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Graphs, Surfaces, and Maps

Definition (Surface)

A surface is a compact 2-manifold
without boundary. (Non-orientable
surfaces are permitted.)

\

Definition (Graph)

A graph is a finite set of vertices
together with a finite set of edges,
such that each edge is associated
with either one or two vertices.

(It may have loops / parallel edges.)

o

Definition (Map)
A map is a 2-cell embedding of a
graph in a surface. (It has faces.)
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Flags and Rooted Maps

Definition

The neighbourhood of the graph is
a ribbon graph, and the boundaries
of ribbons determine flags.

Definition

Automorphisms permute flags, and
a rooted map is a map together
with a distinguished orbit of flags.

v

Michael La Croix (MIT) Non-Constructive Map Bijections June 18, 2014 1/21



Flags and Rooted Maps

Definition

The neighbourhood of the graph is
a ribbon graph, and the boundaries
of ribbons determine flags.

Definition

Automorphisms permute flags, and
a rooted map is a map together
with a distinguished orbit of flags.
. . [ ]
There is a map with no edges. A
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Vertices and Face

A map can be recovered from a neighbourhood of the
graph, or from its faces and surgery instructions.

v s

Vertex and face degrees are interchanged by duality.

v &) D
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Three Involutions

Three natural involutions reroot a map.

4

Across Edge || Around Vertex || Along Edge
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3 Matchings Encode a Map

Each involution gives a perfect matching of flags.

Pairs of matchings recover vertices, edges, and faces.
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Hypermaps

Generalizing the combinatorial encoding, an arbitrary triple of perfect
matchings determines a hypermap when the triple induces a connected
graph, with cycles of M, U My, M, U M,, and M, U M; determining
vertices, hyperfaces, and hyperedges.

Hypermaps both specialize and generalize maps.

C%

A hypermap can be represented as a bipartite map.

v
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Hypermaps

Generalizing the combinatorial encoding, an arbitrary triple of perfect
matchings determines a hypermap when the triple induces a connected
graph, with cycles of M, U My, M, U M,, and M, U M; determining
vertices, hyperfaces, and hyperedges.

Hypermaps both specialize and generalize maps.

%

Subdivide edges to get a hypermap from a map.

v
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An G3 Action on Hypermaps

Every permutation of the matchings gives a hypermap.

N8
N

AN
T £ 4
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Outline

© Generating Series
@ Using symmetric Schur functions and zonal polynomials
@ A Jack generalization
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The Hypermap Series

Definition

The hypermap series for a set H of hypermaps is the combinatorial sum

H(x,y,2) = 3 x/®)yoze0)

heH
v(h), ¢(h), and e(h) are vertex-, hyperface-, and hyperedge- degrees.

QQO Eiﬁ%

v=1[2%3% ¢=[3,45 =29
contributes 12 (23 23) (y3 ya y5) (29).

o’
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Explicit Generating Series

Some hypermap series can be computed explicitly.

Theorem (Jackson and Visentin - 1990)

When H is the set of orientable hypermaps,

Ho (p(x)m(y'),P(Z);O) = t%hl (Z tl&lHeSe(X)Se(Y)Se(Z))

ey

t=1.

Theorem (Goulden and Jackson - 1996)

When H is the set of all hypermaps (orientable and non-orientable),

Ha(p(x), p(y), p(2)i 1) = 21% In (Z t'G'HL%Ze(X)Ze(Y)Ze(Z))

(4

t=1.
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A Generalized Series

A common generalization involves Jack symmetric functions,

b-Conjecture (Goulden and Jackson - 1996)

H(p(x), p(y), p(2); b)

— 1+ 5t 3 lorZe Iy ) I 5) gy @)
o\ & {Jo, Jo)1+y [Prioi] Jo

=3 > D) (X)pe(y)pe(2),

n>0 v,p,ebn

t=1

enumerates rooted hypermaps with ¢, 4 (b) = > PO for some .
heHu,qb,e
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Properties of 3

The function 5(h) should:
@ be zero for orientable hypermaps,
@ be positive for non-orientable hypermaps,
© be bounded by cross-cap number,
© depend on rooting,

© measure departure from orientability.

Example
S S
Rootings of precisely three
maps are enumerated by f ‘
Ciap g, 22 (B) = 14 b+ 30°.
2b* b +b? 1 )
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Properties of 3

The function () should:
@ be zero for orientable hypermaps,
@ be positive for non-orientable hypermaps,
© be bounded by cross-cap number,
@ depend on rooting,
© measure departure from orientability (probably).

Example

There are precisely eight

N
\
rooted maps enumerated by e 6
cfa,41[3,5],124) (b) = 8b%. ,

Q&

A\

v
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© Partial Solutions and New Mysteries
@ Quantifying non-orientability
@ Root face degree distribution
@ Duality no longer explains the symmetry
@ The Klein Bottle
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We can quantify departure from orientability?

;
)
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Root Edge Deletion

A rooted map with k edges can be thought of as a sequence of & maps.

E2TL O

Consecutive submaps differ in genus by 0, 1, or 2, and these steps are
marked by 1, b, and a to assign a weight to a rooted map.
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A partial interpretation

M= M(ey.zrab) = 3 ol Vlystsrm Bl o) o

meM
Satisfies the PDE
i+1
M—mx—l—bzz (i+1) n+2 M+ZZZ7”]:U1 J+2
>0 >0 j=1
? 0 0
+2az Z Jrivive M+ 2 Z Tigj+2 ( M) —M]|.
0r;0y; ar, or;
4,j>0 7,j>0

With a = £(1+ b) and z = N, so does

o
ez K Y |y e T g,
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We can track the degree of the root face

0 0
To guess the integral form, we had to replace QZE with er] oy

This means that among all maps with a given set of face degrees, (7,7)
and root-face degree are independently distributed.

For b =0 and b =1 this is a consequence of the re-rooting involutions.

Why does this work for arbitrary b? I
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An Integral Representation for General b

The integral comes from an evaluation of H, and lets us interpret:

di (D) = Y ¢,y ple2 (D).
L(v)=k

For a function f: R” — R, define an expectation operator () by

s = cows | VTSN 007N 4,
RN

with c¢144 chosen such that (1),,, = 1.

Theorem (Okounkov - 1997)

If n is a positive integer, 1 + b is a positive real number, and 0 \- 2n, then

<Jé1+b)(>\)>1+b = J5"0 (In) lpm) I,

v
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Algebraic and Combinatorial Recurrences agree

An Algebraic Recurrence

J
(pjy2pe) = b(j + 1) (pjpe) + o > _ im;(6) <pz'+jp9\y:> + > {pipj—1pe)-
€0 =0

A Combinatorial Recurrence

It corresponds to a combinatorial recurrence for counting polygon glueings.

9 =R

j+2
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Duality no longer explains the symmetry

S S

o (Y

212 b + b> 1

PLAY ||Start || End || Double
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Triality doesn't Help Either

> > >

Reset‘ Red BIueHGreen Dual Red Dual Blue ’Dual Green Zoom

©EE

b + b?
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The Special Case of the Klein Bottle

If c,.¢(b) enumerates hypermaps on the Klein bottle and torus, then
Cpe(b) = (14 b) + sb?

This gives an implicit bijection between maps on the torus and a subset of
maps on the Klein bottle.

We implicitly have a bijection that preserves number of vertices,
and face degrees. Can we preserve vertex degrees as well?
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Outline

@ Summary
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Summary and Points to Ponder

At least for some questions, we can simultaneously enumerate oriented and
non-oriented (hyper)maps. This involves refining maps according to a
quantification of non-orientability. In the process, we break several
symmetries of the original problems, but the solutions still exhibit these

symmetries.
@ Why is root-face degree independent of non-orientability?
@ Is the degree of the root-vertex also independent of non-orientability?
@ How can we explain the symmetry between the different variables?

@ In particular, is there a natural involution that can replace duality?
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Jack Symmetric Functions

With respect to the inner product defined by

(1260 ), = B 0

Jack symmetric functions are the unique family satisfying:

(P1) (Orthogonality) If A # i, then (™, Ji*) =0,

(P2) (Triangularity) J Z vau(a)my,, where vy, () is a rational
n=A
function in «, and ‘X’ denotes the natural order on partitions.

(P3) (Normalization) If [A| = n, then vy [1»)(a) = nl.
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Jack Symmetric Functions

Jack symmetric functions, are a one-parameter family, denoted by {Je(a)}g,
that generalizes both Schur functions and zonal polynomials.

Proposition (Stanley - 1989)

Jack symmetric functions are related to Schur functions and zonal
polynomials by:

J)(\l) — Hysy, <J>(\1)’ A(1)>1 = H2,
J>(\2) _ 7, and <J§2)’ §2)>2 = Hy,,

where 2\ is the partition obtained from \ by multiplying each part by two.
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Jack Polynomials

‘ Ppe) P22 DPr22] P31 Pra)
J[(114Tb) 1 -6 3 8 —6
Jotal | 1 b=2 -b—1 —2b 2b+2
Je 26 b +3b+3 —4b—4 —b? =
Ja 1 32 b1 26% +2b —26° —4b -2
Tt 1 6b+6 30 4+6b+3 8624+ 16b+8  6b°+ 1857 + 186+ 6

0 ‘ (Jo, Jo)14p
(14 245" + 2400 + 840b% + 12006 + 576
2,17 4b° + 40b* + 148b° + 2564 + 208b + 64
[27] 8b° + 84b° 4 3565 + 7800 4 932b% 4 576b 4 144
[3,1] 126°% 4 1006° + 340b* + 604b° + 592 + 304b + 64
[4] | 14407 + 1272b° 4 47520 + 9744b* + 118566 + 8568b + 3408b + 576
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Example Using Zonal Polynomials

Zpay = lppayy —6ppaz +3pp2 H8pa — 6pp
Zppaz) = lppy —Pl12)  —2Pp2) —2pia T App
Z2) = lppayy 2ppaz +Tpp2 —8pa — 2P
Zzy = lppy  +5ppiz —2pp2  t4ppy —8py
Z[4] = lppy +12ppazp +12ppo +32p31 +48py)
0 | (1] [2,17] [27] (3,1] [4]
(po.pa), | 41-2* =381 20.2.2°=32 20.2°.2°=32 3.2°=12 4.2=38
(Zo,Z0), | 2880 720 2880 2016 40320

(Zy), Zay) = 17 - 384+ 12° - 32+ 122 - 32+ 32 - 12+ 487 - 8 = 40320
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Example Using Zonal Polynomials

Zpay = lppayy —6ppaz +3pp2 H8ppa — Opp
Zppi2) = lppy =Pz —2pp2 —2pp1  t+A4ppy)
Zigzy = lppay  +2ppiz +Tppg 8Py — 2P
Zzy = lppy  +5ppiz —2pp2  t4ppy 8y
Ziy = lppy +12ppaz +12ppa  +32p3y  +48py
¢ \ (1] (2,17] (2] (3,1] (4]
(po,pa), | 41-2* =384 20.2.2°=32 20.2°.2°=32 3.2°=12 4.2=38
(Zo,Za), | 2880 720 2880 2016 40320

8
ZBl]%f48403202

8
Z[2712] - 2

8
Py =~ O5ge5 20 4555 5880 221 ~ 2016

2880 720
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Example Using Zonal Polynomials

Zpay = lppay —6ppaz +3pp2 H8pa — 6pp
Zppaz) = lppy —Pl12)  — 2Pp2) —2Pia 4D
Z2) = lppayy 2ppaz +Tpp2 —8pa) — 2P
Zzy = lppy  +5ppaz —2pp2y  t4ppy —8ppy
Ziy = lppy +12ppaz +12ppa  +32p3y  +48py

Example

|OO
OO
:
OO
OO

Z[21] 8 Z[31]+ 8

_ Za 2—_7
Pla =~ Oggg e T4 2880 12" ~ °2016

2880 (4]

720 40320

E(p(4)) = — 6% (3) (14% — 69292 + 33 + 8ysys — 63a) + 4% (—2) (19t — 13297 — 293 — 29531 +43a)
—2 28880 (7) (19t + 29297 + 793 — Byays — 2u1) — Sﬁ (—2) (19t + 5y29% — 243 + dyays — 8ua)

+ 48— 40320 (12) (19# + 120297 + 1243 + 329391 + 48y4)

=2y2y; + y5 + 4ysy1 + 5ya
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Explaining the partial differential equation

Root-edge type Schematic Contribution to M

0
Cross-bord 1)br; M
ross-boraer ZZ 1+ r+28

@ >0
7,+l a
Border @ zZeryz 2,
>0 j=1
Handle (ﬁ Cﬁ z Z (1+0) ]n+J+28 o
4,j>0

. 0 0

o DﬁC - 3 reon (50) (354
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A Recurrence behind the theorem

Set 0 := e T 20| V(x)| 57, so that (f) = ey fpn fQdx.

0 9 e
871"{+1p9(x)9 = 871;{4-1])9()(” V(x)|T+s e e 2(1+b)
i N j+1
(] + 1 11179 Q + ZH” ][Ig\/<X)Q + 1<2H) ’]:1:1391(, e %1"7 ( )
i€l i—2

integrate to get

An Algebraic recurrence «Back > Example

J
(pj+2pe) = b(j + 1) (p;pe) + Y _ im;(6) <p'£+jp9\i> + > (mipj—ipe)-
ico 1=0
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Example of Recurrence

J
(pj+ape) = b(j + 1) (pipe) + (1+ ) D" imi(0) (pirsmori) + D (pupj—imo)
< =0

1y=1
(po) =
(p2) = b(po) (popo) = bn + n?
(p1p1) = (1 +0b) (po) = (1 + b)n
(pa) = 3b(p2) + (pop2) + (P1p1) + (p2p0) = (1 + b+ 36%)n + 5bn? + 2n°
(psp1) = 2b(p1p1) + (1 + b) (p2) + (pop1p1) + (Pr1pop1) = (3b+ 3b%)n + (3 + 3b)n?
(pap2) = b (popa) + 2(1 + b) (p2) + (popop2) = 2b(1 + b)n + (2 4 2b + b*)n? + 2bn° + n'
(pap1,1) = b (pop1,1) +2(1 + b) (p1,1) + (Popop1,1) = 2(1 + b)%n + (b+ b%)n? + (1 + b)n®
(p1p3) = 3(1 + b) (p2) = (3b+ 3b%)n + (3 4 3b)n?
(p1p2,1) = 2(1 4 ) (p1,1) + (1 + b) (pop2) = (2 + 40+ 26%)n + (b + b°)n® + (1 + b)n®
(p1,1,1,1) = 3(1 + b) (pop1,1) = (1 + 2b + b*)n?
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Example
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Oriented Derivation

With X = diag (21, 22,...,2y), Y = diag (v1, y2,.-.,yn), Z = diag (21, 22, ..., 20)

Ha(p(x), (), p(2), % 0)

_ t% In / T (XAYBZO)t—tr(C* B* A%t — tr(AA*+ BB*+CC%) 4 4 AB A C

ln/ Z So XAYBZO)5¢(ABC) t\9\+|¢|e— tr(AA*+BB*+CC*) dAdBdC
[Pl\s\ Jse)~ ([P1\¢|]Sd>

v s9(x)s0(y)se(z)sg(ABC)se(ABC) 2|6‘ — tr(AA*+BB*+CC*) .
=t ln/ Z 26 IMH)SG 1(19\' 59(910)([P1|9T]59) 7t dAdBdC ij
IS )9 ’

0cp [pl\g\}SQ

so(X)sp(Y)

Since / sp(XAYAT)e~ (A4T) g4 —
RM*N [py161]50
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Non-Oriented Derivation

With ﬁ:diag(\/ﬁz\@w“?\/zM)v Y:dia’g(ylay27~"7yN)r Z:diag(zl7z27-“7z0)

Ha(p(x), p(y), p(2), £:1)
t% In /'egtm/XAYAT\/YBZBT) o~ 3 (AAT4BBY) 4 4B

oY

li kI
T T
,Qt—l /Z Zy(VXAYATVXBZBT) yoy 3 ue(aa™+B5™) g 4 4 g

oc» Z(97 Z9>
Zo(XAYAT) Zy(BZBY) —
=2t ln/ #lol o3 tr(AAT+BBT) g 4 4 B
Z (Zo, Zo)o Zo(In)
_2t—1 Z x)2y(y) 25(2) ,jo
oc» Z97 Z@)

Since /  Zy(XAYAT)e 3T 44 = 7y(X) Zy(Y)
R X
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