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Abstract A portfolio optimization problem consists of maximizing an expected util-
ity function of n assets. At the end of a typical time period, the portfolio will be
modified by buying and selling assets in response to changing conditions. Associated
with this buying and selling are variable transaction costs that depend on the size of
the transaction. A straightforward way of incorporating these costs can be interpreted
as the reduction of portfolios’ expected returns by transaction costs if the utility func-
tion is the mean-variance or the power utility function. This results in a substantially
higher-dimensional problem than the original n-dimensional one, namely (2K +1)n-
dimensional optimization problem with (4K + 1)n additional constraints, where 2K

is the number of different transaction costs functions. The higher-dimensional prob-
lem is computationally expensive to solve. This two-part paper presents a method for
solving the (2K + 1)n-dimensional problem by solving a sequence of n-dimensional
optimization problems, which account for the transaction costs implicitly rather than
explicitly. The key idea of the new method in Part 1 is to formulate the optimality con-
ditions for the higher-dimensional problem and enforce them by solving a sequence
of lower-dimensional problems under the nondegeneracy assumption. In Part 2, we
propose a degeneracy resolving rule, address the efficiency of the new method and
present the computational results comparing our method with the interior-point opti-
mizer of Mosek.

Communicated by F. Giannessi.

This research was supported by the National Science and Engineering Research Council of Canada
and the Austrian National Bank. The authors acknowledge the valuable assistance of Rob Grauer and
Associate Editor Franco Giannessi for thoughtful comments and suggestions.

M.J. Best (�)
Department of Combinatorics and Optimization, Faculty of Mathematics, University of Waterloo,
Waterloo, Ontario, Canada
e-mail: mjbest@uwaterloo.ca

J. Hlouskova
Department of Economics and Finance, Institute for Advanced Studies, Vienna, Austria



564 J Optim Theory Appl (2007) 135: 563–581

Keywords Convex programming · Portfolio optimization · Variable transaction
costs

1 Introduction

Investors typically make decisions about how much to buy or sell an asset according
to a utility function. The mean-variance utility function [1] and the power utility func-
tion [2] are two well-known utility functions. The data defining the utility function,
such as the conditional first or second moment of the asset returns, changes with time.
In response to the changed data, the investor may wish to adjust his/her portfolio by
selling or purchasing various quantities of his/her assets. There is a cost associated
with this which is called the transaction cost.

Transaction costs have been studied and modeled in a variety of settings. Refer-
ence [3] gives a closed-form solution for the mean-variance utility function with a
diagonal covariance matrix, budget constraint and upper bounds on all asset hold-
ings. The transaction costs used in that model were linear for both the buy side and
the sell side. In [4], a transaction cost algorithm was developed specifically for a
mean-variance utility function having a single linear purchase and sales transaction
cost. That method handled transaction costs explicitly within a general quadratic pro-
gramming algorithm. In [5], an algorithm was developed for the solution of a general
utility function with single convex buy-and-sell side transaction costs. The contribu-
tion of this paper is to formulate an efficient solution procedure for a problem where
each asset’s transaction cost is given by piecewise nonlinear convex functions and
where the number of pieces is arbitrary. A straightforward way of formulating this
as a smooth problem requires many additional variables (the number of pieces times
number of original the problem variables). An overview of transaction costs in a va-
riety of settings is given in [6].

Here, we present an algorithm to maximize an expected utility function of n as-
set holdings while accounting for variable and nonlinear transaction costs. The key
feature of the model is that the transaction costs are piecewise convex with K pieces
on the buy side and K pieces on the sell side, where K is an arbitrary integer.1 This
enables the investor to model more precisely transaction costs.

As we shall show, these variable transaction costs can be accounted for by solv-
ing an optimization problem having 2Kn additional variables and (4K + 1)n addi-
tional linear constraints. However, our new method works by solving a sequence of
n-dimensional problems in which the asset’s bounds and the linear part of the ob-
jective function are varied. The problem could also be formulated in the nonsmooth
setting and analyzed in terms of subgradients2 using the methods presented, for in-
stance, in [8]. However, we have chosen not to do so because the higher-dimensional

1In general, K can differ on the buy and sell sides, respectively. We used the same quantity for ease of
presentation and notation. The extension of the algorithm to account for different K in the buy and sell
sides is straightforward.
2In the language of nonsmooth optimization, the presented algorithm could be interpreted as a subgradient
method, in the way it moves from one subproblem to a neighboring subproblem. See [7] for a solution
method applied to a nondifferentiable and convex problem in an n-dimensional setting.



J Optim Theory Appl (2007) 135: 563–581 565

formulation gives more insight into the underlying structure of the problem where the
transaction costs are formulated directly.

Throughout this paper, a prime denotes transposition. All vectors are column vec-
tors unless primed. The ith component of the vector x is denoted by xi or (x)i .

We consider a portfolio optimization problem of the form

min{f (x) | Ax ≤ b}, (1)

where A is an (m,n) matrix, b is an m-vector, x is an n-vector of asset holdings, and
−f (x) is an expected utility function. The constraint Ax ≤ b represents general linear
constraints on the asset holdings and may include explicit lower and upper bounds.
We assume that a target n-vector x̂ is given. x̂ could represent the current holdings
of assets so that purchase transaction costs are measured by the amount increased
from x̂ and sales transaction costs are measured by a decrease from x̂. Alternatively,
x̂ could represent an index fund being followed, such as the S&P 500.

We incorporate transaction costs into (1) as follows. Let 1 ≤ i ≤ n and let x+k
i

denote the amount purchased according to the kth transaction cost function pk
i (x

+k
i ).

Then, the total amount purchased of asset i is

x+1
i + x+2

i + · · · + x+K
i

and the total transaction cost for it is

p1
i (x

+1
i ) + p2

i (x
+2
i ) + · · · + pK

i (x+K
i ).

Each x+k
i is restricted to lie in an interval [0, ek

i ]. Letting

x+k = (x+k
1 , x+k

2 , . . . , x+k
n )′, pk(x+k) =

n∑

i=1

pk
i (x

+k
i ),

the total purchase transaction cost is
∑K

k=1 pk(x+k). In a similar way, for 1 ≤ i ≤ n

define x−k
i to be the amount sold according to the kth transaction cost qk

i (x−k
i ). Then,

the total amount of asset i to be sold is

x−1
i + x−2

i + · · · + x−K
i

and the total transaction cost for it is

q1
i (x−1

i ) + q2
i (x−2

i ) + · · · + qK
i (x−K

i ).

Each x−k
i is restricted to lie in an interval [0, dk

i ]. Letting

x−k = (x−k
1 , x−k

2 , . . . , x−k
n )′, qk(x−k) =

n∑

i=1

qk
i (x−k

i ),

the total sales transaction cost is
∑K

k=1 qk(x−k).
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With this notation, the problem to be solved is

min f (x) +
K∑

k=1

pk(x+k) +
K∑

k=1

qk(x−k), (2a)

s.t. x −
K∑

k=1

x+k +
K∑

k=1

x−k = x̂, Ax ≤ b, (2b)

0 ≤ x+k ≤ ek, 0 ≤ x−k ≤ dk, k = 1, . . . ,K, (2c)

where ek and dk are n-vectors for k = 1, . . . ,K .3 This way of incorporating transac-
tion costs can be interpreted as the reduction of the portfolio’s expected return by the
transaction costs if the utility function is the mean-variance or power utility function
(see [5, 9] for more detail). Unlike the mean-variance utility function, the power util-
ity function allows us to model the portfolio optimization problem as a discrete-time
dynamic investment model based on the reinvestment version of dynamic investment
theory (see [10]). From this perspective, our approach of incorporating transaction
costs can be implemented also in the multiperiod setting.

We model transaction costs functions as convex rather than concave functions4

because, in addition to the explicit transaction cost, we account also for the implicit
or market impact costs. These latter costs depend on the size of the trade and liquid-
ity restrictions. If the trading volume is too high, the price of a share may rise (fall)
between the investment decision and the complete trade execution if the share is to
be bought (sold). This will be the case for a large investor whose trading activities
affect market prices due to the impact of the trade on the net demand in the market.
Throughout this paper, we assume the case of a large investor whose total transac-
tion costs (explicit and implicit market impact costs) can be modeled as above via a
convex function (see [11, 12]).

The paper proceeds as follows. In Sect. 2, we derive the optimality conditions in
terms of n-dimensional quantities that are sufficient for optimality for the (2K +1)n-
dimensional problem. Section 3 introduces the algorithm that solves (2K + 1)n-
dimensional convex problem (2) as a sequence of n-dimensional convex program-
ming problems. Sect. 4 concludes.

2 Optimality Conditions

We use (2) as our model problem. The key result of this section is Theorem 2.1 which
gives conditions in terms of n-dimensional quantities that are sufficient for optimality
for the (2K + 1)n-dimensional problem (2).

3Note that the formulation (2) implicitly imposes the following bounds on x: x̂ − ∑K
j=1 dj ≤ x ≤ x̂ +

∑K
j=1 ej .

4Modeling transaction costs as concave functions would be appropriate if the transaction costs are defined
as charges for trading only, as in broker commissions, custodial fees, etc.
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Fig. 1 Slope of transactions cost for asset i

Definition 2.1 For k = 1, . . . ,2K + 1, define the vectors of breakpoints ξk =
(ξk1, . . . , ξkn)

′ for (2) according to

ξki =

⎧
⎪⎨

⎪⎩

x̂i − ∑K−k+1
j=1 d

j
i , k = 1, . . . ,K,

x̂i , k = K + 1,

x̂i + ∑k−K−1
j=1 e

j
i , k = K + 2, . . . ,2K + 1,

with i = 1, . . . , n.

The vector ξk provides information concerning where one transaction cost func-
tion ends and the next begins (k = 1, . . . ,K for the sales transaction costs, k = K + 1
for the target indicating the change from selling to buying, and k = K +2, . . . ,2K +1
for the purchase transaction costs). For the case K = 3, the bounds dk, ek, the spe-
cial case of linear transaction cost functions pk

i (x
+k
i ), qk

i (x−k
i ), k = 1,2,3, and the

breakpoints ξ1i , . . . , ξ7i for asset i are shown in Fig. 1. If the purchased amount of
asset i does not exceed e1

i , then the purchase transaction cost is p1
i (xi − x̂i ). If the

purchased amount of asset i exceeds e1
i but is less than e1

i + e2
i , then the correspond-

ing transaction cost is p1
i e

1
i + p2

i (xi − ξ5i ). Finally, if the amount purchased is larger
than e1

i + e2
i but smaller than e1

i + e2
i + e3

i then the associated transaction cost is
p1

i e
1
i + p2

i e
2
i + p3

i (xi − ξ6i ). A similar interpretation applies when an asset is sold.
The following assumption will be used to guarantee (among other things) that (2)

will be a convex problem and that the solution method that we propose will terminate
in a finite number of iterations.

Assumption 2.1 Let x, x+k and x−k ∈ �n, k = 1, . . . ,K.

(i) f (x) is a twice differentiable convex function;
(ii) pk(x+k) and qk(x−k) are separable functions; i.e., pk(x+k) = ∑n

i=1 pk
i (x

+k
i )

and qk(x−k) = ∑n
i=1 qk

i (x−k
i ), k = 1, . . . ,K;

(iii) pk
i (x

+k
i ) and qk

i (x−k
i ) are convex, twice differentiable functions of a single vari-

able for i = 1, . . . , n, k = 1, . . . ,K;
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(iv) ∇p1(0) + ∇q1(0) ≥ 0;
(v)

dqk
i

dx−k
i

(dk
i ) ≤ dqk+1

i

dx
−,k+1
i

(0) and
dpk

i

dx+k
i

(ek
i ) ≤ dpk+1

i

dx
+,k+1
i

(0), for k = 1, . . . ,K − 1,

i = 1, . . . , n.

Remark 2.1 (i) Note that Assumption 2.1(ii) is not unduly restrictive in our context
of portfolio optimization as the transaction cost for an asset depends solely on the
amount traded of that asset.

(ii) In the context of transaction costs, a natural and stronger assumption instead of
Assumption 2.1(iv) is ∇pk(x+k) ≥ 0 and ∇qk(x−k) ≥ 0; i.e., pk

i (x
+k
i ) and qk

i (x−k
i )

are increasing functions for i = 1, . . . , n, k = 1, . . . ,K ; thus, higher transactions re-
sult in higher transaction costs. An additional assumption is qk

i (0) = pk
i (0) = 0 for

i = 1, . . . , n and k = 1, . . . ,K; i.e., no purchases or no sales result in no transaction
costs. However, the weaker Assumption 2.1 in addition to the other assumptions is
all that is required for our algorithm to work. Furthermore, under Assumption 2.1,
our algorithm can be applied also to maximizing a nonsmooth utility function with
specified points of nondifferentiability.

For any interval of consecutive breakpoints, we need to know how much of a given
component xi lies in this interval. This gives rise to the following definition.

Definition 2.2 Let x ∈ �n.

(i) x+k ∈ �n is the positive portion of x with respect to ξK+k, k = 1, . . . ,K , iff

x+k
i =

⎧
⎪⎨

⎪⎩

0, xi ≤ ξK+k,i ,

xi − ξK+k,i , ξK+k,i ≤ xi ≤ ξK+k+1,i ,

ek
i , xi ≥ ξK+k+1,i .

(ii) x−k ∈ �n is the negative portion of x with respect to ξK−k+2, k = 1, . . . ,K, iff

x−k
i =

⎧
⎪⎨

⎪⎩

dk
i , xi ≤ ξK−k+1,i ,

ξK−k+2,i − xi, ξK−k+1,i ≤ xi ≤ ξK−k+2,i ,

0, xi ≥ ξK−k+2,i .

(iii) A feasible breakpoint for (2) is a breakpoint which, together with corresponding
x+k , x−k , k = 1, . . . ,K , satisfies the constraints of (2).

For example, in Fig. 1, if xi lies between ξ5i and ξ6i , then

x+1
i = e1

i , x+2
i = xi − ξ5i , x+3

i = 0.

Remark 2.2 Let x+k and x−k be the positive and negative portions of x with respect
to ξK+k and ξK−k+2, k = 1, . . . ,K, respectively. Then,

(x′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . , (x−K)′)′
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satisfies the constraints

0 ≤ x+k ≤ ek, 0 ≤ x−k ≤ dk, k = 1, . . . ,K,

and

x −
K∑

k=1

x+k +
K∑

k=1

x−k = x̂.

In formulating an algorithm for the solution of (2), we will require the solution of
a sequence of n-dimensional subproblems of the form

(SUB(d̃, ẽ)) min{f (x) + c̃ | Ax ≤ b, d̃ ≤ x ≤ ẽ}.
Each such subproblem depends on two n-vectors d̃ and ẽ that will be specified by the
algorithm and on a scalar c̃, which is a function of them. The bounds d̃ and ẽ will
always satisfy one of the following cases:

(i) d̃i = ξK−k+1,i , ẽi = ξK−k+2,i for some k with k = 1, . . . ,K;
(ii) d̃i = ξK+k,i , ẽi = ξK+k+1,i for some k with k = 1, . . . ,K;

(iii) d̃i = ẽi = ξki for some k with k = 1, . . . ,2K + 1, with 1 ≤ i ≤ n.

In addition, we require also c̃ = ∑n
i=1 c̃i , where

c̃i =

⎧
⎪⎨

⎪⎩

qk
i (ξK−k+2,i − xi), case (i),

pk
i (xi − ξK+k,i ), case (ii),

0, case (iii) when k = K + 1,

(3)

for i = 1, . . . , n and k ∈ {1, . . . ,K}.
The subproblem SUB(d̃, ẽ) has a convex, twice differentiable nonlinear objective

function. Furthermore it has only linear constraints. There are many algorithms with
known rapid convergence rates which can be used to solve it. One such algorithm is
that of [13]. Consecutive subproblems are closely related and an optimal solution for
the present subproblem is feasible for the next, so that an active set solution method
can be used efficiently to solve them.

Remark 2.3 (a) SUB(d̃, ẽ) possesses an optimal solution, because the feasible region
for SUB(d̃, ẽ) is compact and, from Assumption 2.1(i), (iii), the objective function
for SUB(d̃, ẽ) is continuous.

(b) f (x) is bounded from below over the feasible region of (2). This is a conse-
quence of (2) having upper and lower bounds on all of the components of x and f (x)

being continuous (see (2), the implicit upper and lower bounds on x, the continuity
of f (x) and Assumption 2.1(i)).

The linearity of the constraints of (2) and Assumption 2.1(i), (iii) imply that the
Karush-Kuhn-Tucker (KKT) conditions for (2) are both necessary and sufficient for
optimality (see [14]). The KKT conditions for (2) are

−∇f (x) = z + A′u, u ≥ 0, u′(Ax − b) = 0, (4a)
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−∇pk(x+k) = −z + vk
u − vk

l , vk
l , v

k
u ≥ 0, (4b)

−∇qk(x−k) = z + wk
u − wk

l , wk
l ,w

k
u ≥ 0, (4c)

(x+k)′vk
l = 0, (x+k − ek)′vk

u = 0, (x−k)′wk
l = 0, (x−k − dk)′wk

u = 0, (4d)

x −
K∑

k=1

x+k +
K∑

k=1

x−k = x̂, Ax ≤ b, 0 ≤ x+k ≤ ek, 0 ≤ x−k ≤ dk, (4e)

where k = 1, . . . ,K and u, z, vk
l , vk

u, wk
l , wk

u are the vectors of multipliers for the
constraints

Ax ≤ b, x −
K∑

k=1

x+k +
K∑

k=1

x−k = x̂,

x+k ≥ 0, x+k ≤ ek, x−k ≥ 0, x−k ≤ dk,

respectively.
The following theorem shows that the structure of (2) allows the optimality con-

ditions for it to be formulated in a special way.

Theorem 2.1 Let Assumption 2.1 be satisfied and let x be any point such that
Ax ≤ b and ξ1 ≤ x ≤ ξ2K+1. Let x+k and x−k, k = 1, . . . ,K be the positive
and negative portions of x with respect to ξK+k, ξK−k+2, respectively. Let u ∈
�m satisfy u ≥ 0 and u′(Ax − b) = 0 and let z = −∇f (x) − A′u. Then, X =
(x′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . , (x−K)′)′ is optimal for (2) if, for i = 1, . . . , n,
the following conditions hold:

(i) if xi = ξK+k+1,i , then

zi − dpk
i

dx+k
i

(ek
i ) ≥ 0, (5a)

−zi + dpk+1
i

dx
+,k+1
i

(0) ≥ 0; (5b)

(ii) if xi = x̂i = ξK+1,i , then

−zi + dp1
i

dx+1
i

(0) ≥ 0, (6a)

zi + dq1
i

dx−1
i

(0) ≥ 0; (6b)

(iii) if xi = ξK−k+1,i , then

−zi − dqk
i

dx−k
i

(dk
i ) ≥ 0, (7a)
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zi + dqk+1
i

dx
−,k+1
i

(0) ≥ 0; (7b)

where k ∈ {1, . . . ,K}.

Proof Suppose that X, z, u are as in the statement of the theorem and that cases
(i)–(iii) are satisfied. In order to prove that X is optimal for (2), we must show that
the KKT conditions for (2), namely (4), are satisfied. The first and last part of the
KKT conditions are satisfied by construction. We will show that the remaining parts
are satisfied in component form; i.e., we will construct multiplier vectors vk

l , vk
u, wk

l ,

wk
u, k = 1, . . . ,K, such that

− dpk
i

dx+k
i

(x+k
i ) = −zi + (vk

u)i − (vk
l )i , (vk

l )i , (v
k
u)i ≥ 0, (8a)

− dqk
i

dx−k
i

(x−k
i ) = zi + (wk

u)i − (wk
l )i , (wk

l )i , (w
k
u)i ≥ 0, (8b)

x+k
i (vk

l )i = 0, (x+k
i − ek

i )(v
k
u)i = 0, (8c)

x−k
i (wk

l )i = 0, (x−k
i − dk

i )(wk
u)i = 0, (8d)

for i = 1, . . . , n. The arguments of the proof depend on which breakpoints xi lies
between, whether xi lies on a breakpoint, whether xi lies on ξ1i or ξ2K+1,i and which
side of x̂i (the ith target component) xi lies on.

Suppose first that xi = ξji for some j with K + 1 < j < 2K + 1. By definition of
the positive and negative parts of x,

x+k
i = ek

i , for k = 1, . . . , j,

x+k
i = 0, for k = j + 1, . . . ,K,

x−k
i = 0, for k = 1, . . . ,K.

Define

(vk
l )i = 0, k = 1, . . . , j, (9a)

(vk
l )i = −zi + dpk

i

dx+k
i

(0), k = j + 1, . . . ,K, (9b)

(vk
u)i = zi − dpk

i

dx+k
i

(ek
i ), k = 1, . . . , j, (9c)

(vk
u)i = 0, k = j + 1, . . . ,K, (9d)
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(wk
l )i = zi + dqk

i

dx−k
i

(0), k = 1, . . . ,K, (9e)

(wk
u)i = 0, k = 1, . . . ,K. (9f)

From (9) and case (i) in the statement of the theorem,

(v
j+1
l )i ≥ 0 and (v

j
u)i ≥ 0. (10)

Let k be such that 1 ≤ k ≤ j − 1. By definition of (vk
u)i and Assumption 2.1(v),

(vk
u)i ≥ zi − dpk+1

i

dx
+,k+1
i

(0). (11)

From Assumption 2.1(i), (iii), pk
i (.) is a convex, twice differentiable function so that

dpk
i

dx+k
i

(.) is an increasing function. Therefore, from (11),

(vk
u)i ≥ zi − dpk+1

i

dx
+,k+1
i

(ek+1
i ). (12)

Repeating the argument which gives (12) from (11) a suitable number of times gives

(vk
u)i ≥ zi − dp

j
i

dx
+j
i

(e
j
i ) = (v

j
u)i ≥ 0,

where the last equality and inequality follow from the definition of (v
j
u)i in (9) and

(10). Thus,

(vk
u)i ≥ 0, for k = 1, . . . , j. (13)

Let k be such that j + 2 ≤ k ≤ K. From the definition of (vk
l )i in (9), for k = j +

1, . . . ,K ,

(vk
l )i = (v

j+1
l )i + dpk

i

dx+k
i

(0) − dp
j+1
i

dx
+,j+1
i

(0). (14)

From Assumption 2.1(v) and the fact that
dpk

i

x+k
i

(.),
dp

j
i

x
+j
i

(.) are increasing functions, it

follows from (14) that

(vk
l )i ≥ (v

j+1
l )i + dpk−1

i

x
+,k−1
i

(ek−1
i ) − dp

j+1
i

dx
+,j+1
i

(0)

≥ (v
j+1
l )i + dpk−1

i

x
+,k−1
i

(0) − dp
j+1
i

dx
+,j+1
i

(0)
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...

≥ (v
j+1
l )i + dp

j+1
i

x
+,j+1
i

(0) − dp
j+1
i

dx
+,j+1
i

(0) = (v
j+1
l )i ≥ 0,

where the last inequality follows from (10). Thus,

(vk
l )i ≥ 0, for k = j + 2, . . . ,K. (15)

Finally, note that, from the definitions of (wk
l )i and (vk

u)i in (9),

(wk
l )i = (vk

u)i + dpk
i

dx+k
i

(ek
i ) + dqk

i

dx−k
i

(0), for k = 1, . . . , j

and from Assumption 2.1(iv), (v) and (13),

(wk
l )i ≥ 0, for k = 1, . . . , j. (16)

It follows from Assumption 2.1(iii), (v), the definition of (wk
k)i in (9) and (16) that

(wk
l )i ≥ (w

j
l )i ≥ 0, for k = j + 1, . . . ,K. (17)

Thus, it follows by construction, namely from (9, 10) and (15–17) that, for xi = ξji,

K + 1 < j < 2K + 1, the rest of the KKT conditions in (8) are satisfied.
In order to complete the proof of the theorem, it is necessary to consider six other

cases for the position of xi . The total of seven cases are shown in Table 1.
Our analysis above is for Case 3. Cases 1 to 3 apply for buying asset i and these

are analogous to Cases 7 to 5, respectively, for selling asset i. The corresponding
definitions of the multipliers z, vk

l , vk
u, wk

l , wk
u, k = 1, . . . ,K, are summarized below

and the proof for each case is similar to the case considered here:

zi =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dpk
i

dx+k
i

(xi − ξK+k,i), xi ∈ (ξK+k,i , ξK+k+1,i ),

−(∇f (x))i − (A′u)i, xi ∈ I k(x), k = 1, . . . ,2K + 1,

− dqk
i

dx−k
i

(ξK−k+2,i − xi), xi ∈ (ξK−k+1,i , ξK−k+2,i ),

Table 1 Possible cases for xi ,

i = 1, . . . , n Case Position of xi

1 xi = ξ2K+1,i

2 ξji < xi < ξj+1,i , K + 1 ≤ j ≤ 2K

3 xi = ξji , K + 2 ≤ j ≤ 2K

4 xi = ξK+1,i

5 xi = ξji , 1 < j ≤ K

6 ξji < xi < ξj+1,i , 1 ≤ j ≤ K

7 xi = ξ1i
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(vk
l )i =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, xi ∈ (ξK+j,i , ξK+j+1,i ), k ≤ j or

i ∈ IK+j+1(x), k ≤ j ,
dpk

i

dx+k
i

(0) − zi, otherwise,

(vk
u)i =

⎧
⎪⎨

⎪⎩
zi − dpk

i

dx+k
i

(ek
i ), xi ∈ (ξK+j,i , ξK+j+1,i ), k < j, i ∈ IK+j+1(x),

0, otherwise,

(wk
l )i =

⎧
⎪⎨

⎪⎩

0, i ∈ IK−j+1(x), or xi ∈ (ξK−j+1,i , ξK−j+2,i ), k ≤ j,

dqk
i

dx−k
i

(0) + zi, otherwise,

(wk
u)i =

⎧
⎪⎪⎨

⎪⎪⎩

−zi − dqk
i

dx−k
i

(dk
i ), i ∈ IK−j+1(x), k ≤ j,

xi ∈ (ξK−j+1,i , ξK−j+2,i ), k < j ,

0, otherwise,

where I k(x), k = 1, . . . ,K, is defined by (23).
It follows then that (9) holds for i = 1, . . . , n; consequently, X satisfies the KKT

conditions for (2) and is therefore optimal for (2). �

A relationship between an optimal solution for SUB(d̃, ẽ) and an optimal solution
for (2) is established in the following key result.

Lemma 2.1 Let Assumption 2.1 be satisfied. Let x be an optimal solution for
SUB(d̃, ẽ), let u be the m-vector of multipliers for the constraints Ax ≤ b of
SUB(d̃, ẽ), and let x+k and x−k, k = 1, . . . ,K, be the positive and negative por-
tions of x with respect to ξK+k and ξK−k+2, respectively. If (5–7) are satisfied, then
(x′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . , (x−K)′)′ is an optimal solution for (2).

Proof Let x be an optimal solution for SUB(d̃, ẽ). It can be seen that x is also optimal
for SUB(d̂, ê) where, for i = 1, . . . , n,

d̂i =
{

d̃i , xi ∈ (ξki , ξk+1,i ), k = 1, . . . ,2K ,

ξki , xi = ξki, k = 1, . . . ,2K + 1,
(18)

êi =
{

ẽi , xi ∈ (ξki , ξk+1,i ), k = 1, . . . ,2K ,

ξki , xi = ξki, k = 1, . . . ,2K + 1.
(19)

The KKT conditions for SUB(d̂, ê) can then be written as follows:

−(∇f (x))i − dpk
i

dx+k
i

(xi − ξK+k,i ) = (A′u)i + (û1)i − (û2)i ,

for d̂i = ξK+k,i , êi = ξK+k+1,i . (20a)
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−(∇f (x))i = (A′u)i + (û1)i − (û2)i ,

for d̂i = êi = ξji , j = 1, . . . ,2K + 1, (20b)

−(∇f (x))i + dqk
i

dx−k
i

(ξK−k+2,i − xi) = (A′u)i + (û1)i − (û2)i ,

for d̂i = ξK−k+1,i , êi = ξK−k+2,i , (20c)

Ax ≤ b, d̂ ≤ x ≤ ê, u ≥ 0, û1 ≥ 0, û2 ≥ 0, (20d)

u′(Ax − b) = 0, û′
1(ê − x) = 0, û′

2(x − d̂) = 0, (20e)

where k = 1, . . . ,K, u is the m-vector of multipliers for the constraints Ax ≤ b, and
û1, û2 are the n-vectors of multipliers for the constraints x ≤ ê and x ≥ d̂, respec-
tively.

We define the n-vector z as follows

zi =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dpk
i

dx+k
i

(xi − ξK+k,i), xi ∈ (ξK+k,i , ξK+k+1,i ), k = 1, . . . ,K ,

(û1)i − (û2)i , xi = ξki, k = 1, . . . ,2K + 1,

− dqk
i

dx−k
i

(ξK−k+2,i − xi), xi ∈ (ξK−k+1,i , ξK−k+2,i ), k = 1, . . . ,K .

(21)
The complementarity slackness parts of the KKT conditions (20) and (21) imply that
the first three lines of the KKT conditions (20) for SUB(d̂, ê) can now be written as

−(∇f (x))i = zi + (A′u)i, i = 1, . . . , n.

This coincides with the first line of the KKT conditions for (4) where u is the non-
negative multiplier for Ax ≤ b in SUB(d̂, ê).

If x+k and x−k are the positive and negative portions of x with respect to ξK+k

and ξK−k+2, k = 1, . . . ,K, and (5–7) are satisfied then it follows from Theorem 2.1
that (x′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . , (x−K)′)′ is an optimal solution for (2). �

3 Detailed Formulation of the Algorithm

Our solution method for (2) proceeds by solving a sequence of n-dimensional sub-
problems SUB(d̃, ẽ). The variables x+k and x−k, k = 1, . . . ,K, the constraint

x −
K∑

k=1

x+k +
K∑

k=1

x−k = x̂,

as well as the bounds

0 ≤ x+k ≤ ek, 0 ≤ x−k ≤ dk, k = 1, . . . ,K,
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are accounted for implicitly rather than explicitly. At any iteration j , each variable xi

is forced to lie in the interval

(i) ξK−k+1,i ≤ xi ≤ ξK−k+2,i , k = 1, . . . ,K,

or

(ii) ξK+k,i ≤ xi ≤ ξK+k+1,i , k = 1, . . . ,K,

or is forced to lie at a single point

(iii) xi = ξki, for all k = 1, . . . ,2K + 1.

The objective function for SUB(d̃, ẽ) is formed from that of (1) with the addition of
transaction costs according to the applicable case (i)–(iii) above as follows. In case
(i), we add the additional transaction cost for selling the amount ξK−k+2,i − xi of
asset i, namely qk

i (ξK−k+2,i − xi). In case (ii), we add the additional transaction
cost for buying the amount xi − ξK+k,i of asset i, namely pk

i (xi − ξK+k,i). In case
(iii), we add qk

i (dk
i ) if k ∈ {1, . . . ,K} or zero if k = K + 1 or pk−K−1

i (ek−K−1
i ) if

k ∈ {K + 2, . . . ,2K + 1}.
Solving SUB(d̃, ẽ) at the j th iteration produces an optimal solution xj+1 and

multipliers uj+1 for the constraints Ax ≤ b. In addition, we set

zi = −(∇f (xj+1))i − (A′uj+1)i

for i such that x
j+1
i = ξki , k ∈ {1, . . . ,2K +1} and, for each such i, calculate the two

multipliers as follows:

(i) if xi = ξK+k+1,i then calculate

(vk
u)i = zi − dpk

i

dx+k
i

(ek
i ) and (vk+1

l )i = −zi + dpk+1
i

dx
+,k+1
i

(0),

where (vk
u)i is the multiplier for x+k

i ≤ ek
i and (vk+1

l )i is the multiplier for

x
+,k+1
i ≥ 0;

(ii) if xi = ξK−k+1,i then calculate

(wk
u)i = −zi − dqk

i

dx−k
i

(dk
i ) and (wk+1

l )i = zi + dqk+1
i

dx
−,k+1
i

(0),

where (wk
u)i is the multiplier for x−k

i ≤ dk
i and (wk+1

l )i is the multiplier for

x
−,k+1
i ≥ 0;

(iii) if xi = ξK+1,i then calculate

(v1
l )i = −zi + dp1

i

dx+1
i

(0) and (w1
l )i = zi + dq1

i

dx−1
i

(0),

where (v1
l )i is the multiplier for x+1

i ≥ 0 and (w1
l )i is the multiplier for x−1

i ≥ 0.
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If all such multipliers are nonnegative, then from Lemma 2.1, ((xj+1)′, (x+1)′,
. . . , (x+K)′, (x−1)′, . . . , (x−K)′)′ is optimal for (2), where x+k and x−k, k =
1, . . . ,K are the positive and negative portions of xj+1 with respect to ξK+k and
ξK−k+2, respectively.

If at least one of these multipliers is strictly negative, we can drop the associ-
ated active inequality constraint. In active set methods, it is traditional to choose the
smallest such multiplier and we do so here. Suppose that the multiplier (vk+1

l )i is
the smallest over all the multipliers in cases (i)–(iii). In the next iteration, the upper
bound on xi is set to ξK+k+2,i and the lower bound on it is set to ξK+k+1,i . If (vk

u)i is
the smallest multiplier, then for the next iteration, the lower bound on xi is changed
to ξK+k,i and the upper bound is changed to ξK+k+1,i .

Suppose next that the multiplier (v1
l )i is the smallest over all the multipliers in

cases (i)–(iii). Then, in the next iteration, the upper bound on xi is set to ξK+2,i and
the lower bound on it is set to ξK+1,i . If (w1

l )i is the smallest multiplier, then for
the next iteration, the lower bound on xi is changed to ξKi and the upper bound is
changed to ξK+1,i .

Finally, if the multiplier (wk+1
l )i is the smallest over all the multipliers in cases

(i)–(iii), then in the next iteration, the upper bound on xi is set to ξK−k+1,i and the
lower bound on it is set to ξK−k,i . If (wk

u)i is the smallest multiplier, then for the
next iteration, the lower bound on xi is changed to ξK−k+1,i and the upper bound is
changed to ξK−k+2,i .

We now give a concise formulation of the algorithm for the solution of (2) under
Assumption 2.1 and S �= ∅ where

S ≡ {x ∈ �n | Ax ≤ b, ξ1 ≤ x ≤ ξ2K+1} (22)

and the index sets of x are defined as

I k(x) = {i | xi = ξki , k = 1, . . . ,2K + 1}. (23)

Algorithm
Step 0. Initialization. Start with any x0 ∈ S. Construct the initial bounds d̃0, ẽ0 as
follows. For each i = 1, . . . , n, do the following:

Step 0a. If ξK+k,i < x0
i ≤ ξK+k+1,i , define

d̃0
i = ξK+k,i , ẽ0

i = ξK+k+1,i , k = 1, . . . ,K.

Step 0b. If ξK−k+1,i ≤ x0
i < ξK−k+2,i , define

d̃0
i = ξK−k+1,i , ẽ0

i = ξK−k+2,i , k = 1, . . . ,K.

Step 0c. Otherwise, define d̃0
i = ẽ0

i = x̂i .

Step 0d. Then, define j = 0 and go to Step 1.
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Step 1. Solution of the Subproblem. Solve SUB(d̃j , ẽj ) to obtain an optimal solution
xj+1 and the multiplier vector uj+1 for the constraints Ax ≤ b. Go to Step 2.

Step 2. Update and Optimality Test. Compute

zi = −(∇f (xj+1))i − (A′uj+1)i, i ∈ I k(xj+1), for 1 ≤ k ≤ 2K + 1,

and for each such i perform one of the following cases where 1 ≤ k ≤ K .

Step 2a. If x
j+1
i = ξK+k+1,i , then calculate

(vk+1
l )i = −zi + dpk+1

i

dx
+,k+1
i

(0), (vk
u)i = zi − dpk

i

dx+k
i

(ek
i ).

Step 2b. If x
j+1
i = ξK+1,i , then calculate

(v1
l )i = −zi + dp1

i

dx+1
i

(0), (w1
l )i = zi + dq1

i

dx−1
i

(0).

Step 2c. If x
j+1
i = ξK−k+1,i , then calculate

(wk+1
l )i = zi + dqk+1

i

dx
−,k+1
i

(0), (wk
u)i = −zi − dqk

i

dx−k
i

(dk
i ).

Furthermore, compute m1, m2, k∗ such that

yk
i =

⎧
⎪⎪⎨

⎪⎪⎩

(vk+1
l )i , if x

j+1
i = ξK+k+1,i ,

(v1
l )i , if x

j+1
i = ξK+1,i ,

(wk
u)i, if x

j+1
i = ξK−k+1,i ,

ŷk
i =

⎧
⎪⎪⎨

⎪⎪⎩

(vk
u)i , if x

j+1
i = ξK+k+1,i ,

(w1
l )i , if x

j+1
i = ξK+1,i ,

(wk+1
l )i , if x

j+1
i = ξK−k+1,i ,

yk∗
m1

≡ min{yk
i }, yk∗

m2
≡ min{ŷk

i },

where m1, m2 ∈ {1, . . . , n} and k∗ ∈ {1, . . . ,2K + 1}.

Step 2d. If yk∗
m1

≥ 0 and yk∗
m2

≥ 0, or if no element of xj+1 coincides with a break-
point, then stop with an optimal solution ((xj+1)′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . ,
(x−K)′)′ for (2), where x+k and x−k are positive and negative portions of xj+1 with
respect to ξK+k and ξK−k+2, respectively, k = 1, . . . ,K .
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Step 2e. If yk∗
m1

< yk∗
m2

, then define

d̃
j+1
i =

{
d̃

j
i , i ∈ {1, . . . , n} − I k(xj+1),

ξki, i ∈ I k(xj+1),

ẽ
j+1
i =

⎧
⎪⎨

⎪⎩

ẽ
j
i , i ∈ {1, . . . , n} − I k(xj+1),

ξki, i ∈ I k(xj+1) − {m1},
ξk∗+1,m1 , i = m1,

k = 1, . . . ,2K + 1. Replace j with j + 1 and go to Step 1.

Step 2f. If yk∗
m1

≥ yk∗
m2

, then define

d̃
j+1
i =

⎧
⎪⎨

⎪⎩

d̃
j
i , i ∈ {1, . . . , n} − I k(xj+1),

ξki, i ∈ I k(xj+1) − {m2},
ξk∗−1,m2 , i = m2,

ẽ
j+1
i =

{
ẽ
j
i , i ∈ {1, . . . , n} − I k(xj+1),

ξki , i ∈ I k(xj+1),

k = 1, . . . ,2K + 1. Replace j with j + 1 and go to Step 1.

We assume implicitly in Step 2 that each breakpoint has two multipliers associated
with it. However, if x

j+1
i = ξ1i then only (wK

u )i is calculated in Step 2c. On the other

hand, if x
j+1
i = ξ2K+1,i then only (vK

u )i is calculated in Step 2a.
The case of (2) being unbounded from below is excluded in Remark 2.3 and so

does not need to be treated in the algorithm. Note also that, if S �= ∅, then the feasible
region of any subproblem solved by the algorithm is nonempty.

In order to ensure finite termination of the algorithm, we need a nondegeneracy
assumption. Degenerate and nondegenerate points for (2) are defined as follows.

Definition 3.1 A point X = (x′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . , (x−K)′)′ is non-
degenerate for (2) iff it is feasible for (2) and the gradients of those constraints active
at X are linearly independent. X is degenerate otherwise.

We establish the finite termination property of the algorithm in the following the-
orem.

Theorem 3.1 Let Assumption 2.1 be satisfied and let S �= ∅, where S is given
by (22). Beginning with any x0 ∈ S, let the algorithm be applied to (2) and let
x1, x2, . . . , xj , . . . be the points so obtained. Let (x+k)j and (x−k)j be the posi-
tive and negative portions of xj with respect to ξK+k and ξK−k+2, respectively, for
k = 1, . . . ,K. Assume each Xj = ((xj )′, ((x+1)j )′, . . . , ((x+K)j )′, ((x−1)j )′, . . . ,
((x−K)j )′)′ is nondegenerate. Then G(Xj ) < G(Xj+1), for j = 1,2, . . . , where
G(X) is the objective function of (2). In addition, the algorithm will solve (2) in a
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finite number of steps; i.e., there exist an iteration j , such that Xj is an optimal
solution for (2).

Proof First observe that, from Assumption 2.1, the hypothesis that S �= ∅, and the
fact that an optimal solution of SUB(d̃j−1, ẽj−1) is feasible for SUB(d̃j , ẽj ) imply
that there exists an optimal solution for SUB(d̃j , ẽj ) in Step 1 of the algorithm.

Suppose that j − 1 iterations of the algorithm are performed, let xj be optimal for
SUB(d̃j−1, ẽj−1), and let x+k, x−k, k = 1, . . . ,K , be positive and negative portions
of xj with respect to ξK+k and ξK−k+2, respectively. Let

Xj = ((xj )′, (x+1)′, . . . , (x+K)′, (x−1)′, . . . , (x−K)′)′

and yk∗
m1

and yk∗
m2

be defined as in Step 2. If yk∗
m1

≥ 0 and yk∗
m2

≥ 0 or if no element
of xj coincides with a breakpoint, then from Lemma 2.1, Xj is an optimal solution
for (2).

If yk∗
m1

≤ yk∗
m2

and yk∗
m1

< 0, then from Step 2 of the algorithm the constraints for
the j th subproblem are obtained from those of subproblem j − 1 by replacing the
constraint xm1 = ξk∗m1 with ξk∗m1 ≤ xm1 ≤ ξk∗+1,m1 as well as imposing xi = ξki for
all i ∈ I k(xj ) − {m1}, k = 1, . . . ,2K + 1. From Lemma 6.1 in the appendix of [5], it
follows that

G(Xj+1) < G(Xj ). (24)

The case for yk∗
m2

≤ yk∗
m1

and yk∗
m2

< 0 is similar and also leads to (24). Therefore,
(24) is satisfied for all iterations.

In each subproblem, each variable xi, i = 1, . . . , n, is restricted according to
ξki ≤ xi ≤ ξk+1,i or xi = ξki, k = 1, . . . ,2K + 1. Thus, there are only finitely many
subproblems and, from (24), none can be repeated. Thus, the algorithm terminates
in a finite number of steps and, by Theorem 2.1, it will terminate with an optimal
solution for (2). This concludes the proof of the theorem. �

4 Conclusions

We have addressed the problem of maximizing an expected utility function of n as-
sets, such as the mean-variance or power utility function. Associated with a change
in an asset’s holdings from its current or target value is a transaction cost. That must
be accounted for in practical problems. To more accurately formulate the transac-
tion costs, we used a model with K purchase and K sales transaction costs functions
which depend on the size of the transaction. A straightforward way of accounting for
these costs results in a (2K + 1)n-dimensional optimization problem with (4K + 1)n

additional constraints. This higher dimensional problem is computationally expen-
sive to solve. We formulated and proved a theorem which gave sufficient conditions
for optimality for the (2K + 1)n-dimensional problem in terms of n-dimensional
quantities. Based on this theorem, we presented a method for solving the (2K + 1)n-
dimensional problem by solving a sequence of n-dimensional optimization problems,
which account for the transaction costs implicitly rather than explicitly. We proved
finite termination of our method with a nondegeneracy assumption.
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