/ Simple Random Sampling (SRS)

Finite Population

73 — {331,332,...,33]\]}
1 N 1 N
— . 2 e — ¢ — 2
- K=y ;:1:%7 o = _7\7_1;:1:(5’7] )

Sample Draw n < N items from P without replacement = S.

e.g., S=A{x3,27,....,T091}

= ﬁ:%zl‘j, 32:ni12(”’7_m2’

JES JES

-

STAT 845 | Lecture 21, Fall 2023 © 2017-23 by M. Zhu, PhD




-

=)

-

I

S|+

Source of Randomness
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Remark For SRS,
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/ Variance \

N
N 1
= Var(p) = = Zx?Var([j) + ij:vg(fov([j,[g)
j=1 j#L

N
= — Zx?wj(l — ;) + Z:Cj:r;g(ﬂjg — ;)
= AL

:...:(1—3)0—2
N/ n

Exercise Show that, for SRS, 7y = (n/N)[(n —1)/(N —1)]
\(easy) and complete the missing steps (not hard but unpleasant). /
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/ Unpleasant Details \

| j=1 g7 |
N
1 /n of N —n n—1 n
m(w)[,sz( N )*Zxﬂf”ﬁ(zvl—zv)]
j=1 J#L ~ ~— v
n—N
N(N—1)
1 /n N —n 1 al
_ — 2
_n2(N>< N )N1[<N1)Z%Z%w]
A J=1 g7 !
DN (N-1)02
:(1_2>0_2
N/ n
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/ Stratified Sampling \

Population

P = {:Cl,la “‘7$1,N1} D {$2,17 e 332,]\72} O .0 {xK’l’ "t xK’NK}

P1 P2 Pk
1 Ny Ny
[Ll/k — F E wk’j7 7] ’ k == 1’27 ...’K
k °
J:l :

Sample Draw simple random sample Sy, of size nj < N from
Pp., independently for k=1,2,... K = §§=6§5® ... 5 Sk.

\Examples Stratify by race, gender, age (18-24, 25-34, ...), etc./
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/ Population Quantities \

N =Ny + Ny + ...+ Ng

K Ny

SR 3 Iy
k 1j=1 k=1
K N K Ng
N LS g+ i
k 1j=1 k 1j=1
] K K
= N _1 Z(Nk — 1)0k2 + ZNk(,Uk — M)2]
k=1 k=1

. 4/
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/ Sample Quantities \

Within Strata:

~ 1 1
P = —— Z Tk = Zxk,j[(%,j € Sk)
Tk,j ESk k j=1
2
~ . ne \ O
E(ur) = ... = pg, Var(ug)=...= (1 — NZ) nZ (from SRS)
K
N,
Overall: 15 = Z Wkﬁk =
k=1
r K K
P Np . N
E(fise) = Y~ E(fr) = Y =k = 4
= Y = Y
; — —
K 2 K 2
~ N, ~ Nk; ni O'2
- (5 vno- £ (5 -2)

. /
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If ny = n(Ng/N), then

Proportional Allocation

whereas, for SRS,

(1-3)Z

Var(j)

(N — 1) Ny,

~

(_

v)

X

K
U—I—Z

T (e — p )2]-

n N —
k::1
_J/ N\ _J
WV WV
Ng—1 _Ng main reduction here
N-—-1 N between-strata variation

almost always better; best if stratas different in terms of

-

/
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/ Horvitz-Thompson Estimator

To estimate population quantity

X (total)
- al | B z;/N (mean)
6 = ; h(z;), eg., h(x;)= Ie, € /N (proportion)

use

~ h(x; ,
9HT=Z (.])7 T =P(j € S)
JES i

where 7; depends on the specific probability sampling scheme.

Remark Principle = inverse probability weighting. Always
\unbiased (next slide). Generic way to derive estimators.

~

/
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Horvitz-Thompson Estimator

Tj
71=1
N N N
~ h(:z: ) h(gj )
:> E — J — J — —
(Our) Z .y E(1;) Z . Zh(%) 0
g=1 J J=1 J j=1
R N
= Var(fur) = ng\f'ar + > yjyeCov(l;, 1)
J=1 YEL4
N
— Zy?Wj(l — ;) + Zyjye(ﬂje — T;Ty) =
j=1 I,

where yj = h(ZCj)/ﬂ'j

~

/
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/ Example: SRS

P(jeS)= vV g

n
N

N
1
u:ﬁzl’j = h(z;) =z;/N
j=1

. h(xz;) ri/N 1
M_ZP(jES) =2 n/N —52%‘

JES JES JES

-

/
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Cluster Sampling

S=C;1®Co3%D ...

~

® Cor.

Population
P=Az11, TN} P{Z21, - ToN } D . DA{Z M1 s Ta Ny |
Cl CQ CM
1 Ng Ng
— g T i = g x g=1,2,... M
N 9,7 N 1 9,J
9 j=1 g j=1

Sample Draw simple random sample of m < M clusters = e.g.,

\Example Cluster = household, classroom, postal code, etc. /
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Similar Analysis \
(Details Omitted)

e apply HT principle to obtain unbiased estimator

M
Ny ~ (Ng/N)pg (Ng/N) g
=3 N = = Y G 5
= N oy P(C, € S) s m /M

e analyze Var(ji.)

e messier algebra ... slight simplification by assuming

N1 = Ny = ... = Nj; (equal cluster size)
J

not necessarily better; best if clusters similar in terms of 1,

/
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/ Illustration

P =1{1,2,3,1,2,3,1,2,3}

ideal stratification ideal clustering
P ={1,1,1} C1 ={1,2,3}
Pr ={2,2,2} Co ={1,2,3}
Ps ={3,3,3} Cs ={1,2,3}
o7 =0 a?] large
> (e — p)? large > (g —p)? =0
k g

analysis so far “merely” saying these obvious truths

-

/
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Other Topics

e multi-stage sampling

— e.g., cluster sampling, then SRS again within cluster

e network sampling (especially relevant at the moment)

— e.g., snowball sampling (i.e., ask a friend)

e and so on ...

Key to Analysis

probability of ending up in the sample

/
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