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Introduction Stronger Relaxations via Column Elimination

Assume that Q is a set of resource constrained s — ¢ paths in D for some set of resources R.

Let D = (V = {s,t} UV, A) be a digraph and let P be a set of s — ¢ pathsin D that | et A(D, R) be an algorithm that solves the RCSPP over D with resources R.

satisfy some “complicating constraints”. \We consider routing problems that can be

formulated as procedure CG+CE
Q'+ 9 (We don’t store Q. This is just to describe the algorithm.)
- D'« D
SP(P P)- A
(SP(P)) min 3 c(P)-r epeat
st. S COUNT(, P)- Ap =1, Vo€V, Solve the LP relaxation of S.P(Q’) using A(D', R) to solve the pricing problem.
Pep Let A be the obtained solution.
N p =k, for each P € Q' \ P with Ap > 0 do
Pep “‘Refine” D’ to “eliminate” path P.
A\p € 10,1}, VP € P. Q' «+— Q'\ {P}

until No refinement could be made (or stop earlier for practical reasons,).

Proposition 1: By the end of CG+CE (if we run until no refinement could be made), the LP

State-of-the-art algorithms for (SP(P)) typically rely on column generation (CG), bound of SP(Q’) is the same as the LP bound of SP(P).
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Does it work?

Implemented in C++ and used BaPCod/VRPSolver to solve the set
partiioning model.
State-of-the-art branch-cut-and-price (BCP) algorithms features such as ng-path
relaxation, labeling algorithms using bucket graphs, rank-1 cuts with limited memory, etc.
We solve the root using CG+CE. We run for at most 20 iterations. In each

iteration, we eliminate at most 50 paths.

We omit results using CG+CE and the state-transition graph, since it often
fails to solve the root in 1 hour.

Instances and cuts from Dinh et al. (2018). Time limit: 1 hour.

(CG) uses only VRPSolver+cuts. (CG+CE) uses the proposed approach.
(CE) is the method of [Karahalios and van Hoeve, 2024].

where the pricing problem is modeled as a resource-constrained shortest path Dinh et al. CG CE CG+CE
problem (RCSPP) and solved by a labeling algorithm. Instance LPG  T(s) LPG  T(s) LPG  T(s) El Col. LPG T(s) El. Col.
While successful in many cases, depending on the choice of P, such an approach Standard CG fixes the set of columns Q in advance, which might not A-n32-k5-L  1.30% 86 0% <1 0% 2105 685 0% <1 0
m|ght still fail because it leads to an exp|05i0n on the number of exp|0red labels. capture well the “Complicating constraints” in set P. The CE appr_oach Is more flexible: it A-n32-k6-H 5.90% 396 3.33% /89 3.0/% - 2285 0% 137 495
dynamically builds a relaxation using only the infeasible paths in \. ﬁ-ﬂjj-tg-h é-ggff 2909 éggfﬁ) 21 2-22? - 322? Zgj‘;f 50 ;glj
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Examples- . The C.E.method [Karahalios and van Hoeve, 2024] Solve§ SP(9) via shortest 5-n50-k12-L 2 78% 163% 595 0% 1893 4273 0% 45 240
paths in a state-transition graph. But state-of-the-art RCSPP solvers (i.e., algorithm A) P-n50-k13-H  7.07% 6. 29% - 0.16% _ 1546 0% 262 739
, o , already handle well some sources of path infeasibility (e.g., repeated customers). Our P-n51-k12-L  3.28% 1.55% 1265 0.13% - 474 0% 34 267
Vehicle capacity is C' € Q.4 and d is a random vector of customer demands. Then, P.n51-k13-H 7.50% 11.88% L 6.41% 2984 5099% . 045

approach only refines when A cannot handle the infeasibility.
In fact, because we use algorithm A, we don’t even need the state-transition graph.

P={{s—tpath P:P(d(P)<C)>1—¢},
where ¢ € (0,1) is a tolerance parameter. Conclusion: CG+CE is generally faster than all other approaches. Moreover, it

.. . . , _ achieves bounds similar to CE with less refinements.
if P is given by scenarios, even pricing non-elementary paths in P (i.e., paths that

might visit a customer more than once) is strongly N"P-hard [Dinh et al., 2018]. CE is based on state-transition graphs [Karahalios and van Hoeve, 2024], which are acyclic

networks where nodes <= states and paths <= solutions.
CE “refines” the network to “eliminate” certain paths.

Instances from Gunes et al. (2010), whose best exact algorithm used

Vehicle capacity is C' € Q. and each customer v € V, has a demand d(v) that can constraint programming. Time limit: 30 minutes.

be positive or negative. Then,
P ={s—tpath P = (s,vy,..

Deactivated path enumeration and rank-1 cuts.

Lunt) 0 <d((v,...,v;) < C, Ve

(CG) solves a pricing problem with a non-monotone resource. = Billions
of dominance checks between labels.

Non-monotone accumulated demand prevents the use of dominance rules,

which are crucial for the good performance of labeling algorithms. (+Cuts) are new cuts that we derived based on previous work for 1-PDTSP.

Gunes et al. CG CG+Cuts CG+CE+Cuts
An Initial Formulation Instance T(s) LPG  T(s) LPG T(s) LPG T(s) Ref.
, , , , Vi|=13, k=1 <120 0% 259 0% <1 0% <1 O
f Example with aﬁsmgle res_l?hurce r thattEaS}Dc.onE#rT}pt;ton 3 at T(very v Eh‘?h. itat;s a<re3|r3r’rc]he o Vi=14, k=1 < 120 0% 24 0% <1 0% <1 O
Let @ D P be such that pricing over Q is “easy”. We can formulate (SP(P)) as follows. ﬁrm.[cﬁshomer’ il Ofri’ o tpa e T S r(P) < 3. The network in V=15 k=1 <120 - - 0% <1 0% <1 O
the right has no pa at maps to (s, 1,2, 3,t) (and to other infeasible paths). V.| =16, k=1 <120 0% <1 0% <1 O
| oy . : . . Vi =18 k=1 < 120 0% <1 0% <1 O
i Z c(P) - \p Proposition 2: The same refinement can be applied to the original graph D. V=30 k=2 _ 5 05% 169 0% 30 5o
PcQ V.|=060, k=4 0.24% 235 0.12% 469 35

s.t. Ais feasible for (SP(Q)),
Conclusion: Our cuts already do the job, but CG+CE improves the LP gap.

Ty = E count(a, P) - Ap, Va € A, (1)
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