
✬

✫

✩

✪

Example 6.3 (pp. 101–105)

Model

Xi|λi ∼ Poisson(λi) independently i = 1, ..., n

λi|θ ∼ exponential(θ) also independently

θ ∼ gamma(α, β)

Goal

π(λ1, ..., λn, θ|x1, ..., xn)

=
f(x1, ..., xn|λ1, ..., λn, θ) · π(λ1, ..., λn, θ)

m(x1, ..., xn)

=
f(x1, ..., xn|λ1, ..., λn) · π(λ1, ..., λn|θ) · π(θ)

m(x1, ..., xn)
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✬

✫

✩

✪

Technical Bottleneck

m(x1, ..., xn)

=

∫

f(x1, ..., xn|λ1, ..., λn) · π(λ1, ..., λn|θ) · π(θ) dθdλ1...dλn

=

∫
[

n∏

i=1

e−λiλxi

i

xi!

][
n∏

i=1

θe−θλi

][
βα

Γ(α)
θα−1e−βθ

]

dθdλ1...dλn

=







integrate over θ first

integrate over λ1, ..., λn first

STAT 845 | Lecture 12, Fall 2023 © 2017-23 by M. Zhu, PhD 2 of 8



✬

✫

✩

✪

Integrate Over θ First

∫
[

n∏

i=1

e−λiλxi

i

xi!

][
n∏

i=1

θe−θλi

][
βα

Γ(α)
θα−1e−βθ

]

dθdλ1...dλn

=

∫
[

n∏

i=1

e−λiλxi

i

xi!

]

·
βα

Γ(α)

[∫

θn+α−1e−(β+
∑

n

i=1
λi)θ dθ

]

︸ ︷︷ ︸

(⋆) dλ1...dλn

=

∫
[

n∏

i=1

e−λiλxi

i

xi!

]

·
βα

Γ(α)
·

Γ(n+ α)

(β +
∑n

i=1 λi)n+α
dλ1...dλn

=
(βα)Γ(n+ α)

Γ(α)
∏n

i=1 xi!

∫ (
e−

∑
n

i=1
λi

)
(
∏n

i=1 λ
xi

i )

(β +
∑n

i=1 λi)n+α
dλ1...dλn

︸ ︷︷ ︸

uh, oh ...
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✬

✫

✩

✪

Integrate Over λ1, ..., λn First

∫
[

n∏

i=1

e−λiλxi

i

xi!

][
n∏

i=1

θe−θλi

][
βα

Γ(α)
θα−1e−βθ

]

dθdλ1...dλn

=

∫
{

n∏

i=1

[∫
e−λiλxi

i

xi!
× θe−θλi dλi

]

︸ ︷︷ ︸

(⋆⋆)

}

×

[
βα

Γ(α)
θα−1e−βθ

]

dθ

=

∫ [
θ

1 + θ

]n

×

[
1

1 + θ

]nx̄

×

[
βα

Γ(α)
θα−1e−βθ

]

dθ

=
βα

Γ(α)

∫
θn+α−1e−βθ

(1 + θ)n(x̄+1)
dθ

︸ ︷︷ ︸

uh, oh ...
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✬

✫

✩

✪

Monte Carlo

For z ∼ f(z), z = (z1, z2, ..., zd) ∈ R
d, want

E[h(z)] ≡

∫

h(z)f(z)dz, P[g(z) ∈ A] ≡

∫

g(z)∈A

f(z)dz.

Can approximate by

∫

h(z)f(z)dz ≈
1

n

n∑

i=1

h(zi),

∫

g(z)∈A

f(z)dz ≈
1

n

n∑

i=1

I [g(zi) ∈ A]

if can obtain (somehow) a sample {z1, ..., zn} ∼ f(z).
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✬

✫

✩

✪

Using the Gibbs Sampler

• want, but don’t know how, to sample from a multivariate

distribution, f(z1, z2, ..., zd)

• can repeatedly sample from the conditional distributions

f(zj |z1, ..., zj−1, zj+1, ..., zd), j = 1, 2, ..., d, 1, 2, ..., d, ...

until “things stabilize” (called “burn in”)
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✬

✫

✩

✪

Back to Example 6.3

Want

π(λ1, ..., λn, θ|x1, ..., xn).

So repeatedly sample from

π(λi | λ1, ..., λi−1, λi+1, ..., λn, θ, x1, ..., xn), i = 1, ..., n;

π(θ | λ1, ..., λn, x1, ..., xn).

Exercise Show that the integral marked earlier by (⋆) implies

π(θ|λ1, ..., λn, x1, ..., xn) ∼ gamma
(

α+ n, β +
n∑

i=1

λi

)

and the integral marked earlier by (⋆⋆) implies

π(λi|λ1, ..., λi−1, λi+1, ..., λn, θ, x1, ..., xn) ∼ gamma(xi + 1, 1 + θ).
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✬

✫

✩

✪

Algorithm

initialize t = 1 and λ
(0)
i = xi for i = 1, 2, ..., n

while (t < tmax)

draw θ(t) ∼ gamma
(

α+ n, β +
∑n

i=1 λ
(t−1)
i

)

draw λ
(t)
i ∼ gamma

(

xi+1, 1+θ(t)
)

for i = 1, 2, ..., n

increment t = t+ 1

end while

return
{

(λ
(t)
1 , ..., λ

(t)
n , θ(t)) : t > tburn.in

}
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