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Abstract

Working notes. Section 1 summarizes the arithmetic of quadratic fields: rings of integers, units,
ideals and class groups, the splitting of rational primes, and the factorization (x (s) = ¢(s)L(s, xp)-
Section 2 works out K = Q(y/—3) and its ring of integers Z[w] (the Eisenstein integers) in full,
with complete elementary proofs. It describes the ideals of Z[w] as lattices, with figures, and it
covers primary elements in the convention aw = 1 (mod 3) used by the OpenAl papers on the
quasi-Riemann hypothesis. Section 3 treats the quadratic, cubic and sextic residue symbols on
Z|w], cubic reciprocity, and cubic Gauss and Jacobi sums, with the signs in that convention.
Section 4 treats additive characters, Gauss sums and Poisson summation over Z[w], and Section 5
the cubic theta function of Kubota and Patterson, both as they are used in the 11/12 argument.
Section 6 has tables of how the rational primes below 100 factor, of the primary elements of
norm at most 100, and of cubic and sextic residue symbols. Every numerical entry was generated
by a computer program, which also checked numerically, over a range of cases, the identities
stated here for Z[w].

Q(v/-3) at a glance

Field K =Q(vV=3) =Q), w=em3==ty=8
Integers Ok =Zw|={a+bw:a,beZ}, w?+w+1=0
Discriminant D=-3

Norm, trace N(a +bw) = a? —ab+ b, Tr(a+bw) =2a—b
Units +1,+w, +w? (the sixth roots of unity, w = 6)
Class number h =1 (Z]w] is Euclidean)

Ramified prime 3= —w?)\?2, A=1-w, NA=3

Splitting p=1(3): p=n7splits; p=2 (3): pstays prime
Primary a=1 (mod 3),ie.a=1,b=0 (mod 3)

Zeta function Cr(s) =C(s)L(s,x-3), x-3(n)= (%)
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1 Quadratic fields in general

1.1 Fields, norm and trace

Every quadratic field is K = Q(\/&) ={a+ bWd:abe Q} for a unique squarefree integer d # 0, 1.
It is imaginary if d < 0 and real if d > 0. The nontrivial automorphism is o(v/d) = —v/d (complex
conjugation when d < 0), and for x € K

Trx =z + ox, Nz = zou; Tr(a +bVd) = 2a, N(a+ bVd) = o® — db. (1.1)
The norm is multiplicative. Each x € K \ Q is a root of X2 — (Trz)X + Nu.



1.2 The ring of integers

The ring of integers O is the set of z € K that are roots of a monic polynomial in Z[X]. For
x ¢ Q this means that Trz and Nz are integers.

Theorem 1. O = Z[0] = {m +nb : m,n € Z}, where

S

1
0=+d ifd=2,3 (mod 4), 6= +2

Proof. Let 2 = a + bv/d have A = 2a € Z and a® — db® € Z. Then A% — d(2b)? € 47Z, so d(2b)? € Z.
Since d is squarefree, B = 2b € Z: if 2b = u/v in lowest terms, then v? | d, so v = 1. Moreover
A? = dB? (mod 4), and squares are 0 or 1 modulo 4. If d = 2,3 (mod 4), then B odd would make
dB? = 2,3, which is impossible. So B is even, then A is even, and x € Z[v/d]. If d = 1 (mod 4), the

condition is exactly A = B (mod 2), i.e. x = AEB + B 1+2*/E € Z[HQ\/E]. Conversely v/d is integral,
and when d =1 (mod 4) so is § = #, a root of X2 — X + IZJ € Z[X]. O

ifd=1 (mod 4). (1.2)

The discriminant is D = Dy = (6 — 06)?, that is,

D=d (d=1mod4), D=4d (d=2,3mod4). (1.3)

Uniformly, Ok = Z[D +2ﬁ]. For imaginary K, Ok is a lattice in C with covolume (the area of a

fundamental parallelogram) /|D|/2.

1.3 Units

If d < 0 then Nz = |z|?, and the units are the elements of norm 1. There are only finitely many.
The unit group is {£1} except for d = —1 (+1,4i; w = 4) and d = —3 (the sixth roots of unity;
w = 6). We write w = wg for the number of units.

If d > 0, Dirichlet’s unit theorem gives O = {£e" : n € Z} for a fundamental unit ¢ > 1, with

Ne = 4+1. Examples: ¢ = 1 ++/2 (norm —1), 2 ++/3 (norm +1), and HT‘/“F’ (norm —1).

1.4 Ideals and the class group

Ok is a Dedekind domain: every nonzero ideal factors uniquely as a product of prime ideals.
Each nonzero prime ideal p contains exactly one rational prime p. The norm Na = |Og/a| is
multiplicative, N(zOf) = |Nz|, and Np is p or p?. The ideal classes (nonzero fractional ideals
modulo principal ones) form a finite group, the class group, whose order is the class number h = h.
We have

Ok is a PID «<— Ok isa UFD <= hg =1. (1.4)
For example, in Z[y/—5] (where h =2), 6 =2-3 = (1 4+ v/=5)(1 — v/=5) are two factorizations into
irreducibles that are not associates. As ideals both become

(6) = p% P3 pga P2 = (27 I+ _5)7 p3 = (37 I+ v _5)7 p{g - (37 I—v _5)7 (15)
with (2) = p3, (3) = pap} and (1 4 /=5) = pap3 or peps. The imaginary quadratic fields with h = 1

are exactly those with
d=-1,-2,-3,-7,—-11,—-19,—43, —67,—163 (1.6)

(Heegner, Baker, Stark; see [1]).



1.5 How rational primes factor

D

n) is defined as follows:

For a fundamental discriminant D, the Kronecker symbol xp(n) = (
e at odd primes p it is the Legendre symbol (%);
e at p=2itis 0 if Diseven, 1if D=1 (mod 8), and —1 if D =5 (mod 8);
e it is extended completely multiplicatively.

It is a primitive real Dirichlet character modulo |D|, with xp(—1) = sign D.

Theorem 2. Let p be a prime. Then

pp, p#p, Np=p (split) if xp(p) =1,
POk = { pOk prime, N=p* (inert) if xp(p) = —1, (1.7)
p?, Np=p (ramified) if xp(p) =0, i.e. p| D.

Sketch. Let f be the minimal polynomial of # in Theorem 1; its discriminant is D. Then O /pOf =
Fp[X]/(f) (Dedekind-Kummer). If f has two distinct roots r # s in F,, then p splits, with
p=(p,0—7r)and p = (p,0 —s). If fis irreducible, p is inert. If f = (X —r)?, then p ramifies, with
p = (p,0 —r). For odd p these three cases occur exactly when D is a nonzero square, a nonsquare,
or zero modulo p. For p=2and d =1 (mod 4), f = X2+ X + %d splits if d =1 (mod 8) and
is irreducible if d = 5 (mod 8). For p =2 and d = 2,3 (mod 4), f = X2 —d is X% or (X —1)?
modulo 2, so 2 ramifies, in agreement with 2 | D. ]

Since xp is periodic modulo |D|, whether p splits depends only on p modulo |D|. This is one
form of quadratic reciprocity.

d D Ok units h ramified p splits iff

-1 -4 Z[ +1, +i 1 2 p=1 (mod 4)

—2 -8 zZ[J=2 £l 1 2 p=1,3 (mod 8)

-3 -3 Zw] +1, 4w, +w? 1 3 p=1 (mod 3)

5 —20 Z[\/=B = *1 2 2,5  p=1379 (mod 20)

-7 =7z 4 1 7 p=1,2,4 (mod 7)

—23 —23 Z[MB] 41 3 23 p a nonzero square mod 23

2 8 Z[V?] +(1+vV2)" 1 2 p =41 (mod 8)
3 12 Z[V3] +2+V3)" 1 2,3  p==+1 (mod 12)
5 5 zZ[M5) (S 5 p==+1 (mod 5)

1.6 The Dedekind zeta function and the class number formula
For Rs > 1 put (x(s) =D, oNa™* =[], (1 - Np—%)~L.
Theorem 3. (k(s) = ((s)L(s,xp). Equivalently, the number of ideals of norm n is 3_,,, xp(m).

Proof. Compare Euler factors at each p using Theorem 2. Split: (1 —p~*)~2. Inert: (1 —p~2%)~1
(1—p~*)~Y(1+p~*)~L. Ramified: (1—p~%)~!. In each case thisis (1—p~*)~ (1 —xp(p)p~*)~ .

0o



Thus (x has a simple pole at s = 1 with residue L(1, xp), and Dirichlet’s class number formula
[3, Ch. 6] reads

2mh 2hloge
D < 0), L(1, =
o PO L) ==

L1 xp) = (D> 0). (1.8)
For D <0 there is also the finite formula h = — 517 Z‘aDz‘l axp(a); for D = —20 it gives — 5 ((1+
3+7+9)—(114+13+17+19)) =2.

Binary quadratic forms. For D < 0, ideal classes correspond to SLy(Z)-classes of primitive

positive definite forms ax? + bxy + cy? with b?> — 4ac = D. The class of O corresponds to the

principal form 2 + zy + %yQ or z2 — %yQ. When h = 1 the principal form represents each

n > 1 exactly w),,, xp(m) times (counting all (z,y) € Z*). Each element of norm n gives a
representation, and there are w generators for each ideal.

2 The field Q(v/—3) and the Eisenstein integers
2.1 The ring Z|w]

Here d = -3 =1 (mod 4), so Og = Z[%] and D = —3. Put

—14++/— .
w = %3 = ?™i/3, (2.1)

Since HT‘/?S =1+ w, we have O = Z[w] = {a + bw : a,b € Z}, the Eisenstein integers. The field
is K = Q(w), the third cyclotomic field. The basic identities are

2

WHwt+l =0, =1, w=w’=-1-w, V-3=142w=w—-w? l4w=—w?=_¢"/5 (2.2)

For a = a+ bw and 8 = ¢+ dw:

aff = (ac — bd) + (ad + bc — bd) w, a

Na = aa = a® — ab + b2, Tra = a+a=2a—0b, (2.3)

AN = (2a — b)? + 30, o

The last identity gives Na =22 + 3y? withz =a — % and y = 5. Also w (a +bw) = =b+ (a — b)w,
which is rotation by 120°. Finally 8 | a if and only if both coordinates of a3 are divisible by Ng,
since o/ = af/Np.
2.2 Geometry

In C = R?, Z[w] is the hexagonal (triangular) lattice spanned by 1 and w (Figure 1). A fundamental
parallelogram has area Sw = v/3/2 = /| D|/2. Every lattice point has six nearest neighbours at
distance 1; around 0 they are the six units. Counting lattice points in a disc gives

#{a € Zw] : Na < X} = ;;;2 L O(VX) = f/gx + O(VX). (2.4)
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Figure 1: The Eisenstein integers a + bw, plotted at (a — g, § ). The six units form the grey

hexagon, the shaded parallelogram is a fundamental domain, and A = 1 — w is circled. The large
dots are the primary elements, those =1 (mod 3). They form the translated sublattice 1 + 37Z[w]
(one point in nine), and each nonzero ideal prime to 3 has exactly one of them as a generator.

2.3 Units

Proposition 4. Z[w]* = {£1, 4w, +w?} = ({), where ( =1 +w = —w? = €™/3. This is cyclic of
order 6.

Proof. N(a + bw) = 1 means (2a — b)? + 3b> =4, so |b| < 1. If b = 0 then a = +1; if b = 1 then
a € {0,1}, giving w, 1 +w; if b = —1 then a € {0, -1}, giving —w, —1 — w. O

2.4 Division with remainder

Proposition 5. For «, 8 € Z[w] with 8 # 0 there are q,r € Z[w] with « = g8 +r and Nr < %Nﬁ.
Hence Z|w] is FEuclidean, so it is a PID and a UFD, and h = 1.

Proof. Write o/ = s + tw with s,t € Q, and choose m,n € Z with |s — m|, |t — n| < % Put
g=m+nw. Withu=s—mandv=t—n, Na/B—q)=u?>—uv+v?<u?+ullv] +v2 < 2. So
r:a—qﬁhasNrg%NB. O

(The hexagonal geometry gives the sharp constant %: every point of C lies within 1/v/3 of the
lattice.)

Example 6 (Finding a prime of norm 61). Since 132 + 13 + 1 = 183 = 3- 61, r = 13 is a root of
22 4+ 2 + 1 modulo 61, and ged (61,13 — w) is a prime above 61. We have 136_1w = 61(};’3_@ = 14;:“’,
which rounds to ¢ = 5. The Euclidean algorithm runs

61=5(13—w)+ (—4+5w), 13 —w=(—-2—w)(—4+5w) +0. (2.5)

So ged(61,13 — w) = —4 + 5w, of norm 16 + 20 + 25 = 61. Its primary associate (§2.7) is
w(—4+5w) = =5 — 9w, and 61 = (—5 — 9w)(4 + 9w). (The cofactor —2 — w = w?\ has norm 3.)



2.5 The prime A\ and residues modulo 3
Put A\=1—-w, so NA = 3. Then
N = —3uw, 3= —w?\?, A=1-—w? = —w?\, V=3 =w), (2.6)
1

s0 (3) = (M\)?: the prime 3 ramifies. Since w =1 (mod \), we have a + bw = a + b (mod \). Hence

Zlw] /A= Fs={0,1,-1}, A|a+bw < 3|a+b. (2.7)

The ring Z[w]/3 = Z[w]/)\? has 9 elements a + bw (a,b modulo 3). Its unit group has 6 elements,
represented exactly by the six units (see Proposition 11). Also N(a+ bw) = (a +b)? — 3ab = (a + b)?
(mod 3), so every a prime to 3 has Na =1 (mod 3). For later use, Z[w]/2 2 Fy = {0, 1,w, w?}.

2.6 Primes of Z[w] and the factorization of rational primes

Theorem 7. Up to units, the primes of Z|w| are the following.
1. A=1—w, with N\ = 3 and 3 = —w?)\? (3 ramifies).

2. For each prime p =1 (mod 3), two conjugate primes m, 7 that are not associates, with p = ww
and Nt = N7 = p (p splits).

3. For each prime p =2 (mod 3), the prime p itself, with Np = p? (p is inert).

So p splits, is inert, or ramifies according as x—3(p) = (%) is 1, —1 or 0. This agrees with Theorem 2,

since (_73) = (%) by quadratic reciprocity.

Proof. Let 7 be a prime of Z|w]. Since 7 | 77 = N7 € Z, 7 divides a rational prime p, and only one:
if 7| pand 7| q# pthen m | 1. Then N7 | Np = p?. If Nm = p?, then p/7 is a unit and 7 ~ p. If
N7 = p, then p = n7r. It remains to decide, for each p, whether an element of norm p exists. (An
element of prime norm is irreducible, hence prime, since Z[w]| is a UFD.)

p = 3: X has norm 3.

p=2 (mod 3): 4N(a + bw) = (2a — b)? + 3b? = (2a — b)? (mod 3), while 4p = 2 (mod 3) is not
a square modulo 3. So no element has norm p, and p is prime in Z[w].

p=1 (mod 3): FY is cyclic of order divisible by 3, so some r € Z has r* +r +1=0 (mod p).
Then p | (r — w)(r — @) = r? +r + 1, but p divides neither factor (their w-coordinates are F1). So
p is not prime, and p = m7 with Nm = p. The prime 7 divides one factor, say r — w, and then
7 | r—w. If T were an associate of m, then m would divide both factors and hence their difference
w— @ =+/=3, so p| Ny/=3 = 3, which is false. O

Corollary 8 (Fermat, Euler, Gauss). Let p # 3 be prime.
1. p=a?—ab+b? for some a,b € Z <= p=x°+3y? for somex,y €Z <= p=1 (mod 3).

2. If p=1 (mod 3), then 4p = L? +27M? with L = 1 (mod 3), and L is unique while M is
unique up to sign. If m = a+bw is either primary prime above p (§2.7), then L = —Trm = b—2a
and M = £b/3.

Proof. (1) An element of norm p exists iff p = 1 (mod 3). Among «a, wa, w?a the w-coordinates are
b, a—b and —a. Since p is odd, a and b are not both even, and then one of these three is even. Using
that associate, p = (a— %)2—{—3(%)2. (2) For primary m = a+bw we have 3 | b, and 4p = (2a—b)? +3b°.
Conversely, if 4p = L2 +27M?, then L = M (mod 2), and L+3]\24\/j3 = L+23M + 3Mw is an element
of norm p whose w-coordinate is divisible by 3. It is therefore 4+ a primary prime above p, and L is
determined up to sign. Since a =1 and b =0 (mod 3), —Trm = b — 2a = 1 (mod 3), which fixes
the sign. O




Residue fields. If p = 1 (mod 3) and 7 = a + bw has norm p, then Z[w|/m = F,, and the
isomorphism sends w — r = —ab~! (mod p). (Here p { b: otherwise p | a, and then p? | N7.) The
value r is a root of #2 + 2 + 1, and 7 corresponds to the other root 72. If p = 2 (mod 3), then
Ziw]/p = Fpe.

Galois view. K = Q((3), and for p # 3 the Frobenius at p is (3 — ¢§. It is trivial exactly when
p =1 (mod 3), the case in which p splits.

2.7 Primary elements

Definition 9. « € Z[w] is primary if « =1 (mod 3). In coordinates, a + bw is primary <= a =1
and b =0 (mod 3).

Remark 10 (Conventions). This is the convention of the OpenAl quasi-Riemann hypothesis papers
[11] (and of our guides to them). Ireland and Rosen [8, Ch. 9] instead call a prime primary if it
is = 2 (mod 3), which is —1 times ours. Some authors use = £1 (mod 3) (“semi-primary”; each
ideal prime to 3 has two such generators). Cubic residue symbols do not see the difference, since
—1 = (=1)? is a cube. The Gauss and Jacobi sums of §3.4, and the integer L = 1 (mod 3) in
4p = L? + 27M?, are unchanged. Their expressions in terms of the chosen generator have different
signs: with 7/ = —7, J = —v =7, ¢° = —pm = pr’, and L = —Trr = Trr'.

Proposition 11. 1. Every « prime to 3 has exactly one primary associate. Hence every nonzero
ideal prime to 3 has exactly one primary generator.

2. Products and conjugates of primary elements are primary. A rational integer n is primary iff
n =1 (mod 3); for instance —2,4,—5,7,.... In particular, for p =2 (mod 3) the primary
generator of (p) is —p.

3. Fvery primary element is uniquely a product of primary primes, with no unit factor. In
particular, if p=1 (mod 3), then p = 7 exactly, with w,7 primary.

Proof. (1) Distinct units are incongruent modulo 3: if v # «/, then 0 < N(u — ') <4 < 9 = N3.
So the six units represent the six classes of (Z[w]/3)*. If «v is prime to 3, it is invertible modulo
3, and exactly one unit u satisfies u = a™!, i.e. ua =1 (mod 3). (2) 3 =3 and 1 = 1. (3) Write
a = u [ m; with primary primes 7;, using unique factorization and (1); no m; is A because « is prime
to 3. The product [[; is primary, so u =1 (mod 3), and u = 1 by (1). For the last claim note
that p =1 (mod 3) is itself primary. O

So primary elements correspond one-to-one to the nonzero ideals prime to 3, and
> Na~*=(1-37%)(k(s). (2.8)
« primary
The primary primes of norm below 50 are
—24), 143w, —2—3w (7), 443w, 1 —3w (13), —243w, —5—3w (19), -5 (25),
1+ 6w, =5 —6w (31), 743w, 4—3w (37), 746w, 1—6w (43),

(2.9)
with norms in parentheses. Table 2 lists all primary elements of norm at most 100.



2.8 Ideals of Z|w] as lattices

Since Z[w] = Z + Zw, an additive subgroup I C Z[w] is an ideal as soon as wI C I. Multiplication by
w is the rotation through 120°, and I = —I. So the nonzero ideals of Zw] are the nonzero subgroups
of Z|w] that are mapped to themselves by the rotation through 60°, which is multiplication by the
unit 14 w = e™/3. Such a subgroup contains Nov and Naw for each of its elements o #0,s01itis a
sublattice of finite index.

Every ideal is principal (Proposition 5):

I = () = dZ|w] = Za + Zwa. (2.10)

As a map of C, multiplication by « is the rotation through arga followed by the dilation by
|a] = VNa. So () is a rotated and enlarged copy of the hexagonal lattice Z[w]. This has three
consequences.

e Generators. The generators of («) are its six elements u«, u a unit. They are the nonzero
elements of («) nearest to 0, and they are the vertices of a regular hexagon of radius v Na, just
as the units are for Z[w]. If («) is prime to 3, exactly one of them is primary (Proposition 11).

e Norm, index and area. The parallelogram spanned by « and wa is a fundamental domain of
(o). Its area is Na - @, which is Na times the area of a fundamental domain of Z[w]. The

index of a sublattice is the ratio of these areas, so
Na = [Z] : (a)] = |2/ (). (2.11)

The points of Z[w] in the half-open parallelogram {sa + twa : 0 < s,t < 1} form a complete
set of residues modulo «.

e Operations. For ideals I = () and J = (),
147 =(ged(@,B), InJ=(em(@f), IJ=(af) N(IJ)=NI-NJ (212)

Here I.J is the set of finite sums of products zy with € I and y € J; if I = (a1, a2) and
J = (p1,P2), it is generated by the four products a;3;. Also I O J if and only if I | J: to
contain is to divide. If I +.J = Z|w], i.e. I and J are coprime, then I.J = I'N.J, and the Chinese
remainder theorem gives Z[w]/IJ = Z[w]/I x Z[w]/J. Without coprimality the product can
be smaller than the intersection; for example (A)(A\) = (3) but (A) N (X)) = (N).

The next proposition lists all ideals explicitly in coordinates.

Proposition 12 (Ideals in coordinates). 1. Let m > 1, and let r € Z satisfy r> +r+1 =0
(mod m). Then x + yw — =+ ry mod m is a ring homomorphism from Zw| onto Z/mZ, and
its kernel

I, ={c4+yw: z+ry=0 (modm)} =Zm+Z(w—r) (2.13)

is an ideal of norm m. It depends only on r modulo m.

2. Every nonzero ideal equals c I, , for exactly one integer ¢ > 1, one m > 1 and one r modulo
m with r®> +7+1=0 (mod m). Here c is the ged of the coordinates of the elements of the
ideal, and the norm of the ideal is ¢*m.

3. Hence, if o(m) is the number of r modulo m with r> +r +1 =0 (mod m), the number of
ideals of normn is 3 2, o(n/c?).



Proof. (1) The map is additive and sends 1 to 1, so it is onto, and its kernel has index m. By (2.3),
(z +yw)(@’ +y'w) = (z2’ — yy') + (2y' + 2"y — yy) w, and

(x+ry) (2 +ry) — (:)::1:' —yy +r(zy + 2’y — yy’)) = yy'(?“2 +r+1)=0 (modm), (2.14)

so the map is multiplicative and its kernel is an ideal. Both m and w —r lie in the kernel. Conversely,
if x+ry=0 (mod m), then x + yw =y(w — 1) + (x + ry) € Z(w —r) + Zm.

(2) Let I # 0, let ¢ be the ged of the coordinates of its elements, and put J = ¢~'I. This is an
ideal, and the coordinates of its elements have gcd 1. The w-coordinates of the elements of J form
a subgroup dZ of Z. If x + yw € J, then w(z + yw) = —y+ (r —y)w € J,s0d | y and d | x — y,
hence d | . Thus d divides every coordinate, and d = 1. So J contains an element w — r with
r €Z. Also JNZ =mZ for some m > 1. f x +yw € J, then x +ry = (z + yw) —y(w —7r) € JNZ,
soJ =Zm+Z(w—r) = Ipy Finaly ww-—7)=—1+7r)(w—7)— (r*+7r+1) lies in J, so
r2+r+1 € JNZ = mZ. The data are unique: c¢ is determined by I, m by JNZ = mZ, and r modulo
m because w —r and w — 7’ in J imply 7' —r € J N Z. The norm is [Z[w] : ¢Z[w]] [Z[w] : ¢J] = *m.

(3) This follows from (2). O

By the Chinese remainder theorem p is multiplicative. Also o(3) =1 (the root is r = 1) and
0(9) =0, so o(3%) = 0 for k > 2. For a prime p # 3, 2 + = + 1 has a root modulo p if and only if
p=1 (mod 3) (proof of Theorem 7), and then it has two. Since (2r + 1)? = 4(r? + 7 + 1) — 3, the
derivative 2r 4 1 of 22 + x + 1 at a root is prime to p, so by Hensel’s lemma o(p*) = 1+ x_3(p) for
all £ > 1. With these values, part (3) agrees with (2.19); we also checked this for every n < 3000.

Prime ideals in coordinates. The prime ideals of Theorem 7 are as follows.
o (\) =131 ={x+yw:3|x+y}, the kernel of the reduction Zjw] — F3, w +— 1 (§2.6).

e If p=1 (mod 3), let r and ' = —1 — r be the two roots of ¥? + 2 + 1 modulo p. The two
primes above p are p = I, and p = I,,,/, the kernels of the two homomorphisms Z[w| — [,
that send w to r and to r’. Complex conjugation exchanges them, since r + yw = (z —y) — yw
and (x —y) + r(—y) = x +r'y. A generator is gcd(p,w — 1), which the Euclidean algorithm
finds; in Example 6, Ig1,13 = (—5 — 9w).

e If p =2 (mod 3), then (p) = p 11 = pZ]w], a copy of Z[w] scaled by p.
For p = 7 the roots of 2 + z + 1 are 2 and 4, and
p=ly=Tw-2)=0+43w), p=Iy=Tw—4) =(-2—3w), (2.15)

since 14+2-3=7and —2+4-(—3) = —14. The six generators of p are £, wr and +w?n, where
7 =143w, wr = —3 — 2w and w?m = 2 — w. In particular w — 2 = —w?7 = (1 + w)7 is a generator,
so p = (w — 2). Figure 2 shows p, and Figure 3 shows (\) and (2).

Example 13 (Products). With the two-element generators of (2.15), pp is generated by the four
products of generators:

ph = (49, T(w—4), T(w—2), (w—2)(w—4)) = (49, Tw—28, Tw—14, T—Tw) = (7). (2.16)

Indeed, every generator is a multiple of 7, and 7 = 49 — 3((7w — 14) — (7w — 28)) lies in the ideal.
As p and p are coprime, pp = p N p: the ideal (7) consists of the points common to the two lattices
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(Figure 4, left). The Chinese remainder theorem gives Z[w]/(7) = F7 x F7, x + yw — (x + 2y, = +4y).
In the same way

p? = (49, T(w—2), (w—2)?) = (3—5w) = (1) = (8 — 3w) = 4930, (2.17)

because (w—2)? = 3 — 5w = wr? already generates p2. Here 30 is the root of 72 +7+1 =0 (mod 49)
with 7 =2 (mod 7), and —8 + 30 - (—3) = —98. The ideal p? has index 7 in p (Figure 4, right). So
p-p is strictly smaller than pNp = p, unlike the coprime product pp = pNp. The three ideals of norm
49 are p? = Iy9 30, p? = Iug.18 and pp = 71} o, in agreement with o(49) + o(1) =3 = Zd|49 X—3(d).
Likewise (A\)p = (A\) Np = (A7) has norm 21, and (A)? = (3) has index 3 in (A\) (Figure 3).

1+ 3w

e

Figure 2: The prime ideal p = (1 4+ 3w) = (7,w — 2) = Iy of norm 7. Small grey dots are the
elements of Z|w]|, and large dots are the elements of p, the z + yw with 4+ 2y =0 (mod 7). The six
generators +7, +w, +w?n (red), with 7 = 1 4+ 3w the primary one, are the elements of p nearest 0,
and they form a regular hexagon. Another generator is w — 2 = (14 w)nw. The shaded parallelogram,
spanned by 7 and wm, is a fundamental domain of p, with 7 times the area of that of Z[w]. The 7
points of Z[w] in it (half-open: 0 and the green points) are labelled by their residues = + 2y mod 7,
that is, by their images under Z[w|/p = F7, w +— 2. The integer 7 = n7 lies in p but does not
generate it.

2.9 Counting, and the zeta function of K

By Theorem 3 and w = 6, for every n > 1:

#{(a,b) € 7% :a* —ab+b* =n} = #{a:Na=n} = GZX,g(m), (2.18)
mln
#{ideals of norm n} = Z X—3(m), (2.19)
mln

11



Figure 3: Left: the ramified prime (A\) = I3 = {z + yw : 3| v + y} of norm 3. Its six generators
+\, +w, +w?) (red) form a hexagon turned by 30° relative to the units, and the parallelogram
spanned by A and wA contains one point of each class of Z[w]/A = F3 (0 and the green points),
labelled by x + y mod 3. Black rings mark (\)? = (3), of index 3 in ()\). Right: the inert prime
(2) = 2Z|w] of norm 4, a copy of Z[w] scaled by 2. The parallelogram spanned by 2 and 2w contains
the residues 0, 1,w, 1 + w, which represent Z[w]/2 = F4 (note 1 + w = —w? = w?).

#{a primary : Na =n} =%, x-3(m) if 3{n, 0 if3|n. (2.20)

For example, n = 91 = 7- 13 has 4 ideals, and the four primary elements of norm 91 are the products
of one primary prime above 7 with one above 13:

(143w)(4+3w)=-5+6w, (1+3w)(l—3w)=104+ 9w,
(-2 -3w)(4+3w)=1-9w, (-2—-3w)(l—-3w)=—-11— 6w.
The Dedekind zeta function is
1 s 1 1 1
Ck(s) = ¢ > Na~* =((s)L(s,x-3) = 11 ( I —— (2.22)

1—3-s 1 —p—9s)2 1—
a#0 p=1(3) p ) p=2(3) p

(2.21)

with L(s,x—3) =1—-2"%4+4"%—-5"%47"% -8 %4 ... (the terms with 3 | n vanish). The class
number formula with w = 6 and |D| = 3 reads

orh
L1, x_3) = —~ = - —0.6045997..., h=1, (2.23)

6vV3 33
and the finite formula gives h = —3(1-1+2-(—1)) = 1. As a check, the number of ideals of
norm < X is § - %X +O0(WX) = ?,WWX + O(V/X), in agreement with the residue L(1,x_3). The

reciprocal is 1/Cx(s) = 51 c(m)m™* with e(m) = >_;._,,, u(d)p(e)x—s(e), the coefficients used
in the guide to the 11/12 argument.

2.10 Characters on Z[w|

Two kinds of characters on (ideals of) Z[w] appear in the quasi-Riemann hypothesis papers.

1. Characters through the norm. If x is a Dirichlet character, then n(a) = x(Na) is a finite-order
Hecke character, and

Ls,n) = 30 A0

= L(s,x) L(s, xx-3)- (2.24)
a#0
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Figure 4: Products of ideals, with m = 1 4+ 3w. Left: p = (7) (blue dots) and p = (7) (orange rings).
The points in both form p N p = pp = (7), whose generators 7, +7w, £7w? lie on the grey hexagon.
Right: p (blue dots) and p? = (72) (red rings), 72 = —8 — 3w, of index 7 in p. Both pp and p? have
norm 49, so their generators lie on the circle of radius 7, but the hexagon of p? (red) is turned
relative to that of (7) (grey).

To check this, compare Euler factors. Split: (1 — x(p)p~%)~2. Inert: (1 — x(p)*p~2%)~1
(1 —x(p)p~*)"1(1 + x(p)p~*)~!. Ramified: (1 — x(3)37%)~1. For y = 1 this recovers (x =
C LX),

2. Residue-symbol characters. For fixed u € Z|w]|, the map n +— (u/n)e on primary n prime to 6u
(§3) is a finite-order Hecke character, and in general it is not of the previous kind.

3 Residue symbols on Z[w]

3.1 Definitions

Let 7 be a prime of Z[w] with 7 1 6, i.e. not associate to A or to 2. Then Nm =1 (mod 6): either
N7 =p=1 (mod 6), or N7 = p? with p=5 (mod 6). The six units are distinct modulo =, since
their differences have norm 1, 3 or 4. As (Z[w]/m)* is cyclic of order N7 — 1, we may define, for
a € Zwl,

(2) = 0 ™o, (3.1)
m/6 the sixth root of unity = a™N"=1/6  (mod n), 71a,

G- GhL-G) 62

Nm—1)/3

and

The cubic symbol (a/7)3 = al makes sense for every 7 t 3, including 7 = 2, where (a/2)3 = «
(mod 2). For n = [[#;* prime to 6 (to 3 for k = 3) put (a/n), = [[(a/m;);". In the papers’ notation
Xn(u) = (u/n)g, so x2 and x3 are the cubic and quadratic symbols. The symbols satisfy the
following.

e (a/n)i depends only on o modulo n and on the ideal (n), and it is multiplicative in both «
and n.

e FEuler’s criterion: for prime 7 and 71 «, (a/m), = 1 iff v is a k-th power modulo 7.

13



o Congugation: (a/m) = (a/T)y.

3.2 Units and rational integers

Throughout this subsection 7 1 6 is a prime of Z[w], and p is the rational prime below it, that is, the
prime number with 7 | p (Theorem 7). Then p > 5, and either p =1 (mod 3) and N7 = p, or p =2
(mod 3), 7 is an associate of p, and N7 = p?.

For a unit u, the power u(N"=1/6 ig itself a sixth root of unity, so (u/7)s = uN""1/6 exactly.

Since u® = 1, this depends only on (N7 — 1)/6 modulo 6, that is, on N7 modulo 36. In particular

() = (2=t (D) —comn (D) e

™ ™ ™ ™

and (—1/m)s = —1 exactly when Nm =7 (mod 12).

Now let k € Z with p{ k. The symbol (k/m)¢ is computed in the residue field Z[w|/7, and k lies
in its prime field Z/pZ = F,. A congruence between rational integers modulo p holds in Z[w] as
well, and then also modulo 7, since 7 | p. So Fermat’s little theorem gives

kP~'=1 (modp) inZ, hence P~1=1 (mod ) in Z[w]. (3.4)
e If p=2 (mod 3), then p is inert and N7 = p?. Also p =5 (mod 6), since p is odd, so p;%l is
an integer. By (3.4),

pONT=D/6 _ po-DEE (=16 = 1 (od 1), (3.5)

so (k/m)e = 1. In terms of the residue field Z[w]/m = IF)2: the subgroup F of IE“;;Q has order

p — 1, which divides (p? — 1)/6, so every element of F is a sixth power in ..

e If p=1 (mod 3), then p = 77 up to a unit, and Zw]/7 = F,, with &k — k mod p. So (k/m)e
is the sixth root of unity congruent to k£®~1/6 modulo 7, and in general it is not 1. Cubing it,
and using Euler’s criterion in ), gives (k/m)y = k(P~1)/2 = (%) (mod 7). Both sides are +1,
and 1 Z —1 (mod 7), so

(%)2 = <l;> (the Legendre symbol). (3.6)

In the same way (k/m)3 = 1 iff E®=1/3 = 1 (mod p), i.e. iff k is a cube modulo p. By the
conjugation rule, and since k = k, we have (k/7)¢ = (k/7)¢, so

(o= (.G =G =1 @

Hence (k/m)¢ = 1 whenever k, m € Z are coprime and m is prime to 6, because each rational prime
dividing m contributes 1: rational integers do not see each other through the sextic symbol. A single
prime 7 above a split p does see them, as Tables 4 and 6 show.

3.3 Cubic reciprocity

Theorem 14 (Cubic reciprocity; [8], Ch. 9). If m,p are primary primes with Nw # Np, then
(m/p)s = (p/7)s. Moreover, if 1 = a+ bw is a primary prime with a = 3m + 1 and b = 3n, then

B O (@) o
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In Ireland and Rosen’s convention 7’ = —7 = (3m/ — 1) 4+ 3n/w, with m’ = —m and n’ = —n,
the supplements become w™ ", w?™ and w?". The prime —2 (of norm 4) is allowed.

The conjugate case. Let m = a+ bw be a primary prime of norm p =1 (mod 3), with a = 3m+1
and b = 3n. We show that (7/7)3 = 1, so the law (7/7)3 = (7/7)3 = (7w /7)3 holds here too.

e Modulo # we have =7 — 7T = byv—3 = 3nw.

e The primary prime @ = (a — b) — bw has parameters (m — n,—n). By the supplements,
(BwA /)3 = w w2 MmN = 1 50 (1/7)3 = (n/7)3.

e Here 0 < |n| < p, and (—1/7)3 = 1. If 3 | n, then each factor 3 of n contributes (3/7)3 =
w =1

e Let g # 3 be a prime dividing n, and let p be a primary prime above q. Then Np # p. By the
law for different norms, (p/7)s = (7/p)s = (a/p)s, because T = a (mod ¢). Multiplying over
the primary primes above ¢ (whose product is +q) gives (¢/7)s = (a/q)s = 1 by §3.2, since
a,q € Z are coprime. (For ¢ =2, (a/2)3 =a =1 (mod 2) directly.)

Consequently (a/f5)s = (/a)s for all coprime primary «, 5. We also checked by computer the
law for all pairs of primary primes of norm < 400 (including conjugate pairs and the inert primes
—2,—5,—11,—17), and the three supplements for every primary prime of norm < 400. Table 3
shows the symbols for small primes; its symmetry is cubic reciprocity.

3.4 Cubic Gauss and Jacobi sums

Let 7 be a primary prime with Nm = p =1 (mod 3). Then p,(t) = x(t)? = (t/7)3, for t € Z, is a
cubic Dirichlet character modulo p; x, continues to denote the sextic character. Put

p—1
g(m) => px()eX™P, J(m) = > pr(t)pe(1-1). (3.9)
t=1

t mod p

Theorem 15 ([8, Ch. 8-9], in our sign convention). |g(7)|> =p, g(7)3=—pn, and J(r)= —7.

In Ireland-Rosen’s convention these read g% = pr’ and J = 7/, with 7’ = —7. Consequences:

e (Gauss) The number of solutions of 23 + 4% =1 in FZ isp—2+ L, where L = 2RJ(w) = —Trm
is the L of Corollary 8 (L =1 (mod 3)).

e (Gauss) 2 is a cube modulo p iff L and M are even iff p = 22 + 2792 [1, §4].

We checked all three identities of Theorem 15 and both consequences numerically for every p < 400,
p =1 (mod 3). Cubic Gauss sums over Z[w| (sums modulo ¢ over all of Z[w], with an additive
character of Z[w]) are, up to normalization, the Fourier coefficients of Kubota’s cubic theta function.
Heath-Brown and Patterson [7] used this theta function to show that the arguments of the Gauss
sums g(m) at primes are equidistributed. Patterson’s conjecture on the bias in sums of cubic Gauss
sums was proved by Dunn and Radziwilt [4], assuming the Generalized Riemann Hypothesis. These
sums are the source of the cubic Gauss sums in the quasi-Riemann hypothesis papers.
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3.5 The sextic symbol in examples
Tables 4-7 illustrate the properties of («/7)g established above.

e A character of order 6. For a prime 7 1 6, the map = — (x/7)g is a homomorphism from
the cyclic group (Z[w]/7)*, of order N7 — 1, onto the six sixth roots of unity. Its kernel is
the group of sixth powers, of index 6, and its square and cube are the cubic and quadratic
symbols. Table 4 shows it for the primes of norm 7 and 13. If Nm = 7, then (N7 —1)/6 =1,
so (z/m)e is simply the unit congruent to  modulo w. The map is then an isomorphism
FX — {£1, +w, +w?}, and the order of (z/m)g is the order of 2 modulo 7. For instance w = 2
(mod 1+ 3w), so (H—%)G = w. If N7 = 13, each value is taken twice, and the kernel is {£1},
the sixth powers modulo 13.

e An inert prime. Table 5 shows (a/5)¢ on all of Z[w]/5 = Fes. Each value is taken 24/6 = 4
times. The nonzero rational integers (the row b = 0) all give 1, as (3.5) predicts. Since 5 = 5,

conjugating « conjugates the symbol. By (3.3), multiplying o by w multiplies the symbol by
(w/5)s = w6 = w.

e Units and rational integers. Table 6 gives (z/m)g for z = —1, w, 1 + w, A, 2, 3, 5, 7 and every
primary prime 71 6 of norm at most 121. Several of the facts above are visible in it.

— In the columns of units, each entry depends only on N# modulo 36; compare the rows of
norm 7, 43 and 79.

— In the columns of rational integers, the rows of m and 7 (adjacent rows of equal norm)
are complex conjugates, and the inert rows —5 and —11 are 1 (apart from (5/—5)¢ = 0).

— For a split prime, N7 = p, the cube of a rational entry is the Legendre symbol (3.6). For

example, ( = —w?, whose cube is —1 = (3)

) :

— For a split prime, N7 = p, the entry for 2 is &1 exactly when 2 is a cube modulo p, that
is, when p = 2% + 2792 (§3.4): p = 31,43,109 in this table. The inert rows also have
entry 1 for 2, by (3.5), but the representation criterion does not apply to them.

— Since 3 = —w?)\? and —w? = 1 4+ w, the column of 3 is the column of 1 4 w times the
square of the column of .

e Reciprocity. Table 7 gives (7/p)g for primary primes. It is not symmetric. Its square is the
table of cubic symbols, which is symmetric by cubic reciprocity, so (7/p)s = £(p/m)s. The
sign is (w/p)2(p/m)2, the factor in the quadratic reciprocity law of K. It depends only on the
classes of ™ and p modulo 4, and it is 1 when 7 or p is congruent to 1, w or w? modulo 4. Both
facts follow from Hilbert’s reciprocity law: since K has no real places, the sign equals the
quadratic Hilbert symbol (7, p) at the prime 2, which is unramified in K. We checked both
facts for all pairs of primary primes prime to 6 of norm below 1000. For 30 of the 78 unordered

pairs of classes in (Z[w]/4)* the sign is —1. For example, (%)6 = —w? but (}Jr%)ﬁ = w?

4 Poisson summation over Z|w]

A key step of the 11/12 argument for ¢ [13] applies Poisson summation over the lattice Z[w] to a
mean square of sums of sextic characters. This section collects what that step uses:

e additive characters of Z[w] and their duality (§4.1);

e Gauss sums and the identities between them (§4.2);
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e the Poisson summation formula for Z[w] (§4.3), and its version twisted by a character (§4.4).

Section 4.5 shows how these combine in the paper. We use the papers’ normalizations. In this
section and the next we write
V-3=1+4+2w=w-w?=w, (4.1)

where A = 1 — w as before. The papers denote v/—3 by A; since the two differ by the unit w,
statements about ideals are unaffected. Throughout, u(n) is the Mébius function of the ideal (n): it
is (—1)* if (n) is a product of k distinct prime ideals, and 0 if (n) is not squarefree.

4.1 Additive characters and duality

For z € C put
; z 47iIm 2
&(2) = exp(2mi(z + 2)) = 2712, e(z :é(7> =ex (7) 4.2
(7) = exp(2ri(z + 2) () =¢( ) =exn (T (42)
Both are characters of the additive group of C. Dunn and Radziwilt [4], and the theta function in
Section 5, use €; the 11/12 paper uses e. The reason for e is the following.

Proposition 16 (Self-duality). For z,w € C put B(z,w) = 2Im(zw)/V3 = Tr(2w/v/=3), so that

) = e2miB(zw)  Then B is real bilinear and symmetric, and on the basis 1,w its Gram matrix is

B(1,1) B(l,w)\ (0 1
<B(w, 1) Bww) ~\1 —1) (4.3)
of determinant —1. Consequently, for y € C, e(zy) = 1 for all x € Z|w] if and only if y € Z]w].
Equivalently, the trace dual {y € K : Tr(zy) € Z for all x € Z|w]|} is J%Z[w].

e(zw

Proof. B(1,1) =0, B(1,w) =2Imw/v/3 = 1 and B(w,w) = 2Imw?/y/3 = —1. For y = s + tw with
s,t € R this gives B(1,y) =t and B(w,y) = s — t, which are both integers if and only if s,t € Z.
For the trace dual, note that Tr(zy) = B(z,v/—3y). O

Hence, for m # 0, the Nm functions x — e(hz/m), h mod m, are well defined on Z[w]/m and
pairwise distinct, so they are all the characters of the additive group Z[w]/m. In particular
h N h
3 e(i) _ JNm.mh, (4.4)
m 0, mt h,
x mod m

and every f : Zlw]/m — C has the finite Fourier expansion

i@ = Y Fwe(™), fm=o Y fwe(-2). (15)

h mod m x mod m

With ¢ in place of e, the dual lattice of Z[w] is \/%Z[w]. For a function with a different translation
lattice, that lattice must also be taken into account. For example, the theta function in Section 5
is invariant under translations by 3Z[w], whose trace dual is (3v/—3)'Z[w] = (v/—3) 3Z[w]. This
explains the allowed frequency lattice in (5.6); further automorphy forces many of its coefficients to
vanish. The support in (v/—3) 4Z[w] at the other two cusps comes from their translation laws and
multipliers, as recorded in Theorem 23, rather than from trace duality for Z|w| alone. For a split

primary prime m = a + bw of norm p and t € Z,

o(£) el ZH)o(l) -o(FET), 10

—¥3p,

since t/m = t7w/p and Im 7T =
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4.2 (Gauss sums

Let m # 0, and let 1) be a character of (Z]w]/m)*, extended by zero to all of Z[w]. It is primitive if
for every proper divisor m’ of m (proper: m/m’ is not a unit), ¢ is nontrivial on the subgroup of
classes ¢ =1 (mod m/). Its normalized Gauss sum is

) = = 3 vlae(). (47)

x mod m

Lemma 17. If ¢ is primitive modulo m, then for every h € Z|w]

> ) e(M) = GEVEm W), and )| =1 (1)

x mod m

Proof. If (h,m) = 1, substitute z — h~'z. Otherwise let § = ged(h,m) and m’' = m/§, a proper
divisor. By primitivity there is ¢ = 1 (mod m’), prime to m, with ¥(c) # 1. Replacing = by
cz does not change e(hxz/m), because h(c — 1)z/m = (h/§)((c — 1)/m/)z € Z[w]. So the sum S
satisfies S = 1(c)S, hence S = 0 = v(h). For the modulus, sum |S|?> over h mod m. By (4.4)
the result is Nm > [ (x)|> = Nmp(m), where p(m) = |(Z[w]/m)*|, while the first part gives
Nm |y(4) [P (m). O

For squarefree primary n prime to 6 and j € Z, the character ng = Hmn X{) is primitive modulo
n when 6 1 j. Put

1 io(* _ _
6 = = 3 xa@e(y), e =h G =), (49)

z mod n

All powers of a character are taken on the unit group and then extended by zero. Thus x,' = X»
and \Y(z) = 1(zn)=1- Here 7o is a cubic Gauss sum, since X2 = (-/n)3, and 73 is a quadratic one.

Proposition 18 (Gauss-sum identities [13, Lemma 4.1]). For squarefree primary n prime to 6,

71(n)y-1(n) = xn(-1), (4.10)
v2(n)? = p(n)a(n), (4.11)
71(n)72(n) = p(n)a(n)G(n), (4.12)
(4.13)

p(n)y-1(n) = xu(=1) G(n) ™" a(n) 32(n).

Proof. Reduction to primes. If a,b are coprime, write x = bz1 + axe with z1 mod a and x2 mod b.
Then e(z/ab) = e(x1/a)e(x2/b), Xa(x) = Xa(bx1) and xp(z) = xp(azx2), so

v3(ab) = (xa(0)xs(a)) 75 (@)y; (b). (4.14)

The factor x4(b)xs(a) is a sixth root of unity. In (4.10) it occurs to the powers 1 and —1, in (4.11)
to the power 6, and in (4.12) to the power 3 on both sides, because G(ab) = (Xa(b)Xb(a))3G(a)G(b).
Since p, a and x,,(—1) are multiplicative, it suffices to prove (4.10)—(4.12) for a prime n = w. Then
(4.13) follows: py—1 = pxn(—1)12/(172) = Xn(—1)12/(aG) by (4.10) and (4.12).

Primes. Let ¢ = N7, x = xx, and 7(x’) = \/qv;(7).

e By z+— —x, 7(x) = x(=1)7(%), so T(x)7(x) = x(—=1)|7(x)|? = x(—1)g by Lemma 17. This is
(4.10).
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e Substituting = v/—3y in 72 and using e(z) = é(z/+/—3) gives

= () L = 3 (L) 4(Y). (4.15

w /3 || c c

mod ¢
where g(c) is the cubic Gauss sum of Dunn and Radziwill. For primary ¢, Hasse’s formula
[4, §2] gives g(c)® = p(c)c?é. So yo(n)3 = —n%7/¢3/? = —a(n), which is (4.11). For a split
prime this is Theorem 15. By (4.6), g(m) = 3_,(t/n)3e*™ /P = (Trr /)3 g(7)g3.4, where the
subscript means the Gauss sum of §3.4. Moreover Trm = 7 (mod 7) and (7/7)3 =1 (§3.3), so
the two Gauss sums agree.

e The Hasse-Davenport product formula [2], applied with the quadratic character x3, gives

)T = x4 (A7) (4.16)
Also 7(xH)T(x?) = x%(~1)q = q by the first item, since x* = x72. Hence 71 = x(4)7273.
Multiplying by 72 and using (4.11) gives y172 = —a(m)x(4)vs = p(m)a(m)G (7). O

Identity (4.13) is the arithmetic heart of the first step of the 11/12 argument. Cancellation in
the Mobius coefficients is difficult to exploit directly. Multiplying u(n) by the sextic Gauss sum
v_1(n) produced by Poisson summation gives the cubic Gauss coefficient o(n)72(n), up to the factor
Xn(—=1)G(n)~! of modulus 1. That factor depends only on the class of n modulo a fixed modulus
[13, Lemma 4.1]. We checked (4.10)—(4.13) numerically for all 193 squarefree primary n prime to 6
with Nn < 700, and (4.16) for all primes of norm < 700.

4.3 The Poisson summation formula for Z[w]
Theorem 19. For every Schwartz function f on C=R2,
Z fa)=— ¥ Fo. Fw- JRCECE (4.17)
TE€L[w yEZ[w] c
where d?z is Lebesque measure on R2.
Proof. For a lattice L C R?, Poisson summation reads
_ —27rzf(z) 2
> f@) = Covol Z a2z (4.18)
z€L § eL*

where L* is the lattice of real linear functionals £ that are integral on L. It follows from the
case L = 7Z? by a linear change of variables. Every real linear functional on C is z — B(z,y)
for a unique y € C, and by Proposition 16 it is integral on Z[w] exactly when y € Z[w]. Finally

covol(Z[w]) = V/3/2. O

If f(2) = ®(|2|?) is radial, then so is f, because e(—(e"2)y) = e(—2z(e™y)). Following the papers,
we include the factor 2/ V3 and write

®([y|?) \f/ (I12[*) e(—zy) d? (4.19)

The substitution w = ¢t + mz and a dilation give, for H > 0, t € C and m # 0,

2 Lol e () a() a2
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Example 20 (Gaussian weights). For ®(t) = e™% (a > 0), </15(t) = %6_471—%/(3&), and (4.17)
becomes the transformation formula of the theta series of the hexagonal lattice:

2 2
2 : —aNz _ E —4m Ny/(Sa)_ 4.21
¢ \/g a ‘ ( )
TEZ[w)] YEL[w]

It is symmetric under a + 472/(3a), with fixed point a = 27/v/3. We checked (4.21) numerically
for a = 0.3,1,2.5.

In the paper @ is a fixed radial Schwartz weight with ® > 0, ® > 1 on [0, 1], and d real and
compactly supported. One can take a positive multiple of a dilate of |3|?, where 3 is the inverse
transform of a smooth radial bump 5.

4.4 Poisson summation with a character

Lemma 21 ([13, Lemma 4.2]). Let H > 0, let ® be a radial Schwartz weight, let ¢ be a primitive
character modulo m (extended by zero), and let r be squarefree and primary. Then

Nk\ H d)y(d — ./ HNh
D V() Lk 1@(1&1) - \/71\%)2“( 13112() 2 w(h)q)(Nde)’ (422)

keZlw] d|r h€EZ|w]

where d runs over the primary divisors of r. If ¢ is _nonprincipal, the frequency h = 0 does not
contribute, since ¥(0) = 0. If m =1, it contributes H@(O) I, (1 —Np~1).

Proof. Write 1k =1 = >_ (1) #(d) and k = d¢, so the left side is 3, u(d)¥(d) 3, Y(£)P(NL/H')
with H" = H/Nd. Split £ = ¢t + mz by residue classes t mod m (2 € Z[w]), apply (4.17) to
2+ ®(N(t+mz)/H') and use (4.20):

Sun(p) = 3 (3 s ()R (429

By Lemma 17 the inner sum is ¢ (y)vNm~y(¢)). O

The lemma exchanges a sum of length about H for one of length about NdNm/H, and it
attaches the Gauss sum v(1)). We checked (4.22) numerically, with the Gaussian of Example 20 as
®, for 1 = X113wX443w, T = —2 + 3w and H = 40, 300; the two sides agree to 10714,

4.5 How the 11/12 paper uses Poisson summation

Let W € C2°((0,00); C) be fixed and nonzero. For u € Z|w] consider the sums

D) = 3 ulmn ()W (1), (4.24

over squarefree primary n prime to 6. The paper needs a bound for their mean square over the
rows u, with a row range H = D' glightly longer than the column range D. Smoothing the rows
and expanding the square gives

o (G IR = 3 ot w (5w () (3 v 429

Write g = ged(ng,n2) and n; = gz;. Then xp, (4)xn, (1) = 1u,g)=1% () with Y = Xz, Xz,- This
character is primitive modulo z;zs, since its component at each prime is Xp L' £ 1. Lemma 21, with
r = g and m = z1z9, transforms the inner sum over u. Three things happen.
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1. The diagonal. The zero frequency occurs only when z; = zo = 1, that is, n; = ne. These terms
contribute about HY" |W(Nn/D)|? < HD.

2. Shorter sums. Since ® is compactly supported, the frequencies satisfy

Nd N (21 22) D?

Nh
< 17 < HNg’

(4.26)
because d | g and Nz; < D/Ng. With H = D'V, the new row range is at most about D=7,
shorter than the column range D.

3. New coefficients. By the computation behind (4.14), and since X, (22) Xz, (21) = R(z1,22) = %1
by sextic reciprocity [13, (4.1)],

V(Ko Xz) = R(z1, 22) y-1(20)m (22). (4.27)

By (4.13), and by (4.12) in the form py; = G ave,

a(z1) a(z2), a(n) = a(n)y(n). (4.28)

ple)n(2) 7 (Kxes) = RCe1, 20 xa () Gy

The factor in front of a(z1)a(z2) in (4.28) has modulus 1 and depends only on the classes of z1, zo
modulo a fixed modulus. One may take modulus 72 and the group G = {z € (Zw]/T2Z[w])* : x =1
(mod 3)}; [13, §4.1] works with an unspecified fixed ray class group. Expanding the factor in
characters of G x G splits it into products £(z1)&’(z2). After separating the remaining weights, this
produces mixed products of sums with coefficients a(n)é(n) and a(n)&’(n); the two characters need
not agree. Cauchy—Schwarz reduces their estimation to mean squares of the schematic form

> ‘Za(”)f(n)xn(h) W(%) )2, (4.29)

0<Nh<D2/H n

with the shorter frequency range Nh < D?/H. In the paper, removing the coprimality conditions
adds a further twist x,,(f)*, and the column range is divided into ranges Nn =< X [13, §4]. By §5.4,
v2(n) is proportional to a Fourier coefficient of the conjugate cubic theta function, with a factor
depending only on n mod 9. The additional angular factor a(n) in a(n) is supplied by differentiation
and a Mellin transform (§5.5). The next step uses the automorphy of the theta function.

5 The cubic theta function of Kubota and Patterson

The coefficients a(n) = a(n)ya(n) of (4.28) are related to the Fourier coefficients of Kubota’s cubic
theta function, an automorphic function on hyperbolic three-space. Passing from those Fourier
coefficients to a(n) requires a congruence twist, complex conjugation, and the angular factor a(n).
This section states the properties of # that the 11/12 argument imports. Section 5.4 identifies the
coeflicients precisely, and Section 5.5 explains how differentiation and a Mellin transform supply the
angular factor. We continue to write v/—3 = 1 + 2w.
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5.1 Hyperbolic three-space

Let H? = C x R, with points w = (z,v). Viewing w as the quaternion z + vj, the group SLy(C)
acts by yw = (aw + b)(cw + d)~!. In coordinates,

a b (az 4 b)(cz + d) + atv® v
- : 5.1
<C d> (0] ( lez +d]2 + |c|2v?2 7 Jez+d|? + |c\%2) (5.1)

This is the analogue of the action of SLa(R) on the upper half-plane, where Im(y7) = Im 7/|cT +d|?.
The metric (|dz|> + dv?)/v? is invariant, and its Laplacian is

0? 0? 0? 0

_ 2 B .

A_U<W+@+W)_U% (z =z +1y). (5.2)

The matrix (é ll’) acts by z — z + b. So a function invariant under translations by a lattice of b’s

has a Fourier expansion in z, in the characters €¢(uz). The building blocks are eigenfunctions of A:

for every s,

Av® = s(s —2)v°, AlvK,_1(4n|plv) é(pz)] = s(s — 2) vK 1 (4| plv) é(pz), (5.3)

where K, is the K-Bessel function, which decays exponentially at co. The theta function has
s = 2/3, which gives the term v?/® and the Bessel function K_i/3 = Ky/3. We checked (5.3) for
s = 2/3 numerically.

5.2 The Kubota character

Let I' = SLo(Z[w]), let T'(3) = {y € T' : v = I (mod 3)} (the papers write I';(3)), and let
Iy = SLa(Z)T(3) = {7071 : 70 € SL2(Z), 71 € T'(3)}. This is a subgroup of I', because I'(3), the
kernel of reduction modulo 3, is normal in T

e FEntries. I'y consists of the matrices in I' whose entries are congruent to rational integers
modulo 3. That is, I'y = SLa(Z + 3Z[w]), where Z + 3Z|w] = Z[3w] is the order of conductor 3
in Z[w]. Indeed, if the entries of v are rational modulo 3, then v modulo 3 lies in SLa(Z/3).
Since reduction SLg(Z) — SLa(Z/3) is onto, there is 79 € SLa(Z) with 79 = (mod 3), and
then ~5 'y € I'(3). The other inclusion is clear.

e Index. T'y hasindex 27 in I' [4, §5.1]. Since I'y D I'(3), the index equals the index of the image of
I’y in SLa(Z[w]/3), and that image is SLa(F3), of order 24. Reduction I' — SLo(Z|w]/3) is onto:
Z[w]/3 = Z[w]/A\? is a local ring by (2.6), so SLa(Z[w]/3) is generated by elementary matrices,
and these lift to I'. Reduction modulo A maps SLa(Z[w]/A?) onto SLa(F3). Its kernel consists
of the matrices I + AX with X € My(F3) and tr X = 0, because det(/ + \X) =1+ Atr X
(mod A?); there are 27 of them. So |SLa(Z[w]/3)| = 24-27 = 648, and the index is 648/24 = 27.

For v = (%) € I'(3) the entries a, d are primary and 3 | b,c. The Kubota character is

k(1) = {Ef)i’“ . (5.4)

Theorem 22 (Kubota [9, 10]; Patterson [12]). & is a homomorphism I'(3) — {1,w,w?}. It extends
to a homomorphism on T'y that is trivial on SLa(Z).
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Concretely, k(v071) = k(71) for 70 € SLa(Z) and v, € I'(3).

The proof rests on cubic reciprocity (Theorem 14). It is the cubic analogue of the multiplier
system of the classical theta function ), ¢™"°T which involves the quadratic symbol (¢/d). Two
remarks.

e On I'(3), also k(y) = (b/d)s [4, §5.1].

e & is trivial on the unipotent matrices (§ %) and (3, 7), but it is not trivial on I'(3). So these
matrices do not generate I'(3).

We checked k(') = k(7)k(7), and (¢/a)s = (b/d)s3, numerically. The check used 400 random pairs
in I'(3), whose entries and products have norms up to about 10%; in 276 of the pairs, k(yy') # 1.
We also enumerated SLy(Z[w]/3). The reductions of the elementary matrices (§ %) and (19),
x € {1,w}, generate all 648 of its elements, and the reductions of SLy(Z) form a subgroup of order
24, so [I': [y] = 27.

5.3 The theorem of Kubota and Patterson

Kubota [10] constructed 6 as the residue of an Eisenstein series for I'(3) twisted by . Patterson
[12, Theorem 8.1 and Table III] computed its Fourier expansions. The coefficients involve the cubic

Gauss sums
g =Y (%) (). g0 =90, (5.5)

C C
z mod ¢

for primary squarefree ¢ (which may be even) and r € Z[w]. The following is the form in which
the 11/12 argument imports these facts, in the normalization of Dunn and Radziwilt [4, §5.1 and
Appendix]. In it, ¢, d denote primary elements with ¢ squarefree, and v is an integer.

Theorem 23 (Kubota, Patterson). There is a smooth function 6 on H? with the following properties.
(T1) 6(yw) = O(w) for v € SLa(Z), and 8(yw) = k(7)0(w) for v € I'(3).
(T2) At the cusp oo,
392 o
0(z,v) = =5 /34 > 7(p) vEK 3 (4| plv) é(pz), (5.6)
0#£ue(V=3) 3 Z[w]

where () = 0 unless p has one of the following forms, in which case

g(=3,¢)|d/c| 3V/2+2, p=+(v/=3)%"4cd®, v >1,
) = e‘2ﬂi/9m|d/cl 3v/2+2, 1= tw(yv/=3)3ed3, v >1, 5.7
H) = 62m/9m’d/0| 3v/2+2 1= +w?(vV/=3)%4ed3, v > 1, )
m‘d/d 31//2+5/27 W= :t(\/—i3)3”_3cd3, v>0.

(T3) At the cusps v400 and y—o0, where v4+ = (L 9) and v- = (1 9),

w21

0(yw) = S () vKys(dnlulv) é(uz), (5.8)
04uE(v/=3)~Zlu]
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with no constant term, where t 1 (p) = w o (wp)é(un) and t_(p) = w?r (W?p)é(w). Here 11,7
vanish except at the following points:

9w9(_3> C) |d/c|7 n= (\/_73)74Cd37

Ti(p) = § 90w g(=3w, ¢) |d/c], p=w(v/=3) ted?, (5.9)
9e2™/9 g(=3w?,c) [d/c],  p=w?(V=3)"ted,
9(-"}2 g(_37 C) |d/C‘, n = _( V _3)_4Cd37

To(u) = § 9720 g(=3w, ) |d/c|, p = —w(v=3)ted?, (5.10)

9we?™/9 g(=3w2,¢)|d/c|, = —w?(v/=3) *ed®.

In [4], v+ are 710 and 719, two of the 27 coset representatives of I'o\I' [12, Table II]. The
transformation in §5.5 needs only the three expansions of 0, § o y; and § o y_ [13, App. A.2]. Three
features of Theorem 23 matter.

e The coefficients are conjugate cubic Gauss sums. The main family is y = (v/=3)73cd?, the
last line of (5.7) with v = 0 and sign +, where 7(1) = 3%/2|d| g(c)/|c|.

e The coefficients are supported on indices cd® with cube factors d®, which enter with weight |d|.
So the theta function sees the sums over squarefree n in (4.29) only together with their “cube
completions”. Removing the added cubes is a separate step of the argument (the descent).

e 7 is even, and among these three expansions only the one at co has a constant term.

5.4 The cubic Gauss sums and the theta coefficients

The Gauss sums (5.5) satisfy the following identities [4, §2], [13]. Here ¢, c1, co are primary and
squarefree, g(c) = g(c)/|c|, and (-/-)3 is extended to even primary denominators as in §3.

),9) (o) =1), (5.11)
glares) = () genies)  ((er,e2) = 1), (5.12)
g(e)’ =p(e) e, g(=2)=2 |3l =1, (5.13)
2m) = (Y2) ) ((n.6) = 1). (5.14)

1

The first follows from x +— r~"z. The second follows from the Chinese remainder theorem as
in (4.14), together with cubic reciprocity (c2/c1)s = (c1/c2)s. The last is (4.15). We checked
(5.11)—(5.14) numerically. In particular we checked g(c)® = pu(c)c?é for all 159 primary c with
1 < Ne¢ €400, squarefree or not.

The 11/12 argument works with the conjugate #, whose Fourier coefficients are do(f) = 7(—/) =
7(0), and similarly d(£) = t+(—F) at the other two cusps. Theorem 23 and (5.13) give the following
[13, §2 and Lemma 6.4].

Corollary 24. 1. For o € {0,+,—}, dy(¢) = 0 unless £ = u(/=3)™nb® with u a unit, m > —4,
and n,b primary with n squarefree. This representation is unique, and

o (u(v/=3)"nb%)| < 27 - 3™/6|p|. (5.15)
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2. For squarefree primary n and primary b, dg((\/—S)_3nb3) = 35/2|b| g(n), and these are the
only indices £ € (v/—3)73Z[w] with (v/=3)3¢ primary and do(¢) # 0. If (n,6) = 1, then

V-3

do ((v/=3)3nb%) = 35/2|| (7)3 ~a(n). (5.16)
n

So, apart from the factor (v/—3/n)s, which depends only on n mod 9 by the supplementary law

(Theorem 14), the coefficient of @ at the index (v/—3)3n is 3°/245(n). Removing the congruence

factor and the constant 3%, then multiplying by a(n), gives a(n) from (4.28). The angular factor

depends on the argument of n, not just its residue class; differentiation followed by the Mellin

transform below supplies it.

5.5 How the 11/12 paper uses the theta function
The argument applies Theorem 23 to twisted sums of the coefficients a(n), completed by cubes:

e a()a(n)U(n) a(b) W(b)®  NnNK
T(X’\P)_Zn: Zb: 2 VNn Nb V(=% ) (5.17)

The star restricts n to squarefree primary elements prime to 6; b runs over all primary elements,
including 1, and need not be squarefree. With G as in §4.5, write ¥(z) = §o(x) [[,ep xp(2)’?, where
&o is a character of G, P is a finite set of primary primes prime to 6, and 0 < j, <5. Extend & by

zero outside primary elements prime to 6, and every x;/ by zero on multiples of p, including when
Jp = 0. Thus ¥ is completely multiplicative on primary elements and ¥(b) = 0 if (b,6) # 1. Finally
V e C((0,00)) [13, §6.2]. The steps [13, §6.2, App. A.2], which follow Dunn and Radziwilt [4, §5],
are as follows.

1. Twisted theta series. Retain only the modes with z = (v/—3)3¢ primary and prime to 6, and
multiply their coefficients by (v/—3/z)3¥(z). At £ = (v/=3)73nb3, (vV=3/nb%)3 = (v/=3/n)3,
so this cancels the conjugate symbol in (5.16). The resulting series ©y has coefficients
35/2|b|y2(n) ¥ (n)W(b)3 at these modes and zero elsewhere, including at the constant mode.

2. Translates. The twist is periodic, so its finite Fourier expansion (4.5) writes Oy as a finite
combination of translates 6(z 4+ a/c,v) by rational points a/c. The denominator ¢ is divisible
by every prime p with j, # 0.

3. Automorphy at the cusp a/c. Write the translate in lowest terms, with (a,c) = 1 and ¢ # 0.
Normalize (a,c) by a common unit so that a = 1 (mod 3) if A | ¢, and ¢ = 1 (mod 3)
otherwise. If A | ¢, choose ¢ with ad =1 (mod 3c); if At ¢, choose ad =1 (mod ¢) and § =0
(mod 3). These choices are possible by coprimality and the Chinese remainder theorem. Put
V' =(ad—1)/cand g = (@ %’). Then g € T, and the following choices give g1 = gH ! € T'(3):

1, N e,
b e{V V=3}, u=c (mod3), A|c, A*{
H={\, 1) “SWT»vmen a=e imods), Ale AT (518
u —1
; = d 3), A e
) 0) u=a (mod 3) fe

In the last case take u from a fixed set of representatives of Z[w|/3Z[w]. By (T1), (Hw) =
0(y,w): here o = 0 in the first case; 0 = —, + for u = /—3, —v/—3, respectively, in the second;
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and o = 0, —, 4 according as v = 0,w, —w (mod Z + 3Z[w]) in the third. These identifications
follow by multiplying v, on the left by matrices in SLy(Z) and by translations or lower
unipotents with parameter in 3Z[w], on which & is trivial. Consequently, 8(gw) = k(g1)0(yow),
where v = 1.

To track the multiplier uniformly as the twist varies, the paper refines these choices by fixed
congruences at the primes above 2 and 3 [13, App. A.2]. With those choices, cubic reciprocity
gives k(g1) = ko Hp| o pl6 xp(a)?, where ko depends only on fixed congruence data; the primes
p 16 occur to the first power in the reduced denominator c. Finally, (5.1) gives

_1{/a ) Z v
Z = (= — . 1
g <c * Z’U) ( ¢ A(w?+1z?)" Ne(v?+ ]2]2)> (5.19)

At z =0 this is (=d/c¢, 1/(Ncw)): small v becomes large v.

. Mellin transform. Write 0 = 1(0, + i0,) and 9. = 3(9, — i9,). Differentiation kills the
constant term v%/? and gives 0;6(¢z) = 2mil é({z). Put Fy(2',v') = 0(7,(2',v")). At z =0,
the coordinates (2/,v’) in (5.19) satisfy 9:2' = —(cv) ™2 and 952’ = 9;v" = 0. The chain rule
therefore gives

T Pm— k(g1) 6 1
9:0(ajc + z, U)LZO =50 0.F) <7, m) (5.20)
On the reflected side the derivative is 9/, so a Fourier mode acquires 27/ instead of 27if. This
explains the factor a(f) in (5.22). Now take [ 9:0y(z,v)|,_ov* ' dv. The single-mode
integral is

/ 025K1/3(47r|€\v) dv=2%"1T(s+ DL (s+ 2) (4r|e]) =271 (Res>—3).  (5.21)
0

Thus each mode ¢ contributes a multiple of a(¢)N¢~%, and termwise integration is justified

initially for s > 1. Since a((v/=3)?) =4, this is where the factor a(n) a(b)3 in (5.17) comes
from. The result is the Dirichlet series of 7' times I'(s + $)I'(s + 2).

. Functional equation. In (5.20), the substitution v = 1/(Nev) changes v—2v*~!dv into

(N¢)2=25(0")2(1=5)=1 du’ after reversing the limits. Thus the Mellin transform at s equals a
finite combination of the corresponding transforms at 1 — s of the expansions at the three cusps,
with additive twists ¢(—d¢/c). After differentiation, the cusp expansions give exponential
decay at both ends of the height integral, so its Mellin transform is entire. Together with the
vertical bounds established in the source paper, this permits the contour shift; no zero-free
region for ¢ is used. Inverting the Mellin transform gives [13, Proposition 6.2]

NfX)
Ne¢2 /-
(5.22)

Here the outer sum is finite, |C| < 1, ¢ is an additive character from a fixed finite set, the
product runs over the primes p { 6 dividing ¢, and

rxn =Y ¥ U =) T B (V30 Vi
0£06(v/—3)~4Z[w] 3

V(s) = /O OOV(x)xsdf, (5.23)

o TEOrC ) et
Vﬁ(x)—m/(o)v(—t) F(E—t)r(g_t)< 27 ) dt,

decays rapidly for large 2. A sum of length X becomes one of length about N¢?/X.
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6. The local factors. At a prime p | ¢ with twist Xg,, three ingredients combine:

e the finite Fourier coefficient of X% at frequency h, which is proportional to x,(h)™ by
Lemma 17;

e the Kubota factor, which enters through 6 as x,(a)? = x,(a)~2, where a = oh (mod p)
for a fixed o;

e the reflected phase e(eh~1x/p), since 6 = a~! (mod p).

Summing over h # 0, and substituting y = h~!, gives a Gauss sum:

Sl (L) < e VN G #9) (5:24)

y#0

Including the finite Fourier coefficient, the local factors are

Xp(2) H, j ¢ {04},
By,j(z) = ¢ (Np)~2xp(2) 2, j =0 (active), (5.25)
(Np)~Y2(=1+Np1,,), j=A4.

The omitted factors have absolute value one, are independent of x, and are included in C in
(5.22). For j = 1 the factor is x, () ™2 = xp(2)® = (¥/p)2: the sextic twist becomes quadratic.
For j = 4 the sum is instead a Ramanujan sum. For j = 0 there are two branches, because

1 1 hz
e =1- 1~ 15, 3 e<;>. (5.26)

The nonzero frequencies give the active factor in (5.25). The zero frequency leaves p out of
c and contributes the scalar 1 — (Np)~! (the inactive branch). Both branches occur in the
outer sum of (5.22). Their number is bounded by a divisor function of the twist modulus, and
their scalars have absolute value at most one; see [13, §6.2, App. A.2]. We checked the local
transform for all j and all primes of norm < 200.

For squarefree rows k prime to the auxiliary twist moduli, the factors with j = 1 give the quadratic
character (z/k)2. Repeated prime factors in the rows and the other local factors are handled
separately in the source paper. Heath-Brown’s quadratic large sieve [6], in the number-field form of
Goldmakher and Louvel [5], is applied with squarefree rows and squarefree columns. It bounds the
completed mean square; removing the added cubes still requires the descent.
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6 Tables

p X—3(p) type factorization in Z[w) p=a®—ab+b> p=2x?+3y> 4p= L?>+27M?
—1 inert 2=-1-(-2) - - -

3 0 ramified 3 = —w?\? 12—-1-2+22 024312 -

5 —1 finert 5=—1-(-5) - - -

7 1 split 7=(1+3w)(—2 - 3w) 32-3-1+1% 2243.12  12427-17

11 ~1 inert 11=—1-(-11) — - -

13 1 split 13 = (4 + 3w)(1 — 3w) 42 —4-141%2  124+3.22 (=5)? + 2712
17 —1 inert 17=-1-(-17) - - -

19 1 split 19=(-2+3w)(-5—3w) 52-5-2+22 4243.12 72 4+27.12
23 ~1 inert 23 = —1-(-23) - - -
29 —1 inert 29 = —1-(—29) — — -
31 1 split 31 = (1+6w)(—5 — bw) 62—6-1+12 2243-32 4% 27.22
37 1 split 37 = (7+3w)(4 — 3w) 7?-7-3+32  52+3.22 (—11)2 +27-12
41 —1 inert 41 = —1-(—41) - - -
43 1 split 43 = (7 + 6w)(1 — 6w) 2-7-1+12  42+3-32  (—8)2 42722
47 —1 finert 47 = —1-(—47) - - -
53 —1 inert 53 = —1-(—53) — - -
59 —1 inert 59 = —1-(-59) - - -
61 1 split 61 =(44+9w)(=5—9w)  92-9-4+4%2 724+3.22  12427.32
67 1 split 67=(7T+9w)(-2-9w)  92-9.2+22 8 4+3.12 (=52 +27-32
71 —1 inert 1=-1-(-T71) — — —
73 1 split B=(1+9w)(-8—9w) 92-9-1+1> 5243-4> 72+27.32
79 1 split 79 = (10 + 3w)(7 — 3w) 102 -10-3+3% 2243.52  (=17)2+27-12
83 —1 inert 83 =-1-(-83) - - -
89 —1 inert 89 =—1-(-89) - - -
97 1 split 97 = (-8 4+ 3w)(—11 —3w) 112 -11-3+3% 724+3-42 192 +27-12

Table 1: How the rational primes p < 100 factor in Z[w]; the type is given by x_3(p), which is 1 for
split, —1 for inert and 0 for ramified. Split primes are written as p = 77 with both factors primary;
for these there is no unit (Proposition 11). For inert p, the primary generator of (p) is —p. In the
last column L =1 (mod 3) and L = —Trr (Corollary 8).
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« Na factorization « Na factorization

1 1 unit —2 + 6w 52 (=2)- (1 —3w)

-2 4 prime —8 — 6w 52 (—2)- (44 3w)

1+ 3w 7 prime 44+ 9w 61 prime

-2 — 3w 7 prime -5 — 9w 61 prime

44 3w 13  prime -8 64 (—2)3

1—-3w 13 prime 7+ 9w 67 prime

4 16 (—2)? -2 — 9w 67 prime

—2+4+3w 19 prime 1+ 9w 73 prime

—5—3w 19 prime —8 — 9w 73 prime

-5 25 prime 10 + 6w 76 (—2)-(-5—3w)
4+ 6w 28 (=2)-(-2—3w) 4 — 6w 76 (=2)-(-2+3w)
—2—6w 28 (=2)-(1+43w) 10 + 3w 79 prime

1+ 6w 31 prime 7 — 3w 79 prime

—5—6w 31 prime 10 + 9w 91 (1+3w)-(1—3w)
74 3w 37 prime —5 + 6w 91 (1+3w)-(4+ 3w)
4 — 3w 37 prime —11—-6w 91 (—2-3w)-(1—3w)
7+ 6w 43 prime 1—-9w 91 (—2—3w)- (44 3w)
1— 6w 43 prime —8 4+ 3w 97 prime

~5+3w 49 (-2-3w)? —11—-3w 97 prime

7 49 (143w)-(—2-3w) 10 100 (-2)-(-5)

—8—3w 49 (14 3w)?

Table 2: All primary elements @ =a+bw (e =1, b=0 (mod 3)) with Na < 100, ordered by norm.
There are 41 of them, one for each ideal of norm < 100 prime to 3. Each factors into primary primes
with no unit (Proposition 11). No norm is divisible by 3, and the number of entries of norm n is

me x-3(m).
—2 143w —2—-3w 443w 1—-3w 243w —5—-3w —5 14+6w —>5—6w

-2 . w? w w w? w w? 1 1 1
143w  w? 1 w w? w w w? 1 w
—2—-3w w 1 w w? w? w? w w? 1
44 3w w w w 1 w? 1 1 w? w
1-3w w? w? w? 1 1 w 1 w? w
243w w w w? w? 1 1 w w w?
—5—3w w? w w? 1 w 1 . w? w w?
-5 1 w? w 1 1 w w? w w?
14 6w 1 1 w? w? w? w w w 1
—5—6w 1 w 1 w w w? w? w? 1

Table 3: The cubic residue symbol (7/p)s for primary primes of norm < 31, with 7 indexing the row
and p the column. The table is symmetric (cubic reciprocity, Theorem 14); in particular (7/7)3 =1
for each conjugate pair.
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p=7 m=14+3w, T=-2—-3w

x 1 2 3 4 5 6
order of z mod7 1 3 6 3 6 2
(x/m)6 1 w —w? w? —w -1
(z/7)6 1 w? —w w —w? -1
(z/m)3 1 w? w w w1
(x/m)2 11 -1 1 -1 -1

) 1 1 -1 1 -1 -1

x 1 2 3 4 5 6 7 8 9 10 11 12
order of x mod 13 1 12 3 6 4 12 12 4 3 6 12 2
(x/m)e 1 —w? w? w -1 —w —w -1 w w? —w? 1
(z/7)e 1 —w w w? -1 —w? —w? -1 w? w —w 1
(z/m)3 1 w w w1 W Wl W w w1
(z/7)s 1 -1 1 1 -1 -1 -1 -11 1 -1 1
(%) 1 -1 1 1 -1 -1 -1 -11 1 -1 1

Table 4: The sextic symbol modulo the primary primes above 7 and 13, on the rational representatives
r=1,...,p—1of (Z[w]/m)* 2 F, . The cubic and quadratic symbols are the square and cube of
the sextic one, and the quadratic symbol is the Legendre symbol (3.6). Modulo 13 the cubes are
+1, 45, which are exactly the x with (z/7)3 = 1. In each column (z/7)g is the complex conjugate

of (z/m)s (8§3.2).

0 1 1 1 1
1 wo w? —w S —
2 w -1 w? —w?  —w
3 wo o—w  —w? W -1
4 w o —w? -1 —w w?

Table 5: The sextic symbol (a/5)g for a = a + bw, 0 < a,b < 4, a complete set of residues modulo
the inert prime 5 (primary generator —5, norm 25). In the row b = 0 (rational integers), the nonzero
residues have symbol 1; the origin has symbol 0, displayed as a dot. Each sixth root of unity occurs
4 times. Moving from « to wa multiplies the entry by w, and (@/5)s = (a/5)s.
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T Nr Nrmod36 -1 w 14w A 2 3 5 7

14 3w 7 7T -1 w —w -1 w  —w? —w

-2 — 3w 7 7 -1 w  —w? w w? o —w —w?

4+ 3w 13 13 1 w? w —w? —w? W? -1 —w
1—3w 13 13 1 w? w -1 —w w -1 —w?
—2 4 3w 19 19 -1 1 -1 —w  —w? —w? W 1
—5 — 3w 19 19 -1 1 -1 w? —w —Ww w 1
) 25 25 1 w w? —w? 1 1 1
1+ 6w 31 31 -1 w? —w -1 1 —w w2 w
—5 — 6w 31 31 -1 w? —w w? 1 —w?  w w?
7+ 3w 37 1 1 1 w —w  Ww? —w? wW?
4 — 3w 37 1 1 1 w? —-w? w —w w
7+ 6w 43 7 -1 w —w? w -1 —w —w —w?
1— 6w 43 7T -1 w —w? - -1 —w? —w? —w
4 4+ 9w 61 25 1 w w? w? —w? 1 w?  —w?
-5 — 9w 61 25 1 w w? w? —w w —w
7 4+ 9w 67 31 -1 w? —w w —w -1 -1 —w?
—2 — 9w 67 31 -1 w? —w —w  —w? -1 -1 —w
14 9w 73 1 1 1 1 -1 w 1 —w? -1
-8 — 9w 73 1 1 1 1 -1 w? 1 —w -1
10 + 3w 79 7 -1 w —w? -1 w2 —w? w —w
7 — 3w 79 7 -1 w  —w? w w AL —
-84 3w 97 25 1 w w? -1 w? w?  —w? —w
—11 —-3w 97 25 1 w w? —w w w W  —w
—24+9w 103 31 -1 w? —w w w? -1 —w w
—11 —9w 103 31 -1 w? —w —w w -1 —w? W?
7+ 12w 109 1 1 1 1 —w -1 W? w? w?
-5 —12w 109 1 1 1 —w? -1 w w w
—11 121 13 1 w? w w 1 1 1 1

Table 6: The sextic symbol (z/m)g for the primary primes m { 6 of norm < 121 (rows) and
r=—-1,w,14+w A 23,57 (columns), where A\ = 1 —w and 1 + w = —w? generates the units. A
dot means 7 | . The unit columns depend only on N7 modulo 36 (3.3). In the rational columns
conjugate primes give conjugate values, and the inert primes —5, —11 give 1 (§3.2).
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143w 2—-3w 443w 1—-3w 243w —-5—3w -5 146w —bH— 6w

1+ 3w . —1 w? —w —w? —w? —w 1 w?
—2-3w -1 . —w? w —w —w —w? w 1
4+ 3w —w? w? - -1 w -1 -1 w —w?
1—-3w w —w -1 . -1 w? -1 —w w?
243w w? —w —w 1 : -1 w2 —w? —w
—5—-3w —w? w 1 —w? -1 . w —w? —w
-5 w w? -1 -1 —w? —w . —w? —w
1+ 6w —1 w —w w w? —w? w? . -1
—5—6w w? —1 w? —w? —w w w -1

Table 7: The sextic residue symbol (7/p)g for the primary primes 7, p 1 6 of norm < 31, with 7
indexing the row and p the column. The squares of the entries form the symmetric table of cubic
symbols (Table 3, without —2), so the entries in positions (7, p) and (p, 7) agree up to sign. The
sign is the quadratic reciprocity factor (7/p)a(p/m)2 (§3.5).
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