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Outline

© Random Matrices and Maps
@ What are Random Matrices?
@ Moments of random matrices count maps
o What are Maps?
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Random Matrices

A Random matrix is a matrix with random elements.
Often:

bions involve e I A A oo A

@ questions involve eigenvalues,

q & Ao A ... Ay

o entries are mostly independent, A= | . : ' :

@ entries are real or complex. ' ' '
P Anl AnQ v Anm

Some Combinatorial Random Matrices

Ginibre Hermite (Gaussian) Laguerre (Wishart)
A H=1(A+ A%) W = AA*

Less Combinatorial Random Matrices

Jacobi / MANOVA  Unitary Orthogonal  Circular
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Universality

A typical theorem about random matrices:
© Shows dependence on entry distribution is weak.

@ Establishes the result when entries are i.i.d. Gaussian.

We'll focus on step 2.

Example (Wigner's Semicircle Law)
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Gaussian Random Variables Have Combinatorial Moments

Real Gaussians, X, with mean 0 and variance 1

m!l ifn=2m

B(X") _\/27r/$ ¢ de_{o if 1 is odd

Complex Gaussians, Z, with mean 0 and variance 1

E(ZZ) 7T/(sze d {0 if ) £ 1
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Gaussian Ensembles

For g € {1,2,4} an element of the -Gaussian ensemble is constructed as
A=G+G"

where G is n X n with i.i.d. Guassian entries selected from {R,C, H}.

Motivating Question

What is the value of E(f(A)), when f is a symmetric function of the
eigenvalues of its argument?

510n 4 720n2 + 360n3 + 90n* B =1
E(tr(A%)tr(A43)) = { 60n2 + 45n* B=2
— 25 + 4502 — 45n3 + Lnt =14
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Gaussian Ensembles

For g € {1,2,4} an element of the -Gaussian ensemble is constructed as
A=G+G"

where G is n X n with i.i.d. Guassian entries selected from {R,C, H}.

Motivating Question

What is the value of E(f(A)), when f is a symmetric function of the
eigenvalues of its argument?

5n + 5n? + 2n3
E(r(4%) =¢ n+2n?

5. 5,2 3
n—sn“+2n

™
I
=N =
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Gaussian Ensembles

For € {1,2,4} an element of the -Gaussian ensemble is constructed as
A=G+G"

where G is n x n with i.i.d. Guassian entries selected from {R,C, H}.

Motivating Question

What is the value of E(f(A)), when f is a symmetric function of the
eigenvalues of its argument?

5n + 5n? + 2n3
E(tr(AY) = { n+2nd
(14 b+ 3b%)n + 5bn? + 2n3

™ ™
|
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What's being counted?

Example (for 5 € {1,2,4})

tr(AY) = > AiApAnAn Au Aj
ikl

E (tr(4%) = (n)1E(A11 411411 411) + (n)2E(2A11 A12 422 A21)
+ (n)2B(4A11A11A12A21) + (n)4E(A12A23A34A41)
+ (n)2E(A12A421 A12491) + (n)3E(4A11 412423 431)

+ (n)3E(2412421 A13431)
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What's being counted?

1 1
Example (for 5 € {1,2,4}) 1I:|1
tr(AY) = > AiApAnAn Au A
igkl
I A, k

E (tl'(A4)) = (n)1E(A11AMAuA11) aF (”)2E<2‘41144121422‘421)
T (71)21_‘:(—1;11];1] 1;’113/121) aF (71)4]_‘:(;112;123;’134/141)
+ (n)2E(A12421 A12A21) + (n)3E(4A11 412423 A31)

F (H)),E(Z‘ 12/\21 ;"\1;;;1;;1 )
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What's being counted?

Example (for 5 € {1,2,4})

)

OOOoO

o =

tr(AY) = > AiApAnAn Au Aj

1,7,k

—
ES
=
>

)

E (tl'(A4)) = (71)1]’_‘:‘(4411‘41144114411) + (”)2E<2‘41144121422‘421)

[S)

+ (n)2E(4A11 411 412A21) + (n)aE(A12A23A34 Adr)

+ (n)2E(A12421 A12A21) + (n)3E(4A11 412423 A31)

F (H)),E(Z‘ 12/\21 ;"\1;;;1;;1 )
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Example (for 5 € {1,2,4})

tr(AY) = > AiApAnAn Au Aj
ikl

E (tl'(A4)) = (71)1]’_‘:‘(4411‘41144114411) aF (”)2E<2‘41144121422‘421)
1

+ (n)2E(4A411 A11 A12A21) + (n)4E(A12 423 A34A41) 2D1

+ (n)2B(A12A421 A12A21) + (n)3E(4A11A12423A31)

F (H)),E(Z‘ 12/\21 ;"\1;;;1;;1 )
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What's being counted?

Example (for 5 € {1,2,4})

tr(AY) = > AiApAnAn Au Aj

1,7,k

E (tl'(A4)) = (71)1]’_‘:‘(4411‘41144114411) + (”)2E<2‘41144121422‘421)

=+ (71)21_‘:(—1;11 1 ;1] 1;’113/121 ) aF (71)4]_‘:(;112;12;5;’1;54/141 )

2|
(n)2E(A12A21 A12A91) + (n)3E(4A11 A3 Ags Ay

+ (n)2E(A12A421 A12421) + (n)3E(4A11 412423 431) 1D3

(—

+ (n)3E(241242, A13A31) D
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What's being counted?

Example (for g € {1,2,4})

o —

o —

tr(AY) = > AiApAnAn Au Aje
Rl

E (tr(4%) = (n)1E(A11 411411 A1)

—
o —

+ (n)2E(4A411 411 A12421)

[SIN]

OOdODO0OdOOO

+ (n)2E(A12A421 A12A2)

o o

+ (n)3E(2412A421 A13A31)
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Expectations as Sums

Since the entries of A are centred Gaussians, Wick's lemma applies

E(Ai1j1Ai2j2" Zk]k Z H E(ALAy)

m (u,v)eEm

summed over perfect matchings of the multiset {7171, 72J2, ..., ikjr}

E(A,A,ALAL) =
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Expectations as Sums

Since the entries of A are centred Gaussians, Wick's lemma applies

E(Ai1j1Ai2j2" Zk]k Z H E(ALAy)

m (u,v)eEm

summed over perfect matchings of the multiset {7171, 72J2, ..., ikjr}
D E(Aun Aun) E(Aun Asn)
E(AIIAIIAIIAII) gaﬂ&

E(AII AII) E(AII AII)

E(AyAyAyAy) = E(AyAy)E(AwAy)

e, | CIEIEIER

E(Aun Aunm) E(Aun Aan)
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Expectations as Sums

Since the entries of A are centred Gaussians, Wick's lemma applies
E(Ai1j1Ai2j2" Zk]k Z H E Ay A
m (u,v)eEm

summed over perfect matchings of the multiset {7171, 72J2, ..., ikjr}

Z #{pairings consistent with p}
p a painting

= Z #{paintings consistent with m}

m a matching
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Polygon Glueings = Maps

Identifying the edges of a polygon creates a surface.

Q
g

AN
[ L 4

LN
(L 4

¥

Its boundary is a graph embedded in the surface.
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Polygon Glueings = Maps
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Polygon Glueings = Maps

Extra polygons give extra faces (and possibles extra components)
x\ m

This glueing contributes n'! to E(p3 43 5.10(A
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Equivalence of Maps

Two maps are equivalent if the embeddings are homeomorphic.

A
K< <lD > [X] [ = e+
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Vertices and Face

A map can be recovered from a neighbourhood of the
graph, or from its faces and surgery instructions.

v s

Vertex and face degrees are interchanged by duality.

v &) D
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K<L >[4 [ =]+
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utline

© An Algebraic Perspective
@ Encoding Non-oriented Maps
@ Encoding Oriented Maps
@ Generalizing to Hypermaps
@ Generating Series
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Three Involutions

Three natural involutions reroot a map.

4

Across Edge || Around Vertex || Along Edge
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The Matchings Encode the Map

Each involution gives a perfect matching of flags.

S

Pairs of matchings recover vertices, edges, and faces.
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Encodinge Non-oriented Maps

My

M, = {{1,3},{1,3'},{2,5}, {2, 5"}, {4, 8}, {4, 8}, {6, 7}, {6", '} }
M. = {{1,2'},{1',4},{2,3'},{3,4'}, {5,6'}, {5/, 8}, {6,7'},{7,8'}}
My ={{1,1'},{2,2'},{3,3'},{4,4'},{5,5'},{6,6'}, {7, 7'}, {8,8'} }
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Encoding Oriented Maps (8 = 2)

@ Orient and label the edges.

e=(11)(22)(33)(44)(55)(66)
v=(123)(1"4)(2'5)(3' 5 6)(4¢)
ev=9¢=(146"3)(1"2564)(235)
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Encoding Oriented Maps (8 = 2)

@ Orient and label the edges.
@ This induces labels on flags.

e=(11)(22)(33)(44)(55)(66)
v=(123)(1"4)(2'5)(3' 5 6)(4¢)
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Encoding Oriented Maps (8 = 2)

@ Orient and label the edges.
@ This induces labels on flags.

© Clockwise circulations at each
vertex determine v.

e=(11)(22)(33)(44)(55)(66)
v=(123)(1"4)(2'5)(3 5 6)(4 6)
ev=9¢=(146"3)(1"2564)(235)
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Encoding Oriented Maps (5 =

@ Orient and label the edges.
@ This induces labels on flags.

© Clockwise circulations at each
vertex determine v.

@ Face circulations are the cycles
of ev.

—( 1)(22)(33)(4 4')(55")(6 6)
=(123)(1"4)(2'5)(3'5'6)(4' 6')
eV:q§:(146 3125642 35
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Hypermaps

An arbitrary triple of perfect matchings determines a hypermap with
cycles of M. U My, M. U M,, and M, U M; determining vertices, faces,
and hyperedges.

Hypermaps both specialize and generalize maps.

C%

A hypermap can be represented as a bipartite map.

4
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Hypermaps

An arbitrary triple of perfect matchings determines a hypermap with
cycles of M. U My, M. U M,, and M, U M; determining vertices, faces,
and hyperedges.

Hypermaps both specialize and generalize maps.

%

Subdivide edges to get a hypermap from a map.

4

Michael La Croix Combinatorial Models for Random Matrices January 27, 2015 18 / 34



The Hypermap Series

Definition
The hypermap series for a set H of hypermaps is the combinatorial sum
heH

v(h), ¢(h), and e(h) are vertex-, hyperface-, and hyperedge- degrees.

Example

contributes 12 (x2 xg) (Y3 y4ys5) ( )

Michael La Croix Combinatorial Models for Random Matrices January 27, 2015 19 / 34



Generating Series Algebraically

Instead of counting rooted maps, we can count labelled hypermaps.
This adds easily computable multiplicities.

These in turn are reduced to computing a multiplication table for
appropriate algebras.

o C[&] for oriented hypermaps
e A double-coset algebra for non-oriented hypermaps.

These can be evaluated via character theory.

@ Appropriate characters appear as coefficients of symmetric functions.

Standard enumerative techniques restrict the solution to connected
maps and remove factors introduced by the labelling.
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Explicit Generating Series

Some hypermap series can be computed explicitly.

Theorem (Jackson and Visentin - 1990)

When H is the set of connected oriented hypermaps,

Ho (p(X),p(Y),p(Z); 0) = t% In (Z t% Hysg(x)s0(y)s0(2)

ey

Theorem (Goulden and Jackson - 1996)

When H is the set of connected non-oriented hypermaps,

HA(p(X),p(Y),p(Z); 1) = 2t%1n (Z t'e'HiZo(X)Ze(Y)Ze(Z)
e

260
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Outline

© Combining Continuous and Discrete Perspectives
@ A Integration Formula for zonal polynomials

Michael La Croix Combinatorial Models for Random Matrices January 27, 2015 22 / 34



Why do Schur functions and zonal polynomials appear?

This depends on your perspective.

Edge labelled maps can be encoded as permutations.
Schur functions come from characters of the symmetric group.

maps can be counted by matrix integrals.
Schur functions are characters of Lie groups.
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Two Perspectives at Once

;
)
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An Integration Formula for the GOE

We can also build the generating series from matrix moments.

HA (p(x)ap(Y)a Z‘zi:z 8i29 0)

_ o % n / oSk sk (XM (V)2 1k~ L tr(M2) g 1

t=1

_ /Z Zo(XM)Zg(Y) j|/2,10] 4~ % tr(M2) g 51
(Zy, Zo),

t=1

Corollary (Goulden and Jackson - 1997)

When A is taken from GOE,,

E(Zp)(XA) = Zo(X) [pgiei/2]Zg
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Example Using Zonal Polynomials

Zpag = lppy —6ppiz +3pp2 +8ppay  — 6ppy
Zpizp = lppy —P212]  —2Pp2 —2pp1  +4ppy
Zp2y = lppe  +2ppiz +Tpp2 —8ppa — 2pp)
Ziza = lppy  +9ppiz —2pp2  +4ppy —8pp)

Zig = lppy +12ppz +12ppg  +32p;3y  +H48py

0 [14] 2,1%] [27] (3,1] (4]
(po.peo), | 41-2* =384 21.2.2°=32 21.22.22=32 3.2°=12 4.2=38
(Zo,Zo), | 2880 720 2880 2016 40320

(Zuy, Zy) = 1% - 384 4+ 12% - 32+ 12° - 32 + 32° - 12 + 487 - 8 = 40320
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Example Using Zonal Polynomials

Zpagy = lppy —6ppiz +3pp2 +8ppay — Oppy
Zpizp = lppy =Pz — 22 201  +4ppy)
Zp2y = lppe  +2ppiz +Tpp2 —8ppa — 2pp)
Ziza = lppy  +0ppiz —2pp2  t4ppy — 8ppy)

Zig = lIppy +12pp2 +12ppg  +32p;3y  +48py

4 [1°] [2,1%) [2%] (3,1] [4]
(po,po), | 41-2'=384 21.2.2°=32 20.22.22=32 3.2°=12 4.2=38
(Zo, Zo), | 2880 720 2880 2016 40320

Z[3 1] + 48— Z[4]

40320

8 8
= 6—Z+4—7Z _° gz
Py 2880 “11*] 720 212 ~ 25885407 — 2016
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Example Using Zonal Polynomials

Zpag = lppy —6ppiz +3pp2 +8ppay — 6ppy
Zpizp = lppy =Pz — 22 —2pp1  +4ppy
Zp2y = lppe  +2ppizp +Tpp2 —8ppa — 2pp)
Zzy = lppy  +0ppiz —2pp2  +4ppy — 8pp)

Zig = lppy +12ppq2 +12ppg  +32p;3y  +48py

8 8 8 g 8
Pl = = O50es Znay + 405 Zia 12 — 25005217 — 85575 Zia) + 48 50 Z
Bppe (¥ A)) = — 615 (3) 1 -+ 4+ sy —6) 435 (~2) 1t~ st - 28—+

— 2555 (7) (19 + 2029 + 703 — 8ysyn —2us) — B g (—2) (1w + 5 — 203 + dysys — 8u4)
+ 48& (12) (1y# + 12922 + 123 + 32y3y1 + 48y4)

=2y2y; + 5 + dysy1 + 5ya
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Outline

@ Generalizing 3
@ Jack symmetric functions

@ A Recurrence
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A Generalized Hypermap Series

A common generalization involves Jack symmetric functions,

b-Conjecture (Goulden and Jackson - 1996)
H (p(),p(y), p(2);b)

Ty 6 15 () 15 <z>> ‘
1

0
= (1+b)t=1 ¢o1=e
( ) ot (Z (Jo, Jo)11p [Pr101]Jo

ey

=3 > g e®)pu(X)pp(y)pe(2),

n>0 v,p,ebn

enumerates rooted hypermaps with ¢, 4 (b) = Z b0 for some .
hEHu,(b,e
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General Gaussian Ensembles

In terms of Jack functions, we get:

Corollary (Goulden and Jackson - 1997)

When A is taken from GUE,,,

E(J; (X A)) = I (X) [pyor) Jg”

Corollary (Implicit in Jackson - 1995)
When A is taken from GOE,,

E(JS(XA)) = I3 (X) [pyerse] Iy

X = diag(x1,z2,...,2y,)
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For general (3, integrate over eigenvalues

We can generalize the eigenvalue density.

Definition

For a function f: R™ — R, define an expectation operator (-) by

e = €110 / V)T F(h)e TP g,

Rn

with c14p chosen such that (1), , = 1.

Theorem (Okounkov - 1997)

If n is a positive integer, 1 +b > 0, and 6 - 2n, then

(BN, = 96 W)l g,

Michael La Croix Combinatorial Models for Random Matrices January 27, 2015
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Expectations of power-sums are polynomials

The eigenvalues of A are all real with joint density proportional to

1<i<j<n

For every 6, E(pg(X))s is a polynomial in the variables n and b = % -1

E(ps(N)g = (14 b+ 3b%)n + 5bn* + 2n®
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Expectations of power-sums are polynomials

The eigenvalues of A are all real with joint density proportional to

For every 6, E(pg())s is a polynomial in the variables n and b = % -1

E(ps3(XN))s = (750 + 1500 + 1800 + 105b%)n
+ (60 + 120b + 30002 + 240b°)n>
+ (180D + 180b%)n> + (45 + 45b)n*
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Algebraic and Combinatorial Recurrences agree

An Algebraic Recurrence

J
(pjvepo) = b(j + 1) (ppo) + @ > imi(0) (pirjpevi) + Y (Pipj—1po)-
= =0

A Combinatorial Recurrence

It corresponds to a combinatorial recurrence for counting polygon glueings.

(M 9
o

->
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Root Edge Deletion

A rooted map with k£ edges can be thought of as a sequence of k£ maps.

E2TL O

Consecutive submaps differ in genus by 0, 1, or 2, and these steps are
marked by 1, b, and a to assign a weight to a rooted map.
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<

n [2,1.1]| s 3.1 pr® [3,1] [4]
&P
a2 py? [13]] i [3.11] p*n [4]
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Other Ensembles

We also get combinatorial interpretations for the moments of:

@ The Laguerre Unitary Ensemble (LUE)
@ The Laguerre Orthogonal Ensemble (LOE)
@ The Complex Ginibre Ensemble.

o Complex Symmetric Matrices.
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e Appendix
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Finding a partial differential equation

Root-edge type Schematic Contribution to M

9
Cross-bord |+ 1)brizo—M
ross-border @ z;(er )briso or.
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Finding a partial differential equation

Root-edge type Schematic Contribution to M

i+l
Border @ zZeryi_j+2£M

i>0 j=1
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Finding a partial differential equation

Root-edge type Schematic Contribution to M

Handl 1+0)jr;
andie Q/}/@ l;()( + )]7" +J+28 a
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Finding a partial differential equation

Root-edge type Schematic Contribution to M

) : 0
Bridge 7 ; z Z Tigj+2 < M) <%M>

4,720
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Finding a partial differential equation

Root-edge type Schematic Contribution to M
0
Cross-border Z(z + Dbrijo—M
aor;
>0
i+1
Border @ z Z Z Y- ]+2
>0 j=1
Handl (1+0b)
andle Q/}/@ z ;0 + ]Tz+g+28 0y

. )
Brldge i>_/C z Z Tit5+2 < ) <%M>
4,720
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Painted Faces «retun

There are N#/ ways to
paint an f faced map. v
Repaint N =1
Repaint N =2
Repaint N =3
Repaint N =4

Show Neighbourhoods
Show Map
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A Recurrence behind the theorem

Set 0 1= o~ 22|V (x)| 775, so that (f) = E(f(x)) = chn fpn QX
Integrate

Pa (%)

’“pe( )= iaz{“ o(x)|V(x)| 755 ¢~ 204
L1

N
. s 2t
= (j+ Daipe(x)Q + g ’im;(@)x?‘}pg\,(x)ﬂ + Tgrb E 71‘”&{1(:()9 libzfﬂpg(x)Q
ico i=2

to get

An Algebraic recurrence «Return

J
(pjrape) = b(j + 1) (pjpa) + Y imi(0) (pirjpovi) + D (Pipj—ipo)-
= 1=0
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Recurrence Example

J
(pj+ape) = b(j + 1) (pjpe) + (1+ ) > imi(6) (piyponi) + > _ (Pipj—1pe)
1=0

€0

Example

(1
(po
(p2

(p1p1

)

)

)

)
(pa)
(p3p1)
)=

)

)

)
y=

(p2p2

(pap11

(p1p3

(pP1p2,1
(p1, 1,1,1

b <p0) + (popo) = bn + n?

(1 +0) (po) = (1 +b)n

3b (p2) + (pop2) + (p1p1) + (P2p0) = (1 + b+ 3b°)n + 5bn® + 2n°

26 (p1p1) + (1 +b) (p2) + (pop1p1) + (P1pop1) = (3b+ 3b%)n + (3 + 3b)n?
b(popz) + 2(1 + b) (p2) + (popopz) = 2b(1 + b)n + (2 + 2b + b*)n? + 2bn3 + n*
b(pop1,1) + 2(1 +b) (p1.1) + (popop1,1) = 2(1 + b)?*n + (b+ b%)n? + (1 + b)n?
3(1 +b) (p2) = (3b + 3b%)n + (3 + 3b)n?

2(14b) (p1,1) + (1 +b) (pop2) = (2+ 4b + 26*)n + (b + b*)n® + (1 + b)n®
3(1+b) (pop1,1) = (1 + 2b+ b°)n?
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Jack Symmetric Functions

With respect to the inner product defined by

(PA(X), pu(X)), = Oy,
Jack symmetric functions are the unique family satisfying:

(P1) (Orthogonality) If A # p, then <J/(\a), J,Sa)> =0.

(P2) (Triangularity) J/(\a) = Zv)\#(a)mu, where vy, () is a rational
H=A
function in «, and ‘X’ denotes the natural order on partitions.

(P3) (Normalization) If [A| = n, then vy 1n)(a) = nl.

Michael La Croix Combinatorial Models for Random Matrices January 27, 2015 39 /34



Jack Symmetric Functions

Jack symmetric functions, are a one-parameter family, denoted by {Jéa)}g,
that generalizes both Schur functions and zonal polynomials.

Proposition (Stanley - 1989)

Jack symmetric functions are related to Schur functions and zonal
polynomials by:

JY = Hys), (I, 00 = B,

J)(\z) _ 7y, and <J)(\2)7 J)(\2)>2 = Hy,,

where 2\ is the partition obtained from \ by multiplying each part by two.
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Example
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Oriented Derivation (Matrices over C)

With X = diag (z1,22,...,zMm), Y = diag (y1,92,.--,yn), Z = diag (21, 22,...,20)

Ha (p(X)m(Y),p(ZL t%; 0)

_ 5 hl/C[tr(XAYBZC)+tr(C*B*A*)]tC—tr(AA*+BB*+CC*)dA dBdC
Cri

g 59(XAY BZC)s,(C* B* A*) |6]+¢] o tr(AA*+BB*+CC*)
—t ln/ Z DR dAdBdC

_ t—ln/ z 59(X)se(Y)s9(Z)sg(ABC)se(C*B* A*)tZ\G\ ~tr(AA*+BB*+CC*) 4 A dB dC *

; so(Inr)so(In)se(10)([p,10)]s0) ~ ij
c
_ t—l 3 s0(X)s9(Y)s9(Z) ,ap) b

ve [pyioi]so

so(X)so(Y)

Since / so(XAY A%)e™ 1(A4%) g4 =
CMxN [p1101]50
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Non-Oriented Derivation (Matrices over R)

With VX = diag (\/Z1, /T2, - - -, /Tar), Y = diag (y1, 2, -, yn), Z = diag (21,22, ..., 2

Hy (p(X%p(y),p(ZL t; 1)

_ 2t% ln/egtr(\/)?AYAT\/XBZBT) o3 (AATBBY) {4 4B

T T
—2t—l /Z Zy( \/7AYA VXBZB ) 0l =3 r(AAT+BBY) 4 4 4B

= (Zo, Zg)y

T
_2t—1 /Z 2o )Zo(XBZB) o} w(mB™) g g
e (Zo, Zo)s

Z9(X)Zg(Y) Zp(Z)
1 Z Zg, Zg> tw'

e

Since / Zo(XAY AT)e 27 (AAT) 44 = 7,(X) Zy(Y)
RMXxN
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Outline

@ Need Placement
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Polynomiality and half-integers - combinatorial vs bidiagonal vs anti-GUE
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How do we deal with additional £

Both our combinatorial and analytic descriptions, when specialized, satisfy
the same partial differential equation
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An G3 Action on Hypermaps

Every permutation of the matchings gives a hypermap.

N8
N

AN
T £ 4
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