1. LINEAR ALGEBRA PRELIMINARIES

1.1. Some facts about bilinear forms.

Notation. Let V be an m-dimensional vector space over £k = R or C. We denote
V* the dual space of V consisting of linear functions o : V' — k. Furthermore, we
denote W < V any linear subspace W of V', and

We:={aeV":alw)=0,for all w e W}
the annihilator of W in V*. Note that
dim W + dim W° = dim V.

Let ¢ : V XV — k be a bilinear form. The rank of ¢ is then defined as the rank
of any matrix representation of 1.

Definitions. The bilinear form 1 is said to be non-degenerate if and only if the
following holds:

P(v,0") =0,Yv' € V < v =0.

Moreover, the bilinear form  is said to be diagonalisable if there exists a basis of
V' with respect to which 1 is represented by a diagonal matrix.

Note. (i) v is non-degenerate if and only if all its matrix representations re
non-singular.
(ii) If ¢ is symmetric, then it is diagonalisable. If kK = R and v is symmetric
and non-degenerate, then it is either positive-definite, negative-definite, or
indefinite, in which case it is said to be of signature (r, s) where

r = # of positive eigenvalues

s = # of negative eigenvalues

(with r +s = m). In addition, if V™ and V= are the positive and negative
eigenspaces of 1, respectively, then

V=VteV~-

with 9|y + positive definite and |y - negative definite, where 9|y denotes
the restriction of ¥ to W x W.

(iii) If ¥ = R and ¢ is positive definite, then |y is positive definite for all
W < V. However, in general, if ¢ is an arbitrary non-degenerate bilinear
form, there may exist a subspace W < V' such that ¢|y is degenerate.

E.g. If V = R? and % is given by the matrix (é _01> or (_01 é),
then ¢ is non-degenerate. But ¢|yw = 0, where W = ((1,1)).

Definition. Given a bilinear form 7 : V x V' — k, we define

vV ooV
v o= Yv,—).

Then, 1; is a linear map and v is non-degenerate if and only if QZ is an isomor-
phism.
From now on, we will assume that 1) is either symmetric or skew-symmetric.
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Definition. L et W < V. We define
Wt ={veV: i w) =0, for all w e W}
to be the orthogonal complement of W.

Note. (i) ¥U < W, then Wt <UL
(ii) If k = R and 4 is positive definite, then WNW+* = {0} and V = W W+,
But this may not be true if v is not positive definite.

E.g. If V = R?, v is given by the matrix ((1) _01> and W = ((1,1)),

then W+ = W so that W N W+ # {0}.
(iii) W N W+ = {0} if and only if 9|y is non-degenerate. In particular, 1 is
non-degenerate if and only if V+ = {0} (exercise).

Proposition. If W <V, then
dim W 4+ dim W+ = dimV + dimW N V+.
In particular, if ¥ is non-degenerate, then
dim W + dim W+ = dim V.
Proof. Consider the linear map

e=dlw:W — V*
wo = 7/](71}37)'

Then, by rank-nullity,
dim W = dim ker ¢ + dim Im ¢.
But,
kerp ={w e W : ¢(w,v) =0, for all v € V'}.
And since 9(w,v) = ¢ (v,w) by (skew)-symmetry of 1), we have
kerp = {w € W :¢(v,w) =0, forallv € V} =WV
Furthermore, (Im ¢)° C (V*)* =V is given by
(Imp)° ={veV:alw)=0forall a cImep}.
Since every « € Im ¢ is of the form ¢ (w, —) for some w € W, this means that
(Ime)° ={v eV :¢(w,v)=0forallwe W} =W=.
Hence,
dimIm ¢ = dim V — dim(Im ¢)° = dim V — dim W+,
implying that
dimW = dim W NV+ 4 (dim V — dim W),
(I

Corollary. Suppose that ¢ is non-degenerate and consider W < V. Then, ¢|w is
non-degenerate if and only if V =W & W+.



1.2. Skew-symmetric bilinear forms.

Proposition. Let v be a skew-symmetric bilinear form. Then, there exists a basis
with respect to which v is given by the matrix

0 1
-1 0

In particular, the rank of v is even.

Proof. The proof is by induction on the dimension of V. If ¢ = 0, we are done. Oth-
erwise, there exist v1,ve € V with ¢(v1,v2) # 0 (or else we would have ¥ (vy,v2) =0
for all v1,vy € V, implying that ©» = 0). After possibly normalising the vectors,
we can assume that 1(vi,ve) = 1. Let W = (v1,v2) <V be the subspace spanned
by v; and ve. Note that v; and v are linearly independent because if vo = cv; for
some c € k, then

d](vlu UQ) = w(/vla Cvl) = C’L/}(/U17’U1) =cC- 0 - 0
by skew-symmetry of ¢. Therefore, dim W = 2 and | is given by the matrix

(o)

Furthermore, 9|y is non-degenerate and V = W @ W+. However, by the induction

hypothesis, there exists a basis {vs, ..., v, } of W' with respect to which |y 1 is
represented by a matrix of the form (1). Hence, v is represented by a matrix of the
form (1) with respect to the basis {v1, v2.v3,...,Vm}. O

Corollary. If ¢ is non-degenerate and skew-symmetric, then the rank of v is even,
implying that the dimension of V' is even.

Note. The proof of the proposition tells us that, if ¥ is skew-symmetric, there
exists a basis {e1,...,€en, f1,. -y fn,h1,. .., hs} of V| with m = 2n + s and 2n the
rank of ¢, such that

w(ehej) = ,(/](fwf]) = w(eiahl) = ,(/J(fj)hl) = 07 Vl7]7l
w(eiafi) = 1a Vi
¥(es, f;) =0, Vi # j.

(Indeed, just take €1 = V1, f1 = Vg, €2 = V3, f2 = U4, etc....)

Definition. A bilinear form ¢ : V XV — k on a vector space V is called symplectic
if it is skew-symmetric and non-degenerate. Furthermore, the pair (V, ) is called
a symplectic vector space if ¢ is a symplectic form on V.

Corollary. If (V, 1) is a symplectic vector space, then the dimension of V' is even.



Note.

(i) If (V, %) is a symplectic vector space, there exists a basis

{ela"'7enaf17"'afn}

of V., with m = 2n, such that
w(eia ej) = Z/J(fz, fj)a Vl,j,l
1/’(€iafi) = 1a Vi

V(e f;) =0, Vi #j.
Such a basis is called a symplectic basis of (V).
A bilinear form ¢ : V x V — k is called alternating if ¥(v,v) = 0 for
all v € V. If the characteristic of k is not 2, one can show that ¢ is
alternating if and only if ¢ is skew-symmetric (exercise); thus, if ¢ is a

symplectic bilinear form on V and {ey,...,en, f1,..., fn} is a symplectic
basis of (V, ),

n
Y= Zef Afi
i=1

Definition. Let (V,%) be a symplectic vector space and W < V. Then, W is

called:

symplectic it W N W+ = {0};
isotropic if W C W+,
co-isotropic if W+ c W;
Lagrangian if W = W+,

Note. Lagrangian subspaces are both isotropic and co-isotropic.

-1 0

Examples. Let V = RZ, 9 be the bilinear form given by the matrix ( 0 1) and

W <V.

Then,

W =V is symplectic.

All proper subspaces W of V are Lagrangian.
(Indeed, if W = ((uy.us2)), then for all (a,b) € R?,

(@), (u1, u)) = (a,b) ( 0 1) (“1> — 0% auy — buy =0
-1 0 (%)
< aug = buy < (a,b) = c(uy,uz),c € R.
Thus, W+ =W.)
W = {0} is vacuously symplectic.

Remark. Suppose that (V) is a symplectic vector space and W < V. Then, v
is non-degenerate, implying that

dimW + dim W+ = dimV = 2n.

Therefore,

(i)
(i)
(i)
(iv)

If W is symplectic, then V = W @ W+,
If W is isotropic, then dim W < n;

If W is co-isotropic, then dim W > n;
If W is Lagrangian, then dim W = n.

(Exercise.)



