/ Recall Example 5.2 (pp. 72-73) \

X1,Xs,..., X, independent, each ~ Poisson(6v;)

L e (Qu;)® & :
L(0) = H = ((0) = Z —6v; + x; log(Av;) — log ;!

i=1 | i=1

r0)=0 = 0= —Zﬁf
D ie1 Vi

interesting “twist” (Example 5.5, p. 79-80)

X1, X9,...,X,, not fully observable

instead, observe only whether X; > 0 or X; =0

. /
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/ MLE with Missing Data \

Components
D s : observed data
D, . : unobserved data (e.g., missing, latent, ...)
O : model parameters

MLE Want to

ngX E(@, DObS) sz’s)

but “stuck” because D,, ;. not available.

. /

STAT 845 | Lecture 10, Fall 2023 © 2017-23 by M. Zhu, PhD 20f 13




/ EM Algorithm

E-Step Compute

Q(@;Dob&@t—l) = K [E(G);DObS)Dm’L'S)L

Dmileobs;Qt—l

i.e., take best guess.

M-Step Compute

®; = argmax Q(@;Dob37@t—1)7
©

i.e., update parameter estimate.

Remarks E = expectation. M = maximization. Will skip

\theory about why it works, convergence, etc.
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E

(o) =

IE‘D’fnis|-Dobs;é\t—1 [6(9)] —

DmiS|Dobs;é\t—1 (Xz)

/ Continuation: Example 5.6 (pp. 84—85)\

Z —(9’UZ' + Xz log(sz)

1=1

Y —Ovi+[Ey b g, (Xi)]log(0v;)
1=1

\

i

\

Dmis
\ ~
E(Xz |Xz > O; Qt_l), Xz > O;
A
Dobs
0, X, =0

Exercise 5.11 (p. 85) Show that, if X ~ Poisson(\), then
\]E(X\X > 0;0) = A/(1—e?).

/
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/ Two-Stage Generating Mechanism \
o 7;c{1,2,..., K} ~ multinomial(1; 7wy, 7o, ..., k)

o Xil(Zi = k)~ f(x:00)
— here (and often), same family f, different parameters 6y

— in principle, can also do f, but need to be careful

e but label Z; € {1,2,..., K} unobserved

. /
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/ Components

e parameters ©

©=1{0,...,0k,m1,...,TK}

e observed data D

X ={Xq,..., X} or {z1,....x,}

e unobserved “data” D, ;.

Z={Z,....,Z,)

-
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Likelihood

MLE with Missing Data

Log-Likelihood

V(O;X,7)

(pretend z; available)

A
L(O®; X, Z) fo’wzz —H{l;[

(Z%) N
o 8)h ) )

f($Z|Z%)

(remember z; not available)

=22 1z

k) log [ f (z:; Ok )]

~

MLE Would like to maximize ¢(®; X, Z) over ® but Z missing.

/
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/ EM Algorithm

E-Step Take a guess — suffices to compute

E 1(Z; = k)]

Z|X§@t—1

as log-likelihood is linear in I(Z; = k).

M-Step Update parameter estimate

®, = arg max ZZEmX@t 1[1 )]log[f(a:i;ﬁk)ﬂk]

Wik

— argmax Zszklog |f (x5 01)] —|—Zszklog Tk )-

-

/
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/ M-Step \

e for the “f; part”, just weighted maximum likelihood

max Zwiklog[f(wz‘;ek)] v ok (1)

e for the “m; part”, usual multinomial likelihood with w;

max ZZwiklog(wk) s.t. Zwkzl (2)
k k

T1lyeeey TK -
[/

Remark A “prototypical” model here (for x; € R?) is to take
f(x;;0%) as N(uy, 2). [Fraley & Raftery (2002; JASA) discuss why
the temptation N(u,, %) is “problematic” and what can be done

\to compromise. | /
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/ E-Step \

Simply writing © rather than (:)t_l,

E

Wik Z|x;@)[I(Z’&' — k)]

AN

T f (245 0r)
mif(zi;01) + ...+ 7 f(2i;0K)

The denominator shows the marginal distribution of each X is a

finite mixture distribution

K
fl;©) =D mf(wi; 0n).
k=1

. /
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Finite Mixture Model

L. o
o %90 o©%p
‘. & ° OOE S ©
o % O o o &
b '30 ° Ooo(%b?o o
Y { o ° 0 50 68° o
__________________ @ g c-—-emmo- U <) JE S
° .9 go . o
') [ ° Cb Fe) O O
° ‘.oo.’.‘ So @0 % ! 83000&%0
.K o ® o2 gooo a o% o®
o S 00 00 L4 o(§ & 10000 oo O
" o d% <) @7 o
.. o o Q oo
° | o

(a) hidden generating mechanism; (b) observed data

/
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Variation for Text Data \

each ; = (%;1,...,Tiq)  a text document
z;; = count of word j in document 7 (bag of words)

can use the same framework, except choose
f(x;;0;) as multinomial(m;; p;),

where p, = (p1k, ..., pax) |, and m; = total number of words in

document ¢ (treated as fixed constants)

many sophisticated variations/extensions, e.g., latent Dirichlet
allocation (Blei, Ng & Jordon, 2003; JMLR), mostly because

vanilla MLE does not work well — most p;; would be zero

/
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Back to Basketball Passes

e recall: given Z = {z1, ..., 2, },

M(T|Z) = H {J(pZiZj) X H Pziz; (tijh)}

e likelihood with latent variables Z;, Z; (not observed)

M I(Zi=k,Z;=¢)
H H [J(pk@) X H ,Okg(twh)] X H Hﬂ_é(zizk)
1k

i’j kae h:1

e requires P(Z; =k, Z; = {|...) in addition to P(Z; = k|...), but
Z;, Z; conditionally dependent here

~

/
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