oy = 7/8 forces £ = 1/6, whatever b is.
With the paper’s geometry the floor rows have E = —1/48, and the binding bins are those with
zeros near real part 0.69 (Section 6). Everything else in Part II exists to make the high estimate
survive rows of length h = 13/16.

4.2 Prime slots and the compensated probe

Fix K disjoint “slots” of primes: slot i consists of primes p ¢ S in a fixed residue class (the
identity class of a fixed finite group) with N(p) < P, = Z%, weighted by a smooth bump ;, where
S 4 =€=1/6. Write I,.p for the probe (5) with the condition D | cn® inserted in the completed
index. The compensated probe is [1, eq. compensated-probe-definition, L6894]

K
fa(Z) = Y TI(FRD) 52 VNG 2 500)
P1,.PK =1 JC{1,...,K} (10)
X Y
X In;ch (m: m: ZN(ch)),

with p; = [[;c;pi- With one slot it reads

Imod(Z) = Z 9 (N(]:)
p

) [100) Ly (X, Y, ZN(9)) = N(p)™*/1,(X/N(p), Y/N(p), Z) |.

marked rescaled

P




The marked term restricts the completed index to multiples of p and lengthens its range to ZN(p).
The rescaled term shrinks both averaging scales by N(p).

4.3 Low side: still small

On the low side the marked primes are summed inside the completed row B,,, whose mean square
stays diagonal, < @ Z¢ [1, Lemma lem:probe-row-normy]; the proof now also uses Heath-Brown’s cubic
large sieve [7] for the marked primes [1, Lemma lem:hybrid-energy], and the relation I, + 1, + ¢ = 1.
The additive mean square acquires a factor from the unequal scales, and each rescaled slot of length
d gains a factor Z~% (from the count Z%, the coefficient Z~3%/2 and X/? — X1/2Z~4/2). The result
[1, Prop. prop:probe-low] is

Imod(Z)| < Zle/21b/124e — Z17/96+1/96+e _ 73/16+<

The term b/12 is the price of the unequal scales. With P, = Y?/Q = Y/X ~ Z* = Z'/8, the paper’s
Gram bound gives (Q/Y)(1 +p)/e +P2/Y) for the additive mean square [1, Prop. prop:probe-gram|
(the planar sieve alone would give (Q/Y)(1 + P,)); the middle term counts the rare frequencies that
are sixth powers up to factors supported on the common divisor and on S. Since P?/Y < Pa1 / 6,
the middle term dominates, and after Cauchy—Schwarz it becomes P; N2 _ gb/12,

4.4 High side: what the compensation cancels

In the Poisson evaluation (7), a slot prime p { v multiplies row u by (roughly)

marked: — xp(u) + N(p)™¥, rescaled: N(p)™%,

(times a common factor N(p)*~!). The difference is —x,(u) plus small terms [1, eq. old-eq:5.13b,
Prop. prop:probe-errors|. (For the few slot primes p | u the main term vanishes and —N(p)™"
survives; the paper controls them through the drop in the row’s conductor [1, egs. old-eq:5.13d,

old-eq:5.13¢].) So each slot contributes, in row u, the factor —PZ-Z_I/QQZ-(U), where
N p—1)2 (N(p)\ (N(p)\*1 u
am=r" 3 (0 (F7) (G, ()

P,
is a centrally normalized prime polynomial, typically of size O(1). Without the subtraction, the
row-independent term N(p)~" would act on every row like a prime polynomial of maximal size, and
could not be controlled by any average over rows.
At the principal row u = 1 each slot gives —1 per prime. Hence the signal survives, multiplied
by the nonzero normalizer

peslot ©

K —t/6 - (N(p) —5/6
Ar(2) = () 2T 30 (57 )Nw)

i=1 peslot ¢

with |A7(Z)| < (log Z)~X, so that dividing by it costs only Z¢ (Ar(Z) > 0 when K is even), and
the normalized probe Ji1, = Imod/(csA7(Z)) has signal (4) with C(s) = s — 11/16; the factor Z¢/°
in C is the slots evaluated at z = 1/6.



5 Counting the bad rows

5.1 Three averages

A row in bin § has prime polynomials of mean amplitude q: the length-weighted mean of the
exponents g; with |Q;| & P?". The bin ceiling |Q;| < P5/2+0(1) gives 0 < ¢ < §/2, and suitably
selected slots of total base- U length X satisfy |[ [ QZIQ > U22—°()_ Such a row is detected by
large values of M,., Sy, and the @);. Three averages over rows bound how many such rows exist.

1. Inverse moment with prime factors [l, Lemma lem:marked]. With row range H, length
D, slot sizes P;, P =[], P;, and fixed residue-class characters v and coeflicients a;(p),

> ‘D 1/2ZM ( ) W(Ngl))l:[ﬂ‘”:;iai(p)u(p)<Z>69¢<N](Df))‘2<<H1+‘i

0<N(u)<H

(12)
provided DP? < HZ=“ and D?*P8 < H3Z~ (fixed ¢1,c2 > 0). With no prime factors this is
exactly the mean-square estimate behind the alternate 11/12 proof of [2] (explained in [3]; Part I
of [1] does not use it), Y x(u)<pi+o | 2o, (1) (u/n)eW (N(n)/D)]> < D29+ and its proof follows
the same route: Poisson in u, the identity converting Mobius coefficients into cubic Gauss sums, the
cubic theta function with the quadratic large sieve, and the two-Poisson descent [3, Sections 6-8].
With prime factors the paper adds a reduction for slot primes dividing n and, in the terminal step,
Heath-Brown’s cubic large sieve for the slot primes [1, Lemma lem:hybrid-energy].

2. Plain fourth moment with prime factors [l, Lemma lem:plain]. With lengths Z"1 Z"2
and rows N(k) < zm' (excluding rows whose character is principal, or lies in a fixed finite group,
when prime factors are present),

ST 250 (F) (5 T Srtomn (D) () < 2. s

k j=1

for all lengths when there are no prime factors, and otherwise, for 3/4 < k < 1 and slots of sufficiently
small individual length, when ny 4+ ng + 66X < m/, where kK = 23, — 1 (we state the case used in the
application, where the paper’s moving-support parameter is 0). This is new. It is an induction on
the effective width: the functional equation of the sextic twists L(s, 1) (Hecke reflection) shortens
the sums, and two finite Poisson transforms per step return products of the same kind at smaller
width. Transformed rows whose character lies in the fixed finite group can carry volume-sized main
terms, which an equal-scale centered difference cancels. The zero-free hypothesis S, < (1 + k)/2
(which holds, with equality, for £ = 23, — 1) bounds the prime factors pointwise, | [], Q;|*> < Z"**=.

3. Sixth-power amplification [1, Lemma lem:inverse-amplification]. Replacing a sixth-power-
free row u (N(u) =< U) by ua® for the < (H/U)Y ideals a with N(a) < (H/U)'/S, where H =
max(2U, D'¢), and applying (1) without prime factors at row range H (the same trick as in
the deduction of 11/12 in [2, 3]), gives 3 y=u/ |M,(u)]? < UHe with D = U” and e(r) =
max{1, (1 + 5r)/6}.

5.2 Combining the counts

Apply the moments at base U: rows have N(u) =< U, so the row exponent is 1, and r, m, \ are base-U
lengths. Dividing each moment by the guaranteed size of a bad row (|M,|? > U, |S,|* > U™,



| Lo Qil? > U?") gives, for #B rows of norm < U in one bin,
#B < Ul o220+ (inverse), #B < UIT2m—20 e (plain, two copies of S,,),

with the prime-factor “capacities” A < (1 — r)/2 (from DP? < H; the second condition then
needs r > 1/2, and the inverse count is used only for » > 23/37) and A < (1 — 2m)/(6k) (from
2m 4 6k < 1). The inverse bound is good when the Mobius witness is long, the plain bound when
the plain witness is long; since r +m > t, at least one witness is long, and the better of the two
bounds is used. Writing ¢ = zé with 0 < z < 1/2, taking the better of the two, and using the
amplified count L(t) =1 -0+ (. — J)(t — 1), o = 5/6, for long inverse witnesses, gives [1, Prop.
prop:detector-counts] (assuming the available prime length exceeds 7/37 by a fixed margin; at the
longest rows it is ¢/h = 8/39)

0P, /3
#B < UmaX{Rshort(t)vL(t)}+A/4+67 Renort (1) =1 -0+ <7 B t)7

where D, =3 —172/9, P, = (2 —8z/9)(1 —z), and A = 5, — 7/8.

6 The final inequality

A bin of rows of norm U = Z% contributes at most ZC(7/8)+E(d)+o(1) ¢4 the probe, where [1, eq.
common-high-exponent]

1 2 q 6 17
B(d) =~ + 30+ 4 —h(l=R)+(d—h)(R+5 - ).
Its terms record the Mellin weight on the central contour, the size U%/? of the numerator L(w, yo(u))
on the reflected line, the number U” of rows, and the prime polynomials. The slope in d is positive,
so the worst rows are the longest, d = h = 13/16. There one takes ¢t = 1 + §P,/(2J) with
J=(a—0)Dy+ 6P, sothat R=R, =1—-+ (= 6)0P,;/(2T), and the paper proves [1, Lemma
lem:balanced-endpoint]

ot

49
_E(h) > forall 0 <6<> 0<a<
(h) 2 fjopag forall0=d<g 0<z<

[N

Including the small loss from x = 25, — 1, the comparison actually needed is

49 o1
A< — _
Factual(h) — A < 120640 64A + €total < 0,

where €qota1 collects the adjustable losses (chosen small after the certificate); i.e. every non-principal
bin is smaller than the signal size ZCB+) = ZC(T/8)+A by o fixed power. Rows slightly longer than
Z" (h < d < h+ () cost at most 2¢, absorbed by taking ¢ small. The top bin § = 5/6 (no selected
primes; E(h) < —1/48 —§/16) and the floor bin (£ < —7/1200) are separate easy cases, and shorter
rows (d < 1/2, no prime factors needed), very short rows and very long rows (d > h+ () are handled
with room to spare. All margins are chosen before the target 1, so they are uniform in 7, and
Proposition 1 with og = 7/8 gives the contradiction. Hence 3, < 7/8, and ((s) # 0 for s > 7/8.

The worst case. At z = 1/2 (prime polynomials as large as the bin allows) and ¢ ~ 0.387 (zeros

with real part about 0.69) one finds R, ~ 0.668 and E(h) ~ —2.3 x 10~%: the inequality holds, but
only just.
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7 What each ingredient does

Ingredient Role

Family supremum 3, Gives a priori control of every twisted L-function that appears
as a row; the contradiction may come from any member.

Bootstrap £, < 11/12 From Part I. Gives A < 1/24 and k = 28, — 1 < 5/6; since
d < 2B, — 1 by the definition of 3., 6 < 5/6 for every bin, as
used in the counts and the final certificate.

Prime slots, £ =1/6 Make the long dual rows (h = 13/16) affordable: at fixed h
they let X,Y be Z¢ larger, which leaves og = 1 — h/6 4 b/12
unchanged and lowers every non-principal bin; full size at
u = 1, square-root-size prime polynomials elsewhere. The low
side caps them at ¢ = 1/6.

Compensation (marked — Removes the row-independent term N(p)~", leaving the row

rescaled) polynomial —x,(u); free on the low side; keeps the principal
rOW NONZero.

Unequal scales, b = 1/8 Cost Z%12 on the low side, gain on the high side; b cancels
from o¢ under I, + 1, +¢=1.

Two witnesses M., Sp, Complementary detectors from one zero (r +m > t): a long
Mobius witness is counted by the inverse moment (or by sixth-
power amplification when r > 1), a long plain witness by the
plain fourth moment.

Inverse moment The machinery of the alternate 11/12 proof [2] (cubic theta,
quadratic large sieve, two-Poisson descent), extended to prime
factors with Heath-Brown’s cubic large sieve.

Plain fourth moment New: an induction combining Hecke reflection with two finite
Poisson transforms (and a centered difference for rows in the
fixed finite group); prime factors bounded pointwise using
By« < (14 k)/2, which holds with equality for k = 25, — 1.

How tight is it? The certificate guarantees a margin of 49/440640 ~ 1.1 x 10~%; the true worst
case is about 2.3 x 1074, We re-evaluated the paper’s general exponent [1, eq. stage-high-exponent]
at d = h with the same row counts (which do not depend on ¢ or b while ¢/h > 7/37), together
with 09 =1—h/6 +0/12 and I, + 1, + ¢ = 1 (our computation, not a claim of [1]). The endpoint
inequality then survives only for ¢ < 0.1668 when b = 1/8, and only for 0.094 < b < 0.152 when
¢=1/6; at £ =0.17 or b = 0 the worst bin exceeds the signal by about Z%%%4. So 7/8 appears to be
close to the limit of this particular design.
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